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1 BsBenenwue

Bemteckom, B camom obIiieM BHe, Ha3bIBAIOT ONPEIEJEHHYIO Ha UUCJIOBOM
ocn GYHKIHIO P, IMEIOILYI0 HyJeBoe CpelHee W JTOCTaTOUYHO ObICTpoe yObI-
BaHUe Ha GeckoneunocTu. Tepmun Bemmeck npemnmoxen K.IM.OckomkoBsiM B
KadecTBe »KBUBaIeHTa aHIiickKoro Tepmuta wavelet (dp. - ondelette), aro



OVKBAJIbHO TEPEBOANTCHA KaK MaJsleHbKasd (MMeeTCA B BUILY MPOJOIKUTE b
HOCTB ) BOJTHA, BOJIHOUKA. ['€pMUH BCIJIECK JTydllie OTpazkaeT CyTh Iesa, Tak
KaK BBIIle YIOMAHYThIE CBOMCTBA O3HATAIOT, 9TO (DYHKITHA ) TPEICTaBIIIET
coboii 3aryxaroriee Kosebanme. Berrecknm mCmomb3yOTCss WM B KadecTBe
sApa WHTETrPaIbHOTO TIPeobpasoBaHmA

t b

(W, f)(a,b) = %/Rf(t);/; —Z)dt abeR a> 0 (L)

WIN B Ka9ecTBe TeHepUPYIolieil pyHKINN I TTOCTPOEHIA basuca mpH MOMO-
Y auiaTanuii, T.e. cxkaruit ¢ coxpanernmem HOpmbl B L?(R)
Gilt) = io(t) = DIPY(2).j € B, m cavron uult) = vi(t h2) =
= 211227t k), k € Z.

Teopus BCIIECKOB JICKUT Ha MEPECEUCHUN UNCTOW MaTeMaTUKM, BbIUH-
CIUTEbHOW MaTeMaTHKH, [peoOpa3’0BaHmsA CUTHAJIOB W U300parKeHuii.
BenteckoBbliit anaims HaxomuT Bee Gosiee MUPOKOE MPUMEHEHHUe B pa3Jimd-
HBIX 00JIacTAX HayKHW, TaK KakK OH JaeT Oojiee MOMPOOHYIO HHQOPMAIUIO O
curHaje, n300paskeHu WM oleparope, deM craHmapTHbii anaans Pypbe.
Nurerpanbioe BCILIECKOBOE TIPeodpasoBaHue TaeT OJHOBPEMEHHO JIOKAJIh-
Hyto nHpopMaIuio o GYHKIUK 1 0 ee npeodbpasoBannu Pypbe, IpudeM st
aHaJu3a BBICOKOTACTOTHBIX COCTABJIAIONIMX (PYHKIINN - JOKAJTU3AIUA Dosiee
cuabHasA (I TOBBIIIEHNA TOYHOCTH), & JNJIA HU3KOIACTOTHBIX - JIOKAIM3a-
s Gonee ciabas (mad moydeHus moaHON wHMopMarmn). Bemmeckosbie
PAIBI OUEHDb YIOOHBI s TPUOTUKEHHBIX BBIYUCICHU, MOCKOJBKY KOJIH-
YeCTBO Omeparuii, HeOOXOMUMBIX /I BBIYUCICHU KOd()PUINEHTOB Pa3JIio-
KEHUsI, TaK Ke KaK U KOJUIECTBO Olepaluii 11 BOCCTaHOBICHU (HYHKITHH
0 ee BCILIECKOBBIM K03 (ppUIImEeHTaM, MTPOMOPINOHATHHO KOJTHIECTBY OTCHe-
toB ¢pyukiuu. Ilepeuncientbie 0COOEHHOCTH BCILIECKOB JETAIOT UX OYEHD
HOMYJIAPHBIMA B CaMbIX Pa3/IMUHBIX MPUIOKEHUAX: MPHU aHaIn3e CBOHCTB
ceficMIIecKUX W aKyCTUIeCKUX CUTHAJOB (MMEHHO 37ech BIEpPBBbIE BO3ZHUK
tepmut wavelet [GM]); mpu obpaboTke 1 CHHTe3€e pasJIMIHBIX CUTHATIOB, Ha-
IpUMep PEUYEBBIX; IPU aHAJIN3€e W300pakeHuil; I n3ydeHus TypOyTeHTHBIX
noJieit; mys cxRarusa 6oJbINX 00beMOB WHMOPMAIIUT 1 T.]I.

OcrosHbIME MOHOIpaduaMu o Berteckax sapaatorca [M],[D],[C].

Ha pycckowm si3bike tuTepaTypbl MO BCILIecKaM Kpaidine Maso. Ormerum
uwenasuuii 0630p H.M.Acradwesoii [A] u npensiayiiyto crarbio asropos [NS].



2 OO6o3Ha4YeHUs W OlIpeneieHns

If]lp = (Jgn [f(x)|Pdx)P - Hopma B mpocrpanctse LP(R?), 1 < p < oo.
Ke — XapaKTepUcTHiecKas (pyHKIHA MHOXKECTBa €.

le| — mepa Jlebera mroxecTBa € C R™.

Monynu menpepbiBHocTH: w(h, f) :=sup,_, ., |f(z) & f(y)l;
s [ € N [-prit Momy/Ih HEIpephIBHOCTH OIIpelesdeTca (popMyJIoii:

wilh, [) = suppy oy sup, |AL(2)], tae Al(z, f) = Sy (@)= (1) f(x + jy).

(f,g) = [ga f(t)g(t) dt — ckansaproe MpowsBenenme.
Rt = {(z,t) : 2 € R",1 > 0} - BepxHee NOILYIPOCTPAHCTBO.

[Xk|k - 3ambikanue auneiinoii obomouku {xg}r B paccMarpuBaeMoM MpPO-
CTpaHCTBe.

OHB - opromnopMmupoBaHHbIil bas3mnc.
C(A) - mpocTpatcTBO GYHKINUI, HEMPEPHIBHBIX Ha A.

C™(A) - mpocTpaHcTBO BYHKINIA, M pa3 HEMPepbIBHO Tu(pepeHImpyeMbIx

ma A.

D(R™) - npoctpancTBo GecKoredHo muddepeHimpyemMbx GpyHKIAR ¢ KOM-
HaKTHBIM HOCHUTEJIEM.

S(R™) - mpoctpancrso [lIBapia 6eckonedro nuddepeHImpyeMbrx ObICTPO
yOBIBAIOIINX Ha OECKOHETHOCTH (HYHKIIIA.

IIpeo6paszoBanne Dypoe dpyurmun [ € S(R") onpenensercsa dpopmy.oii
Jlw) = / e~ f(z)de, w e R, (2.1)

rne (z,w) := Y7 xpwg. Torma f(x) = WfRn ei<x"*’>f(w) dw, x € R" u

(2m)" fgn |f(W)|*dw = Jga | f(2)]*dx (ToxmectBo [Inanmepesns).

s myaprunagekca o = (ag,...,q,) 0% := (0/0x)** +--- + (9/0x,)""

uloli=a1 4+ a,.



_ 9 4 9% 5%
A= ox3 —I_axg + —I_aac%

Omnpenenenne 2.1 Iyemo z := x + it, 20e (x,t) € RE. Qynryua f(z)
npunadaencum npocmpancmsy Xapdu HP(R?), 0 < p < oo, ecau ona 20n0-
mopdra na RZ v

sup (/R |f(x+ )| d:z;) v < 0. (2.2)

>0
Omnpenenenne 2.2 Adpo yaccona na RYT onpedeasemen dopmyaot

n+1 a
2 )(|$|2 _I_CLZ)(n—I—l)/Q7

pa() = 7 FI2D( r€R” a>0.

Hrmeepanom [yaccona nazwearom ceepmry dpynrxuuy f ¢ adpom p, :
Plasa)i= [ pae @y)f(y)dy. © € R, a>0.

Qynxyus F asasemes zapmonuveckot na R u cosnadaem na epanuye
+1
R} ¢ f.

Hexacameavras MEAKCUMAADHASA PyHruu PasHa
F*(x) = sup, ) [F'(y,a)l, 2de y(x) := {(y,a) € R} : a > |y <[} - ro-
nyc Jlysuna.

Bewecmeennwe xaacco Xapdu HP(R™), p > 0, cocmoam u3 aokaavro

unmezpupyemuxr Gynxuul f, das xomopwx [ga 1_||_J|1T,2J|r1 < 00 U HEKACAMEND-
Has MAKCUMAALHAA PyHruu = npunadaeacum LP(R™),

LAl e ey = 17| o).

Omnpenenenne 2.3 Qynxyua f € L (R™) npunadaescum npocmpancmey

BMO(R"), ecau ona umeem ozpanuvennve cpednue ocyuarayuu (Bounded
Mean Oscillations)

1/2
S%P (|1§|/B | /() ¢>JCB|20L’JC) = || fllBaro < o0,

2de sup bepemcsa no ecem wapam B C R™ u fp := ﬁfB fla)de.



Omnpenenenue 2.4 [Ipeobpazosanuem [uavbepma Hu deticmsumenvroti
Pynruuy U Hazwearom JelicmeumeavHy GYHKUU0 U, MaKyo, 4mo GyHk-
yua u(x) 4+ w(x) sasasemesa caedom na R 2onomopdrot  Pynruyuu
flz + ty). B mepmunaz npeobpasosarus QPypoe amo 3K6USAAEHMHO MOMY,

mo 5(¢) = i sgn(€)i(€).

Omnpenenenue 2.5 Jlunelinui onepamop, onpedeaernvili u oeparuverHoli
6 L*(R"), nasweaemca onepamopom Kaavdepona-3uemynda, ecau cywecmey-
em pynryua K(x,y), onpedeaennas npu x,y € R", x # y, maxas, wmo das
Hexomopozo o > ()

|[&”(:1;,y)| < =~

le—y]"

K (2,y) &K (z,y)| < O y oy| < o oy;

lm—y[te

K (2,y) &K (@, y)| < CE=Fz, e sw| < e oyl;

u das awbott pynkuyuu f € D(R") u daa awboeo x & supp f
Tf(z) = Jgn K(2,y)f(y)dy.

Teopewma 2.1 [Iyecmov T — onepamop Kaavdeporna-Suemynda. Tozda npu
L<p<oo |[Tfll, < ClITI IS lp, 2de [[IT]]] := [[T]]2 + inf C.

Omnpenenenne 2.6 Fcau s = 0, mo npocmparcmeo Coboaesa W3 (R™) co-
snadaem ¢ Ly(R"™). Jas s € N pynryua f npunadaesrcum W3(R"™), ecau
ona npunadaencum Ly(R™) emecme co scemu ceoumu npoussodnvmu 0 f
(6 cmuvicae obobuernmr Gyrryui) ¢ o] < s.

Hssecmmo, wmo nocaeduee axeusarenmmo [gn(1 + |w]?)°|f(w)]|2dw < oo,
YMO NPUHUMAEMCA 6 Kauecmee onpedeacrus npu npouzcoavrom s > 0.

IIpocmpancme W3 (R"™) das s < 0 onpedeasemea xax dsolicmeenroe x
W5 (R™). Ilpumenss mosxcdecmeo Ilapcesans, aezko noaywumv, 4mo yme-
pernoe pacnpedeserue S npunadaeacum W3(R™) moeda u moavko moada,
koeda ez2o npeobpazosanue Pypve S npunadaencum L? (R™) u ydosaemso-

paem yeaoswo [ |S(w))2(1 + |w|?)dw < oo.

Onpenenenune 2.7 [lycmv 1 < p < oo. Feau s > 0 u s — yeaoe, mo npo-
cmpancmeo W7 cocmoum us dynryuii f, mawur, wmo [ u ece ee npous-
sodrve 0°f ¢ |a| < s npunadaexncam LP(R™). Dmo sxeusanenmno ycaosuro
(I &A% f € LP(R?). Hocaednee yeaosue onpedeasem W, daa npoussonn-
Ho20 deticmeumenvrozo s.



Omnpenenenue 2.8 [lycmv 1 < p,g< oo, s >0 us<m e N. Qynryusa f
npunadaescum npocmpancmsy Becosa B, ecau f € LP(R™) u cywecmey-
wm nocaedosamenvrocms noaoxcumeavuvs wucea €; uz [7(N) u nocaedo-
sameavhocmsy gynruut f; uz LP(R™), maxue, wmo

If < fill, <2775 €N, (2.3)

167 fll, < €202V, (2.4)

das mo06o2o0 myavmuundexca a € N™ ¢ |a] = m.

Omnpenenenne 2.9 [Ipu 0 < s < 1 npocmpancmeo ['eavdepa C*(R™) co-
cmoum uz dynxyuti f € C(R") marux, wmo sup,cpn|f(z)] < oo u
suph>0 W}E ) < 0.

CYR"™) - amo waacc Suemynda:

CY(R"):={feCR"): sup |f(z)] < o0, sup walh /) < oo}

Jan s € (m,m+ 1], m € N,
C(R"):={feC™R"):V]a|<m 0°feC™™}

3 IIporotunsl BciieckoB B paborax Jly3smHa
n KajpaepoHa

Onmro W3 TMepBBHIX TMOABJIEHW BCILIECKOB B MAaTeMaTHIeCKOM aHaJ3€e OTHO-
cutcs K 30-ThiM TomamM. XOpOIIo M3BECTHAaA XapaKTepU3alllsd MPOCTPAHCTB
H? 8 repmunax unrerpasa mnomamgeil win Gynkmun Jlysuna [L] conepxur
mpototunsl Bemteckos (em. [CW]).

Pabora H.H.Jlysuna [L] mocssuiena ananusy u cuaresy yHKIUA u3
H?(R?2) npy DOMOIIM HHTErPAIBHOIO IIPEICTaB/IeHIH

2@ dydt
t t) R. 3.1
7 g L e e 1)

[Ipencrasrennio (3.1) MoxuOo mpumars Bemreckosbiii Bum (1.1).  Pac-
cmorpum pyrrumio H(t) := (¢ + )%t € R, Koropas ocummiupyer (T.e.
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Jr ¥ (1)dt = 0), perynsapHa n JoKanmsoBana. biaromaps sTUM cBoiicTBaM po-
noradanpHuKn  BemaeckoB  A.l'poceman  (A.Grossman) u  ZK.Mopae
(J.Morlet) [GM] nassanu ¢ - wavelet, 6ykBaibHO MajieHbKas (MMeeTCs B
BUILY TPONOJIKHUTENLHOCTD) BOJIHA.

| . o
A | /\J
o
= -

-1 1

Puc.1. FpacbﬁK Re(y(1)). Puc.2. Fpaé)ﬁK Im((1)).

Pacemorpum 1, 5(t) := a_l/zg/)(%) =}t eb+ia)"? qna a > 0,b € R.
Ompenennm

(Wl )asb) = (f, us) = 2mia™2f' (b + ia). (3.2)

B cuny (3.1) dyuruumsa f npencraBumMa B BUIE CYNEPIOUINIO BCILITECKOB

Yap(t) ¢ Koabbunnenramu (Wy f)(a,b). HDua moboit Gpyuxuuu [ € H*(R?)
nmeeM N . o
flx) = = ffRi af'(b+1ia) (x_b+ja)2 =

= = Jo" Un(Wa)(a,0) p(x) db] 53
[Ipencrasnenne (3.1) mosBoisAeT oxapakTepwsoBaTh (GYHKINN 13

H?(R2).

(3.3)

Omnpenenenue 3.1 Hnmezparom naowadeli uau pyrnxyuetc Jlysurna nazw-
6aemMcs

1/2
s = ([ 1w+ ikad) L cer @
Yy(z
ede y(x) = {(y,t) € R* : ¢t > |y x|} - wonye Jlysuna.
Teopema 3.1 ITycms 0 < p < oo. Toeda f € HP(RY) ecau, u moavko ecau,
SfeLP(R).

Hna 1 < p < oo »10 Kaaccmueckuii pesynprar (cm. [S|,[Z]). Has
0 < p <1 »10 pesyabrar A.Kanbuepona [Cal.

Pacemorpentbie hopmysisr 0bobiatores B Tox mecrse Kanpnepona [Cal].
Mycts ¢p € LY(R™), [gn ¥(2)dz = 0 u npeobpasoBarne Pyppe ;Z(w),w €eR”,
YIIOBJIETBOPAET yCJIOBHIO

/OO |$(tw)|2% =1 mua moberx  w # 0. (3.5)
0



Hanpuwmep, ecim @ mocrarodHo pery/ispHa, JIOKaJu30BaHa, UMeeT HyJleBoe
cpefHee u paauasbHa, TO CYHIECTByeT KoHcranta ¢ > 0, Takas, uro ci(x)
yaoBieTsopseT (3.5).

Monommt a(x) = a="24(2) 1t thas(e) = a=2p(22). Cacays [GM],

olrpenejImmM

(WyP)(a;0) := {f; ap)- (3.6)

TOFILEL nMeeT MeCTO cielyiollad CbOpMyJIa BOCCTaHOBJICHNI A

5@y = [ [ Ve e byt ] S (3.)

DxBUBaTeHTHAaA GOpMyInpoBKa mas (3.7) nMmeeT BuI

oo . da
1:/0 QuQi—r (3.8)

rie [ - ToxmectBenHblit oneparop, Q.(f) = f * ¢, - oneparop cBeprkH, a
Q)% - compsKeHnblii K (), omeparop. ToxmecrBo Kanpneporna (3.8) nme-
eT BasKHble TMPUJIOKEHN B aHAJIW3€ KJIACCHICCKUX (PYHKIMOHATBHBIX ITPO-
CTPAHCTB MOCPEICTBOM YCJIOBHUIl, HCIOIB3YIONMX MOIYJIb IPAIUEHTa TapMO-
HugecKoro nponosxenns (cMm. [S]). Hampumep, niasa momyrpynmsr [lyaccona
P.f(x) := F(x,a) (onp. 2.2), oneparop @, nmeer Bua , = <a(d/da)P,.

B dopmynax (3.6) u (3.7) dyrkumm ¢, b € R™, a > 0, ucnonpsyorcs
Tak, Kak OyaTo oHI 06pa3yloT opToHopMupoBaHHbIi Gasuc B L*(R™) : koad-
dunmeHTH pasoKeHns BhIUCAAOTCA o dopmye (3.6), a mpencrapienne
byskumm f B TepMuHax 3TUX KoadduiinenTo maercs (3.7).

Mozxkno 3ameHnTb M30bITOYHOE MHOXKECTBO dyHKIUA ¥, 5,0 € R, a > 0,
Ha OPTOTOHAJBHBIN Oasuc 1y, A\ € A, KOTOpPbBIE KOHCTpYHUPYETCA 10 TEM Ke
anrebpandecKnM mpasuaaM (myTeM c:kaTtuii u casuros). OproHOpMUPOBaH-
HBIl Oasuc ¥\, A € A, oOKa3bIiBaeTCAa YHUBEPCATBHBIM 0E3YCJIOBHBIM Oa3mcoM
IUTS KJTACCUYECKUX MTPOCTPAHCTB (PYHKINHA U pacipeneeHuii.

4 IlIpeobpasoBanue I'abopa

pyrum mpemiecTBEHHUKOM BCILIECKOBBIX ITPe0Opa3oBaHuil sABJIAETCH IHpe-
obpazosanne ['abopa. Ilycrs bynkmmsa f npuramnexnt L*(R) u f - ee
npeobpasosanme Pypoe (2.1). [Lnsa seraucnenuns f(w) B 11060it ToUKe W B



paBHOII CTeleHn WCHOJIb3YIOTCA BCe 3HadeHus [, mosTomy f He oTpazKaer
n3MeHeHnl YaCTOTHBIX XapakTepucTuk f 1o Bpemenu t. Kpowme Toro, usme-
HeHue QYHKIUU [ B CKOJIb YTOIHO MaJIOl OKPECTHOCTH TTPOU3BOIHHON TOTKH
tp TPUBOIUT K M3MEHEHUIO BCEro CIEKTpa.

s ucnpasiaenus »rux vegoctarkos [1.['abop pacemorpen B [G] caemy-
foltiee mpeodbpasosanme. [lycTs

ga() := € 4, (4.1)

riie « - PUKCHPOBAHHBIN TapaMeTp.

11
7204°

Puc.1. I'paduk ¢,, a =1
OyukInus g, UCTOTB3YETCs B KAYeCTBE TaK Ha3bIBAEMOTO BPEMEHHOTO OK-
wa. [Ipeobpasosanune ['abopa bynkmmuu f € L*(R) onpenensercsa dpopmyoii

(T )w) = [ (e F(0)ga(t b) . (42

HAcno, aro (I'))(w) mokammsyer npeodpasosanme Pypbe BOKpYT TOUKE ¢ = b.

~

Tax xax Jg ga(t <b)db = [g ga(x)dr = 1, To [g(IFf)(w)db = f(w),
w € R. Takum obpasom, mpeobpasosanue ['abopa pasmaraer mpeobpasoBa-
e Pypbe Ha JOKATBHYIO CIIEKTPATIHHYIO WHMOPMAIIHIIO.

[Ipusenem obiiee onpenenenne okoHHON (yukmuu. PYHKIUIO w Ha3bI-
Bator okounofi, ecim w € L*(R) m zw(z) € L*(R). [lns xommdectsenHof
XapaKTePUCTUKHU JOKAJU30BAHHOCTH (YHKIIAN 10 UCIOJb3YIOTCS CIACIYIONINe
BEJININHBI:

= mfRﬂw(x)de - LIEHTP;
Ay = php (e o) w(@) e}/ - pamaye.

[upura GyHKIMM w TmoTaraercs paBHOR ABYM paamycam. Jlerko Bbram-
cuTh, 910 Ag, = /.

10



[Ipeobpasosanne ['abopa MOKHO MHTEPIPETHPOBATH CJIEMLYIONM OOpa-
som. Ilyers G (1) := e g.(t &b).

Al N A
A A

Puc.2. I'padux Re(Gy5 (1)). Puc.3. T'padux Im(GF35 (1)).
Torna

(TpN)w) = [ FOGDd. (4.3)

[TpenmytecTBo (4.3) cocTonT B BO3SMOKHOCTH MPUMEHUTH ToXKIecTBO [Lran-

S

; 2
mepens. [leficrBurenpbHo, Gaw(n) = ¢~ t—w) gmaln—w)”, [HosTromy

(3 f)(w) = 3= fa f(n)etrmee=at)® gy =
_zbw —tbw

= S (€ F()g1/aa(n Sw) dip = S (UL F)(4h).

Takum obpasom, npeobpaszosanue ['abopa dpyukmum [ ¢ okorHo# dyHKIHET
Jo B TOUKe { = b ¢ TOUHOCTHIO JO MHOKUTEISA COBIATAET € MPeobpa3oBaHueM
laGopa GpyHKIHE f ¢ OKOHHON (yHKIHEd ¢ /1o B TOUKe 1) = w. [Ipoussene-
HUe UIMPUHBI OKHA ¢, Ha WUPUHY OKHA ¢i/1q PabHo 2. lexaproBo mpoms-
senenue [b&\/a,b+ \/a] X [w @ﬁ,w + ﬁ] 9TUX IBYX OKOH Ha3BIBAIOT
IPAMOYTOJBHBIM BpeMsA-9acTOTHBIM oKHOM. [llnpuna 2./a BpeMeHHOrO OKHA
Ha3bIBAETCHA NIMPHUHON BpeMs-9acTOTHOTO OKHa, a mupuHa 1 /y/a gacToTHOTO
OKHa Ha3bIBAETCs BBICOTOH BpeMsA-4acTOTHOTO OKHa. OTMETWM, YTO UIHPU-
Ha BPEM#A-4aCTOTHOTO OKHa B mpeobpasoBanuu ['abopa He m3MeHAETCHA TIPH
HaOJTIOIEHUN CIeKTpa Ha BCEX 9acToTax.

w

.tl .tz t
Puc.4. Okna ['abopa.
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5 OkoHHOe nmpeobpaszoBanmne Pypbe

[Ipeobpazosanue ["abopa MoxHO 06001HTE. [IyCcTh
we L*(R) u  tw(t) € L*(R). (5.1)

OxonnbM mpeobpaszoBanneM Pypbe Ha3bIBAETCHA

(T)(w) i= [ (e F(t)yolt b) .

R
Ilonaras ,
W (t) := e“tw(t ©b), ‘
Viw(n) := = Wiu(n) = Gme™ i (n Sw),
nMeeM

(Cow) = [ FOWio(0dt = [ o) Vialndy

R

Takum ob6paszom, OKOHHOE MpeobpasoBaHue JaeT JIOKAIbHYIO WHMOPMAIUIO
06 [ Bo Bpementuom okue [t* 4+ b & A, t* + b+ A, u jgokanbHyO WH-
dbopmarmio 06 ]? B 9acTOTHOM OKHe [w* + w <A~ w* + w + Az, toe w*
- eHTp w. Ecnm w w, u @ ynosrersopsioT (5.1), To BpeMA-9acTOTHOE OKHO
[+ bSA, "+ b+ A, X W+ weSAs w' + w+ As] nMeeT TTOCTOAHHY O
wmupuny 2A,, 1 nocroanuyio miromanb 4, A=

[Iponssenenne A, Ao xapakTepusyeT BpeMA-IacTOTHYIO JIOKAJN3AINIO
W ¥ HA3BIBAETCA KOHCTAHTON HeompeaeaeHHoCTr w. HamoMHErM MpUHIUIT He-
onpenenennocTn (cM., Hampumep, [La]).

Teopema 5.1 [Tycmv w € L*(R) ydosaemeopsem (5.1) emecme ¢ w. Tozda
AyAs> % Boaee mozo, pasercmeo docmuzaemes moeda u moavko moezda,
koeda w(t) = ceg,(t ©b), ede ¢ # 0,a > 0;a,b € R.

Takum obpasom, mpeobpasoBanme ['abopa mMeeT HaWMeHbIlee BpeMs-
YaCTOTHOE OKHO. B HEKOTOPBIX NMPUIOKEHUAX MPUXOIUTCH WUCIOTIb30BAThH
GoIIBIITe OKHA [IJI5 IOy Y€HUA TOTIOTHUTETBHBIX CBOMCTB, HATIPUMED JIETKO-
CTU BBIYUCJIECHUIA.

[MpuBemem dpopmyay obpaimenus Ijisi OKOHHBIX mpeobpasosannii Pypoe.

Teopema 5.2 [Tycmv w € L*(R), ||w|[z = 1, w u @ ydosaemeopsrom (5.1).
Tozda

/R/R<f, W) (g Wow) dbdw = 270 (f, ).

12



Ecau x - mouxa nenpepwerocmu f, mo

1) = oo [ [T )l < b) dodb

Kaxk yxe ormedasoch Bbilile, B OKOHHOM TpeobpasoBarnn Pypre mmpu-
Ha OKHa He W3MeHAEeTCH TIPH u3ydeHun b0t dacToTHO# momockl. OmHako,
JacToTa IPAMO TPONOPLIMOHATIbHA YUCIY MEPUOIIOB B €IIUHUILY BpeMeHu, 1Mo-
STOMY /1A JIOKAJM3AINH BBICOKOTACTOTHBIX M3MEHEHUI eCTECTBEHHO OpaTh
6osee y3KOe OKHO IJIs YBEJTUIEHNsT TOTHOCTU BBIUUCJIEHU, a [JIs HU3KOIa-
CTOTHBIX - DOJIee MUPOKOe IJIsA MoJdydeHus mosHoit mwHdopmanun. Taxwmm
obpasomM, okoHHOe TpeobpaszoBanne Pypbe HEe MPUMEHIMO K U3YIEHUIO CUT-
HaJ0B, COepXKalllNX KaK OYeHb BbICOKHME, TaK U OYeHb HU3KUE YACTOTDI.

HanHblil HETOCTATOK WMCIPaBIIAETCA B MHTETPAJIHHOM BCILIECKOBOM Ipe-
0bpa30BaHNNN, BPEMA-IACTOTHOE OKHO KOTOPOTO aBTOMATHIECKHU CYIKAETCH
pu HaOJIIOIEHNT BBICOKOTACTOTHBIX N3MEHEHU W pacIinpsAeTcs s U3y de-
HUA HU3KOYaCTOTHBIX.

6 HMHaTerpanbHoe BcILJIeCKOBOe IIpeobpa3oBa-
HUEe

Omnpenenenne 6.1 Qynxyurw ¢ € L*(R) nazwearom 6a306vm 6cnaeckom,
ECAU OHA YJOBAEMBOPAEM YCAOSUN:

Cw::/Rde<oo.

[l

Hpu nomowu 60306020 6CNAECKG 0np€(?€./lﬂ€mc.ﬂ UHMEZPAABHOE 6CNAECCKOG0E

npeobpasosanue (UBII) na L*(R):

b
(Wol)(b.a) = lal ™7 [ fye (2 e, e 1*(R),
ede a,be R ca#0.
[lomaras ,
Dralt) = la V20 () (6.1)

13



(Wol)(b,a) = (F.na). (6.2)

B masbmeiimen, GymeM cUMTAaTh 9TO U th, U U YIOBICTBOPHIOT (5.1). To-
[Ia, eCJM HEeHTp U paanmyc P paBHBI t* m A, ,cOOTBETCTBEHHO, TO DYHKINA
Yy, ABJIAETCHA OKOHHON ¢ meHTpoM B b 4 al* m pammycom aAy,. 3xaqut
NBII maer nokasphyio wadopMalnio o GyHKIUT [ ¢ BpeMEHHBIM OKHOM
[b+ at* <aly, b+ at* 4+ aAy]. D10 OKHO cyXKaeTcs MpHU MasbIX 3HATEHWAX
@ W paCUUpAETCa TP OOTBIINX.

Pacemorpum Temepn

1 - ~1/2 ' ;b —12
Q—l/ﬁb,a(w) = o / e~ (i) dt = meﬂbwd)(aw), (6.3)
T R

27 a 27

1 TPEINONIOKAM, 9TO TEHTP W pagnyc (yHKIUU ¥ paBHBI w* U A’LZ’ COOT-

BercTBenHO. llomaras n(w) 1= ¢ (w 4 w*), mosydaeM OKOHHYIO GYHKIIUIO 1)
¢ mentpom B Hysne u patuycom As. Hpumenss roxnecrso Ilnanmepens x

(6.2), nmeem

alal” -

1/2 N L o
(Wuh)(b.a) = “5— [ Fl)e™na(w =) deo.

27 a

~

fAcho, uto okonHas dyHKIMA N(a(w @%)) = n(aw Sw*) = Y(aw) nmeer

| |—1/2

1 ala
pPaonyc EA’LZJ\ IIO3TOMy7 C TOYHOCTDHIO IO MHOKUTEJIA o

1 JIMHENHOTO

dbasosoro casura e, MBIl W, f maer nokamsmyio nadopmarmmio o6 f ¢
JaCTOTHBIM OKHOM
w1 w1
— <:>—A$, — + _A$ . (6.4)
a a a a
B masbreiimrem Oygem cauTaTh HEHTP w* (GYHKIUEM @) MOJIOKHTETHHBIM.
Torma okro (6.4) ABAAETCA TaCTOTHON MOTOCON (MM OKTABOM) € HEHTPATb-
HOfl wacToTOl W*/a U WupuHO MoIOCHI 2A$/ a. Bax®o, uTro oTHOUIEHNE

IeHTpaJdbHasd 9acToTa w*/a w”

HIUpUHA B 285 /a - 285

He 3aBHCUT OT MacllTada «.
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Wrak, nis UBII umeem npsamMoyrosibHOE BpeMA-4acTOTHOE OKHO

w* 1 w*

1
[0+ at” ©aly, b+ at™ + aAy] X [— &=As — + —Af]
a a a a
OTMGTI/IM €l1e pa3, 4TO OKHO CyXKaeTCA OJId BbIABJICHUA BBICOKOYaCTOTHBIX
ABJEeHU 1 paclinpdeTcda OJid MCCJIEeN0OBaHNA HU3SKOYaCTOTHBIX.

w

b —|— Cllt* b —|— Clzt* t
Puc.1. Ogma UBII.

Crenyroruii pe3yabTaT MoOKa3bBaeT, KAK BOCCTAHOBUTH (DYHKIINIO 1O ee

NBIIL.

Teopema 6.1 [lycmv ¥ - 6azoswii 6cnaeck. Toeda Oas  aw0bwvix

f.9 € L*(R)

[ 100 )]0 @) S = €. ),

Boaee mozo, das awboii [ € L*(R) u awoboi mouru x, 6 xomopoti | nenpe-
PHLGHA,

1 da
O o WAL ERE T
ede )y, onpedenenvi 6 (6.1).

Joxazameavemeo. B cuny (6.3) n toxmecrsa [Lnammepens

1 - A 1 -
(Wol)(b.a) = (fotn) = 5 [ Fl@)ala| ™2 (aw) d = 5, (5).

15



e Fu(w) := a|a|_1/2f(w)$(aw). [loaToMy, OHATH UCIIOIB3YSA TOZKIECTBO
[LnaHuepess, mveem

o SRl(Wy /) (b, a)(Wyg)(b, a)] % db =

~

;mmm<xw>wzim&@@®h@%%@mz
= 3:0u(1,3) = Culf.g).

Bropoe yTBepiKieHne TeopeMmbl cIeayeT U3 MepBOro, eCJIi B3ATh B Kade-
crBe QyHKIMT ¢ rayccoBekue GYyHKINN ¢, (- <) (em. (4.1)) w yerpemnth o
K nymaro. O

Bameuanue 6.1 Bo scnaeckosmpx npeobpa3osanusr 0CHOSHYO POAL UZPAEM
KOMMYMAMUEHAA A0KAADHO KoMnaxmuas epynna omobpaxcenuti R — R
suda g(z) = ax +b, a € R\{0}, b € R, 2 € R ¢ mepoti Xaapa a~*da db.
T11. Jlykawenro [Lu] o606wus meopemy 6.1 na npouscoivHyio kKommyma-
MUBHYW AOKAABHO KOMNAKMHYW 2pYynny.

[Mpy amanuse dusmgecKmx CUTHAIOB PACCMATPUBAIOTCA TOJIHKO ITOJIO-
KUTeTbHBIE JaCTOThI. [akK KakK JacToTa 0OpaTHO MPOMOPIHOHAIbHA Tapa-
MeTpy CXKaThd ¢: w = w*/a, To B 2TOM cjydae HEOOXOIUMO pPacCMaTpH-
BaTh TOJIBKO TMOJIOKUTENbHBIE ¢ U BOCCTAHABIUBATDL CUTHAJ MO 3HAYECHWAM
(Wyf)(b,a),a > 0. [lns sroro Ha 6a30BBIil BCILTECK HATO HAJOKUTH IOMOJ-
HUTeJbHOE TpeboBaHUe:

00 Aw 2 0 Aw 2 1
/0 |¢(w)| dw:/o wdw:§(j¢<oo, (6.5)

Teopema 6.2 [lycmov 6azosuii scnaeck ¢ ydosaemesopaem (6.5). Tozda das
amobwz f,g € L*(R)

T W Wi Ba db] S = Zutr.0).
Lo |&=3

Boaee mozo, das awboii [ € L*(R) u awoboi mouru x, 6 xomopoti | nenpe-
PHLGHA,

o= 2 [ by ) .

ede )y, onpedenenvi 6 (6.1).
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7 JIBomdHBbIe BcIJIeCKHU U (popMYyJIbl obpailiie-
HUA

[Ipu amanuse cUTHAJIOB YaCTOTHYIO OCh YacTO pa3bUBAIOT Ha [IU3HIOHKT-
Hble JacTOTHBIE MOJOCH (Ml OKTaBbl). PaccMoTpuM mBondHoe pasbuenwue:
(0,00) = U]__OO(ZJA 2 A~ )] rie A > 0 - pagmuyc npeobpasoBanus Dy-
pbe ;/) 6a30BOTO BCILIECKA 1. MBI KaK 06quH0 IpeamnoaaracM, ITo ;/) yHOBJIE-
tBOpsieT (5.1). BameTnm, 9TO, He OrpaHWINBAsA OOIIHOCTH, MOKHO CUUTATH
* = 3A$ (IOCTaTOTHO TPUMEHNUTH K ¢ COOTBETCTBYIOMINT (pas3oBbIii CIBUT:
PO(t) := e*%p(t)). Torma nmpu a; := 27/ umeem
% %
(w— @iAﬁ, ndl + iA@] = (2j+1A$, 2j+2A$].
ay ay ay ay
[lenTpanpHas dacToTa 3TOH MOTOCHI paBHA W, 1= % =3 x Alﬂ'
[Ipu mOmONHUTENBHBIX TPEANOJOKEHUAX Ha 0Aa30BbIH BCILIECK 1 OKa-
3BIBACTCH BO3MOKHBIM BOCCTAHOBUTH (PYHKIINIO, NCTOMb3ys 3Hadenus NBII

(Wyf)(b,a) TOJIBKO Ha JIUCKPETHOM MHOZKECTBe 4acTOT
{w; =3 x 2]A$}jez (re. a =a;, j €Z).

Omnpenenenne 7.1 Qynxyua v € L*(R) nasweaemea dsouunvm ecnae-
cKOM, ecau cyuecmsylom 06e noaoxcumeavusie xKowcmanmo A u B,
0 < A< B < oo, makue, wmo nowmu ecody (n.s.)

A<S (27 w)? < B. (7.1)

JEZ

Yeaosue (7.1) naswsarom ycaosuem yemotivusocmu.
[Mycrs f~(x) := f(&=). Onpenennm ropmuposantoe VBII
(W )(b) := 22(Wy [)(b,27) = 27(f = (27))(b).

Ucnonbsys toxmectso llmanurepens, jerko mokasarh, uro (7.1) sKkBuBa-
JIEHTHO

AIFIE<SSIWERIZ < BIIfIZ, | e LXR).
JEZ
CJIeILyIOHH/Iﬁ pe3yJIbTaT HOKEL3I>IB6L6T7 9TO ILBOI/I‘{HBIﬁ BCIIJIECK BCer'la AB-
JIAeTCcA 6a3OBbIM.
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Teopema 7.1 [lycmov i) ydosaemeopsem (7.1). Toeda i asasemes 6azosvm
6CNAECCKOM U

A1n2§/ooo W(M)Pdw, /OOOMSBIHZ.

w w

Boaece moeo, ecau A = B, mo

cW;@WﬁW

|w

dw =2A1n2.

ns Bocctanosnerus f € L*(R) mo swauemmam WUBIT (W, f)(b,277),
j € Z, nerue Bcero McIoshb30BaTh IpYTOil JIBOMYHBINA BCILIECK 1*, ompeme-
ngeMblil B obpazax Pypbe ciemyrommM oopa3oM:

N
V)= e e

o Siez Jo (W] F)(0{270(2 (x <b))} db =
= Tiez & Ja (W D) (@)F(277w)e™ do =
= ez & Jn J@)0(27 0 (27 w)e™ dw =
= & Jx f(w)e™ dw = f(a).

Onpenenenne 7.2 Qynryus ;Z € L*(R) nasweaemcesa dsouuno-deoticmeernoti
K deouuromy ecnaecky v, ecau xaxncdas Pyrnwuus [ € L*(R) moocem Guomo

(7.2)

npedcmasaena 6 sude
f(x) = Sien S W) HOHZ (2 (2 <b))} db =
= ez 297 [o(Wof)(b, 35)0(2 (« b)) db.

B cuny (7.2) dyHKImMA ¢ ABAgeTCA TBOMIHO-TBOTCTBEHHO K 1. Kpome
TOTO, ™ ABJIAETCA TBOWTHBIM BCILIECKOM:

1 ~ 4 1
<N 2w < S
JEZ
OTMernM, 9TO TBOWIHO-TBONCTBEHHBIN BCILIECK K TAHHOMY BCILJIECKY )

He €eJJMHCTBCHECH.
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Teopewma 7.2 [lycmov ¢ - deouunniii 6cnaeck u b - npoussoavHas GyHKUUAL
uz L*(R), ydosaemeopsrouas ycaosuro

esssup » 1p(2772)|? < oc.
l’ER]‘GZ

Dynxyua ¢ asasemesa deouuro-deoticmeennoti x 1 moeda u moavko moezda,
kozda

ZW@E@_]@) =1, n.s.

JEZ
8 @dpeliMBbI

Hnst Berancaunrenbroit 5B HEKTUBHOCTH MOXKHO TUCKPETU3MPOBATH U Mapa-
MeTp caBura b, paccMaTpuBas TOJBKO TUCKPETHOE MHOXKECTBO 3HAUEHUIl:

%bo, J,k,€ Z, tme by > 0 - durcupoBanHas KOHCTAHTa, Ha3bIBae-

Masd TemMroM m3Mepennit. O6o3HaTIM

Voo k(1) 1=y, 0, (1) = 2500(27¢ S kby).
Bynem paccmarpuBarh TosbKO caemyiomne 3uadenns VIBII:
Wy F) (i az) = (fotuein),  J.k € L. (8.1)

Ecau cymectsytor korncrantst A mw B, 0 < A < B < oo, Takme, 4TO

AlFIE < 22 [ )l < BIfIE,  f € LA(R), (8.2)

Jk€EZ

bj =

to dynkmuio f € L*(R) moxuo BoccranoButh 10 3Hauenusm VBII us (8.1).

Omnpenenenne 8.1 [osopam, uwmo dynxuyua v € L*(R) nopooswcdaem
Ppetiv 6 L*(R) ¢ memnom usmeperuti by > 0, ecau ewnoansemes (8.2)
¢ Koncmanmamu A u B, xomopwie nazwearomea epanuvamu gpetivma. Feau
A = B, mo $pelim Ha3u6a10m HCecmrumM (ECmeECMEEHHO HA3LEAMb HCECT-
KUl ppetim o0bobuwenrot cucmemots lapcesans).

Paccmorpum smureitasrii oneparop T wa L*(R):

Tf = Z <f7 ¢bo7]7k7>¢bo7j7k7 f € Lz(R)

Jk€EZ
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Ns (8.2) cnemyer, ato T sABNseTcss B3amMHO-onHO3HAUHBIM. [leiicTBn-
TEeJIbHO,

(1,0 = 2 K sam

7,kEZ

Hosromy o g = T f mmeem

AT gll3 = A5 <L 1) =g, T g) <|lgll2/|T"g]|2-

Orcyma | T"glls < gl man 7] < A~
Taxum obpasom, mobyto dyrkmmio f € L?(R) MOKHO BOCCTAHOBUTH MO
snavgennam VIBIIL us (8.1), npumenss dopmyty

f: T_le: Z <f7 ¢bo7]7k>T_1¢bo7j7k' (83)

Jk€EZ

[Homaras ¢bok =T Yy, ik, J,k € Z, moxuo nepenucars dopmyry (8.3)
caenytomum obpasom: s mobbix f,g € L*(R)

<f7 > J,k€Z<f ¢bo717 ><¢bo 7g>
F=5kez(fy oy gu) i’

ik . . .
EcrecTBerro HasbBaTH {;/)bo} MBOICTBEHHBIM (peiiMom K dpeiimy

{¥no ik -

Omnpenenenne 8.2 [osopam, umo $ynryus 1p € L*(R) noposcdaem 6asuc
Pucea (uau esycaosnmti 6asuc) {p, jx} ¢ memnom usmepenud by, ecau
6BINOAHEHB CaedyrouLue J6a YCA06UA:

(i) aunetinas oboaouxa {tw, ;1 }irez naomna 6 L*(R);

(ii)  cywecmsyrom  noaoxcumesvhve  kowcmanmou, A u B
0 < A < B < oo, maxue, umo Oaz mobwz {c; i} € I*(Z?)

Y

2

< Bl{ci}-

2

Al{ejr i <

> it ik

J,kEZ

Kornemarnmu A u B waswearom xonemarmamu Pucea das {ibp, ji}t. Feau
bo = 1, mo ¢ynxyua ¥ nazweeemes R-pynruued.
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B nanpreiiimem Oymem mcrmosb3oBaTh obo3HAUEHTE

Yik(x) o=ty u(x) = 2702 r ok),

KOTOpOe He Hajo MyTarh ¢ iy, u3 (6.1).
Crnenytommii pesysbrar moKasblBaeT pasHHIy Mexkiy ¢ppeiimom u Gasu-
com Pucca.

Teopema 8.1 [Tycmw b € L*(R) u by > 0. Tozda caedyrowue ymeeporcde-
HUA IKGUGAAEHTHDL

(i) {tpy.jr} - 6asuc Pucca 6 L*(R);

(ii) {tpy jr} - Ppetim 6 L*(R) u [*-auneiino nesasucumoe cemeticmeo,
m.e. ecau Y ciptlp, ik = 0 u{cjr} € 1%, mo cj = 0.

Boaee mozo, woncmarnmu Pucca cosnadarom ¢ epanuvamu gpetima.

QOyukmnus, mopoxmamoiias dpeiiM, Bcerna sBIAETCS TBOWTHBIM BCILITE-
CKOM.

Teopema 8.2 [Tycmov v € L*(R) nopoocdaem ¢ppeiim {1} 6 L*(R) ¢
eparuuyamu A, B u memnom usmepenuti by > 0. Tozda

boAd < 3" [P(27w))2 < boB, n.e.

JEZ
9 BCHJ'IeCKOBI)Ie PAdbl

B nanbHeiimem Gymem mnpemmosiaraTh Temn m3Meperuit by = 1. Ilycrts
Y - R-bynxmma, {1} - 6asuc Pucca, {¢pF = T~14; 1} - nBoiicTsenmbrit
dpeiim (cm.(8.3)).

B kiracce R-pyHRImil BhIOe AOT ABa BasKHBIX MOIMHOKECTBA.

Omnpenenenne 9.1 [Tycmov o € L*(R) - R-dynxyus. Tozda
(1) ¢ Hazweaom opmozoHAALHHM 6CNAECKOM, ecau ) ) ydosaemeopatom
YCA0BUI0 OPMOOHAABHOCTIU:

(VjksVtm) = 0;10kms  Jyklom € L

(1) 2 Has6a0M NOAYOPMOLOHANBHBM 6CNAECKOM, €CAU ;) YJo6AEME0-
PANOM YCAOEUIO!

<¢j,k¢l,m>:07 .]7£l7 jvkvlvmez-
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OdgeBHIHO, 9TO OPTOTOHAIBHBIE BCILICCKH ABJIAIOTCIA CaMOIBONCTBEHHBI-
gk .
mu: Y =k, gk € Z.
st Toro, 4TobbI yKa3zarh HBOHCTBEHHBIH (BpeiiM B I01yOpTOroHaIbHOM
caydae, NpUBeIeM CJeAYIONNi KpuTepuii OpTOroHaIbHOCTH.

Teopema 9.1 Jlaa awboii dynxyuu ¢ € L*(R) caedyroujue ymeeporcdernus
IKGUBAAEHIMHDL.

(i) {d(x k) : k € Z} - opmonopmuposarroe cemeticmeo:
<¢(<:>k),¢(<:>l)> = (SkJ, k.l € Z.

(ii) npeobpasosarue Pypoe qg ydosaemeopsem Yycaosuro:

1 o
— I 2de =6 e 7.
o e e = Gy, g

(tii) /las nowmu scex x

S 10(x + 2nk)]? = 1.

JEZ

Bonee CJIEL6I)IM7 qJeM yCJIOBUE OPTOIOHAJIbHOCTH, ABJIACTCA YCJIOBUE Pucca
nJjanm ycJioBue 663yCJIOBHOCTI/I.

Teopema 9.2 Jlan moboli pynruyuu ¢ u xorucmanm 0 < A < B < oo cae-
dyruwue ymeepaicdenus 3K6USAAEHTHDL.

(i) {o(- k) : k€ Z} ydosaemsopaem ycaosuro Pucca ¢ koncmanmamu
A u B, m.e. dasn amobwz {cp} € I?

2

Al{erdlle < |22 exd(- k)| < Bl{ex}lz-

kEZ

2

(ii) npeobpasosarue Pypoe qg ydosaemeopsem n.6. Ycao6u0

A< Y |ox +27k))* < B.

kEZ
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Teopema 9.3 Ilycmv ¢ € L*(R) - noayopmozoraavnuii 6cnaeck. Onpede-
aum Y 6 obpazar Pypve

= )(w
P(w) = jb( ) -
Ykez [P(w + 2mk)|
Toeda $ynwyus O deoticmeenna % ¥, m.e.

<77Z)j,k77zl,m> = j,l(sk,mv jvkvlvm € Z7 (91)

ede ;Zlm(x) = 21/215(21:1; &m). Takum obpasom, deolicmeernnuti Ppetim x
{0} - omo {7 =1}

STEL TEOPEMa YKa3bIBacT, KaK HCIIPABUTH HOJIyOpTOFOHaJH)HBIﬁ BCILJIECK

B opToroHasbhbiii. [leficTBuresbro, nmonaras
P(w)
(Chez [ (w + 2mk)[2)1/2

Pl(w) = (9.2)

noJiydaem, 9To

= Yw) i
P(w) = — = (w).
W St o

Takmm obpasom, L = 1, T.e. ! - camonBoiicTBeHeH.

CymectBytor R-GyHKINE, y KOTOPBIX HET IBOCTBEHHBIX, T.€. IBOT-
crBennbiil Gasuc {F} k Gasucy Pucca {1} ne umeer Buma {1} Hu ms
Kakofl GpyHKIMI ¢ € L*(R).

Onpenenenne 9.2 R-gynxyua 1p € L*(R) nasweaemes scnacckom, ecau
cywecmeyem deoticmeenras dynxyua v € L*(R), maxaa wmo {v;x} u
{0k}, ydosaemsopsrom (9.1).

OdeBumHO, 9TO ¥ - TOXKE BCILJIECK C TBONCTBEHHBIM .
Ecnm 1) - Benmeck ¢ nBoiictBeHHBIM 9, TO sobyio dyrkumio f € L*(R)
MOZKHO Pa3JIOKWUTH B DAL

f(l‘) = Z Cj,k¢j,k = Z d‘JﬁZij (93)

Jk€EZL Jk€EZ

O6a »1Tux psamga HasbBafoTCA BCmieckoBbiMu. B cury (9.1)

ciw = (Frbin)s  dig = ([, 0n)-
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Teopewma 9.4 [lycmov 1b - 6cnaeck ¢ dsolicmeerHvMm ;Z aa npoussoavrot
dynwuuu € L*(R) ewuucaum HUBII ¢ ¢ u ¥ 6 moukax
(b,a) = (2%,2%), J,kelZ:

i = ([ 050) = Wul) (& 5) i = (Frdbin) = Wil)(E, 3)-

Toeda [ moscno socemarnosumv uau no {d;r}, wuau no {c;r}, ucnoavays
padu (9.3). Boaece moeo, craraproe npouzsedenue awbuwr deyr Pynruyul
uz L*(R) wmoorcno maxarce svuucaums npu nomowu QuCKpemHT 3HaUeHut

JIBIT: )
(f.9) =D i) (P, 9)-

7.k
10 Cucrema Xaapa Ha IpPAMOK

Cucrema Xaapa Ha Bceil TpAMOil sABIAETCA caMbIM MPOCTHIM, HO BMECTE C
TeM W OIHWM U3 CaMbIX MOIETbHBIX MPUMEPOB OPTOTOHAJIBHBIX BCILIECKOB.
Mpsr pacckazkem o Hell ¢ COBpEMEHHBIX MO3UIIN TEOPUN BCILJIECKOB, MOATOTa-
BJIMBasA dnTarTeseil K TOHNMaHUIO 00IIell CXeMbl TOCTPOEHM s BCILIIECKOB, TaK
HasbIBaeMOMY KpaTHoMaclITabroMy axamnsy (multiresolution analysis).

IIycts p"(t) = Kpy(t) (B coBpemenmofl TepMuHOIOrAT, 5TO - MACIITA-
oupytomas ¢ynknua Xaapa). Paccmorpum sambikanue no Hopme L*(R)
TUHEHHON 060JIOUKY TIeJTOUNCIeHHBIX CABATOB (GpyHKINT o :

[, H . H _ H . 2
Vo = [or(1) == 0" (- ©k)lkez = {D_ coron + D | con |*< oo}
keZ keZ

EcrecTBerHO HasBaTh 3TO MOANPOCTPAHCTBO MOIIPOCTPAHCTBOM (hYHKIII
macmraba 1. g anammsa Gymxumii ns L*(R) myXKHBI nommpocTpancTBa
byHRIU ¢ pasmmaHbiME MacinTabamu. OQmpemesnM II0C/IeI0BaTeTbHOCTD
noanpoctpatcts { V) }bjez : V= [c,oﬁ(t) 1= 2021 (291 k)| ez (V; - mommpo-
crpancTBo dyukumii macmwraba 277). OrMmernM, UTO TMOCHEIOBATETHHOCTD
{¢" }rez obpasyer oproropmuposanmsiii Gasnc B V;. Ouesnuno, uro

NV, = {0} (10.1)

JEZ

W = L*(R). (10.2)
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3mech X obosmauaer sambikanme mommpocTpancTsa X mo mopme L2(R).

[Tocrennee cBoitcTBO HaTaJKWBAaeT Ha MBICTh MOJYIUTH OPTOHOPMUPO-
BaHHbIH G6asuc B L*(R), mConb3ysa cOBOKYITHOCTh OPTOHOPMHUPOBAHHBIX Oa-
sucos B V;. Ha srom myTu ects nebospinoe npenarcrsue. Hecmorps na Bio-
xkenue V; C Vii;, oproHopMupoBaHHbLil 6asuc {c,oﬁ}kez B V; He #ABngercsa
JacThI0 OPTOHOPMUPOBAHHOTO Hasmca {@ﬁ_m}kez B V1. [loaromy neobxo-
IUMO paccykIaarTh ciaemyioimmm obpasom. Ilyers Wy - 310 oproronamssmoe
nononnenune Vo mo Vi: Vo & Wy = V. Basuc npoctpancta Vy coctout us
IIeIOUNCTIeHHBIX CABUTOB GyHKImE L. Basuc mpocrpamctsa V) coctont ms
cupuros Ha k/2 (k € Z) bynxumn o (1) = /2p(2t) : el (1) = o (L &k /2).
B cuny »tux $hakToOB €CcTeCTBEHHO TOMBITATHCA HAWTH (DYHKIUIO 1, TEeI0-
YUCTIEHHBIE CIABUTU KOTOPO# 00pa3yioT opToHOpMEUpOBaHHBIN Oasmc B W.
Takum cBoiicTBOM oObJsiagaeT HYHKIHA

1, te(0,1/2);
Pty =2 &1, te(1/2,1)
0, B OCTATBHBIX CIydasX.
9TO W ecTh BCIUIECK Xaapa.
0 T

0 T
Puc.1. Macmrabupyiomias

Puc.2. Benneck Xaapa.
dbyuknmsa Xaapa.

Urax, Wy = [v&(+) = (- ©k)]rez. Ecm onpenennts

W, =[0I (1) == 212 (271 & k)]iez, To ouesunno
Vi W= Vi (10.3)
s (10.1), (10.2), (10.3) caemyer, ato
L*(R) = @2_ Wj. (10.4)

[Tockombky mpoctpatcTBa W, B3anmMHO OpTOTOHANBHBI, TO, OOLEIUHAA BCE
opToHOpMUpOBaHHBIE 6a3wchl B W, MBI TOJYINM OPTOHOPMUPOBAHHBIH Ga-
suc B L*(R): {@/’ﬁ}jeZ,keZ- OtmeTum cpasy, 4To B IPUIOKEHUAX Jalle BCe-

ro ynobxee samenuts B (10.4) @;i_ij na Vo: Vo @ {@;;Owj} = L*(R).
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B »Tom carygae opronopmuposanmsiii 6asuc B L*(R) coctont us {pll }rez u

H
{¥iktiezrez j>o-
Taxum obpasom, mobyto dbyrkmmio us L?(R) MOXKHO pasioXuTh B psi

F=22 dpbfi = 7 conpli + 2 2 dinddii

JEZ kEZ kEZ 7=0 k€Z

[Mocrenmuii pAn ymobeH, B 9aCTHOCTH, IIOTOMY, 9TO JIETKO HMEPEHOCUTCHA CO
Beeit mpamoii na orpesok [0,1]. Ina f € L*[0, 1] umveem

oo 27-1

7=0 k=0

Umenno B Takom Buze cucremy onpenesnua A.Xaap [H].
[lepeancaum mpenmytuiectsa (10.5) Mo cpaBHEHWIO ¢ KJIACCUIECKIM Ps-
moM Pyphe 0 TPUTOHOMETPUIECKON CHUCTEMe

f(t) = %ao + Z(al cos [t + by sin [t). (10.6)
=1

[IepBoe IpermMyIIecTBO COCTORT B TOM, 9TO PAIL Xaapa ABJIAETCA XOPOIIO JIO-
KaJM30BaHHBIM. Ecsim MBI mHTepecyeMcs nopenerneM (GpyHKINU | Ha ITOIIH-
TepBaJie [a,b], To B pasmoxkenun (10.5) HaM HY KHBI TOJBKO Te HHIEKCHI j 1 K,
IJISL KOTOPBIX SUPP ;/)ﬁ = [k277, (k+1)277] mepecexaetcs c [a, b], Torna xKak
B pasnoxennn (10.6) mam morpebytorcsa Bee Koaddunnentsr. Bropoe oru-
4ye COCTOUT B TOM, 9TO YaCTUIHas cyMMa psifga Xaapamo j = 0, 1,2, ..., N
ABJIACTCA NPUONMIKEHIEM HCXOTHONH (DYHKIMM ¢ TOYHOCTHIO IO MaclITada
27N=1 91u npa coiicTBa, JOKAIM30BAHHOCTh U MACHITAOUPOBAHUE, ABJIsA-
I0TCA XapaKTepHBIMHI [IJIs BCEX BCILIECKOBBIX Pa3/IoKeHMIL.

[Ipexkme deMm paccKaszaTh O IPYIWX BCILIECKAX, M3JI0KHM Haubosee 06-
it MeTo MOCTPOEeHNs BCIJIECKOB, TaK Ha3bhIBAEMBIH KpaTHOMacCIITaOHBII
aHaII3,
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11  Kparnomacmrabubiii anamms B L°(R)

Omnpenenenne 11.1 Kpamromacwumabnwi anaaus (KMA) - smo nocae-
dosameavrocmv {V;} ez samxnymuz nodnpocmpancme L*(R), ydosaemeo-
pArOULas caedyowum c6oticmeam:

Vi C Vigas (11.1)

UjezV; = L*(R); (11.2)

NjezV; = {0}; (11.3)

fevVie f277) € Vi (11.4)
fewwe f(-ek) eV daa aobozo k € Z; ( )
cywecmeyem Pynruua @ € Vo maxas, wmo nocaedosamesvHocmy

{o(- ©Fk)}rez obpasyem 6asuc Pucca s Vg. (11.6)

DTO moHATHE BBEIEHO U ucciaenoBano B [Mal.

Ecau obosHaunth depes Pj opToroHa bHbIH TpoekTop Ha V;, To U3 yciio-
susg (11.2) caenyer, uro lim; ., P;f = f nna moboit dyrxumm f € L*(R).
Ycaosue (11.4) osradaer, 970 Bee MOATPOCTPAHCTBA V; OIHO3HATHO OTpele-
JIAIOTCA U3 MEeHTPaJbHOTO TOAINPOCTPAHCTBa Vo MPH TOMOIIM COOTBETCTBYIO-
el 3aMeHbl MepEMEHHBIX (COOTBETCTBYTOIIETO W3MeHeHns Maciitaba). I3
(11.4) u (11.5) crmenyer, aro mns moboii Gpyuxmun f € V, dyuknusa f(- &
277k) Takxke mnpumammexmr V; mnpm mobom k €  Z. Ilycro
oin(l) == 22p(21t &k); j, k € Z. U3 (11.4) u (11.6) ciaenyer, uTo moc.ie-
noBaTebHOCTh {@ ik trez ABAdAeTCa Gasucom Pucca B V) nns moboro j € Z.
He orpanwmamsas obiHocTH, MoKHO cantarh, ato {¢(- <k)}tz - OHB 8 14
(TOrO BCerma MOKHO JOCTHYH 3a cdeT oproroHaamsaun (9.2)).

OchHoBabIM cBofictBom KMA sBIsieTcss BO3MOKHOCTh TOCTPOEHUs OPTO-
HOPMUPOBAHHOIO BCILTecKoro Gasuca {Uix}j kez, Yin(t) = 27/2(20t & k),
Taxoro, uro s ool yrkumm f us L*(R)

Pipf = Pif + > (i)t (11.7)

kEZ

Ommtem mpotece mocTpoenus takoro 6asuca. Ilycrs W, - 1o oproro-
HasbHoe monosHenue Vi mo Vit W; &V, = V. B ey (11.1)

W; L Wj, npu j # ji, (11.8)
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U IIpH JIFOOBIX jo < ] 4
Vi =V, & (@i, W) - (11.9)

=50

Ns (11.2) w (11.3) caenyer, aro
L*(R) = ®jezW;. (11.10)
[Mocaenosarensnocts {W;} ez nacnenyer ot V; csoiictso (11.4):
feEW: & f(277) € Wy (11.11)

®opmysta (11.7) sxBUBaTeHTHA TOMY, 9TO MpH (GUKCUPOBAHHOM j MOCIIEI0-
BaTesbHOCTE {11 }rez 0OpasyeT oproHopMuposanubiii 6asuc 8 W,. B cury
(11.10) mocnentee osnagaer, 910 {1k }; rez - OPTOHOPMUPOBAHHBI Oaszwc B
L*(R). 3amernm Tenepn, uto cpofictBo (11.11) rapantupyer, uto {1 }rez
oyner 6asucom B W, ecnm {tor frez aBngerca Gasucom B Wy. Takum obpa-
30M, 3a7a9a MOCTPOEHNA BCILIECKOTO Gasmuca co coiictBoM (11.7) cBommres
K HaXOXKIeHWo GYHKINE ¢ Takoii, uro mocienoBareabiocth {¢(- k) ez
obpa3syer opTOHOpMUpPOBaHHKI Oasuc B Wj.

st mocTpoenus pyHKINU ¥ Ham MOTPeOYIOTCA HEKOTOpbIE CBOMCTBA (o
u Wy. Tak kak ¢ € Vo C Vi u {@11}rez - opronopmupoBanubiit 6asuc B V/,
TO

= hipw, (11.12)
keZ
rae
hi == (g, o), > |hu]? = 1. (11.13)
keZ

[lepexons x obpasam Pypoe, mmeem

B(w) = mlw/2)p(w/2), (11.14)

rae m(w) = %Zkez hre~ %% Oymkmmio ¢ HasbBAIOT MaCIITaOUPYIOel
(scaling), pasenctso (11.12) - macurradubiM, pasercrso (11.14) - yroumns-
fomM (refinement), Gynkunio m - yrounsonieil Mackoii (refinement mask)
wim MacuTabupyonwmmM Guabrpom (scaling filter).

B cuny teopemsr 9.1

S pw+2ml)) =1 (11.15)

leZ
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N7 TouTH BeeX w. Ecam momcrasuts (11.14) B (11.15), To mosyunm, [ato
Siez Im(w/2 4+ 7l)p(w/2 + wl)|? = 1. Pasbusas cymmy Ha nse (10 4eTHBIM I
10 HEYETHBIM [) U yUNThIBasA 27T-NEPUOAUTHOCTD 172, HMEEM

S m(w/2+ 27l)p(w/2 4 2rD)P + > |m(w/2 + 27l 4+ 7)p(w/2 + 2ml + )| =
= [m(w/2)]* + |m(w/2 4+ 1) = 1. (11.16)

Oxapaxtepusyem nommpoctparctso Wy B Tepmunax odpasos Pypee. Jlobas
dyurmma f ws Wy npunagnexur Vi u oproronansua Vy. Ilepsoe cBoiicTBO

osHavaer, 910 f = Y pcz frp1r toe fr = (f, @1x). B obpasax Pypbe mveem
f(w) = mg(w/2) §(w/2), (11.17)

runemy = % Sorez fu e~ _ 9n-mepmommueckas bynxuma us L2[0, 27]. Yemo-
Bre opToroHaibHocTH f K V »KBuUBasleHTHO ToMy, 91O [ L (oo) mist TH060TO
keZ re [pflw)e(w)e* dw=0.3amernm,aro

/ f(w)we“w dw = /27r etkw Zf(w + 2#[)5(@ +27l)dw =0. (11.18)
R 0 I€Z

Tak kax paserctso (11.18) mmeer mecto nus moboro k € Z, 1o

N F(w+270)5(w + 271) = 0. (11.19)

leZ

Pan B (11.19) cxomuress abcomorno B L([0, 27]). Honcrasnzaa (11.14) u
(11.17) B (11.19) w rpynnupys CyMMbl ¢ 9€THBIMU W HEIETHBIME [, TTOJTY-
qumM, yaursBasg (11.15), 910

Siez f(w + 2r1)3(w + 2nl) =
=my(w/2)m(w/2) + ms(w/2 + m)(w/2 + 7) = 0.

B cnny (11.16) m(w) n T (w+7) He MOTYT 0OpAaTUTHCH B HOJTb OTHOBPEMEHHO,
MO9TOMY CylIeCTBYeT 27-nepuonndeckas GpyHkunsa A(w) Takast, 9To

ms(w) = Mw)m(w+m) .. (11.20)

1 A(w)+A(w+7) = 0. [Tocnentee paBeHCTBO MOKHO Mepenncarh, Kak A(w) =
e”"“v(2w), The v - HEKOoTOpad 2r-Tepuoandeckas GpyHKmuA. Takum obpasom,
npeobpasosatne Pypre mponssoabHoOll pyHKIHE U3 Wy nmeer Bum

flw) = e “PPm(w/2 4+ 7) v(w)d(w/2), (11.21)
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rne v — HEKOTOopaAd QW—HCPHOHHT‘ICCK&H beHKHI/IH KpOMe ToTO,
112y = =M F ey =
= 3 5T VP Tiez Im(w/2 4+ 7l + 7)@(w/2 + 7l)[? dw =
= (V]2 ((0,27).

Takum obpasom, 2r-nepuomudeckas (GYHKIUA U ABJIACTCA KBAIPATHIHO
CYMMUDPYEMOIi.

Nwmes omucanme (11.21) mpocrpanctsa W, serko wajitnm ¢yHKITO
Y € Wy, nensie casurn kotopoii {¢(- k) }rez 00pasytor opToOHOPMUPOBAH-
uerit  6asmc B Wy, Ilyers ¢ - wmckomas — dyHKIHS. Torma
P(w) = e m(w/2 + 7)ry(w)@(w/2). ToncraBnas »To BhpaxKenme B
(11.15), monygaem, ncnoassys (11.16), aro

lvgp(w)]? =1 ms. (11.22)

[Tpore Bcero momokuTh vy (w) = 1. B cmmy (11.21) menbie casuru GyHKIAN
1), onpenessieMoil paBeHCTBOM

P(w) = e “Pm(w/2 + m)3(w/2), (11.23)

oynyT Gasumcom B Wy. [eitctsurensno, ecmm v(w) = Yiez v e ™, To

iy _ —ikw) ], —
flw) = (Zkez Vi € ) Y(w) mmn f() = Ypez vr (- k).

Bamernm, ato B cuny (11.22) obpas Pypbe 060l GyHKIUM, Iesbie
CIOBUTH KOTOPOii 00pa3yioT opToOHOpMUpOBaHHbI Oasuc B Wy, ormmaaercs
ot obpasa Pypre dyakumm ¢ w3 (11.23) auis HEKOTOPHIM 27T-TIepHOIIIeCc-
KM MHOKHUTETEM 0 MOIYJIIO paBHBIM 1.

Takum obpasom, nMes KpaTHoMaciTabublii ananus {V;} ez, nopoxmae-
MbIit MacmTabupytoieit GyHKIIed ¢, Bcerma MOKHO TOCTPOUTH OPTOHOPMU-
poBanHbIil Berteckosbil 6asuc {1} rez B L*(R), obranarourmii cBoiicTBom

(11.7).
s dopmymsr (11.23) caenyer, ato
U(t) = Z(@l)k_lh—kﬂiplk(t)- (11.24)
kEZ

B JINTEPATYPE OJIA COKpallleHnA 3anuceit Jalle BCETO MCIIOJIb3YIOT

P(t) = (D) hoppron(?). (11.25)

kEZ
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B sakmouenne sToro maparpada mpoaHaansupyeM, bosree ToaIpodHO, CBO-
cra (11.2) u (11.3). IlpuBommmbre HUKe pesyabTarThl qoKasansl B [BDR].

[yctn Vo= {f . f € V}. Us roxpecrsa [lnanmepens u cpoiicTs
(11.4-11.6) crmenyer, ato f € V; Torma m ToIbKO TOTIA, KOTIA

~

Flw) = m(e7) 3w2),  flw) € Ly(R). (11.26)
rlie m - HeKoTopasd 2m-mepruonndeckas HYHKIIA.

JIemma 11.1 /s ceoticmes (11.4) u (11.5) caedyem, wmo npocmparcmeo
UjezV; unsapuarmno omuocumeavro cdeuzos.

Joxazameavemeo. B cuny (11.4-11.5) us f € UjezV; crenyer, [ro
f(- +1) € UjezV; ana moboro msomuno-pannonamshoro ¢ = 271, [ k € Z.
Tak Kak cIOBUD sABIAeTCA HempepbiBHOW omepanmeit B Lo(R), 1O
f(-+1) € UjezV; ana moboro t € R. Ecim reneps g € UjezVj, 10, mpnbmm-
xad g ynkuuamu [ € UjezVj, u, samedas, uro || f(- +1) ©g(- +1)||1,(r) =
= |lg < fll1.(r), mONyHgaeM yTBepKIeHHe JeMMbl. O

Xopolro m3BeCTHO, 9TO 3aMKHyToe ToampocTpanctBo X B Lo(R) saBia-

eTcsAd MHBAPUAHTHLIM OTHOCUTENbHO CIBUIOB TOrIAa M TOJIBKO TOTHA, KOra
X = L2(Q) nist HEKOTOPOTO M3MEPUMOTO MHOKeCTBa §).

B nanbreiiliem paBeHCTBa MeXKIy MHOYKECTBAMU MOHUMAIOTCH C TOYHO-
CTBIO JI0 MHOXKECTB HYJeBOI Mephl.

Teopema 11.1 [llyemv nocaedosameavrnocmo {Vi, }icz ydosaemeopsem
ceoticmeam (11.4-11.6). Tozda U;ezV; = La(R) mozda u moavko mozda,
koeda o := Usez supp $(277-) = R.

Loxazameavcmeo. lIlycts X = U;ezV,. Torma X = Ly(Q). Takum
obpasom, X = L3(R) torna m tospko torma, korma ! = R. Tak kak
©0(27) € Vi, j € Z, o supp p(277+) C Q. Tosromy Qy C Q. Mpemnonoxmm
teriepb, 4To 2\ Qg ComepKUT MHOKECTBO MOJOKUTENbHOH Mepbl (1. B cuy
(11.26) mpeobpasosanue Pypobe n0boro s1eMenTa U3 V; oOHyIsAeTCA Ha (1.
CienoBatesbHO, TOKE caMoe BepHO 11 Jioboro sytementa u3 UjezV;, llepe-
XOId K Tpelemy, moiaydaeM, 94To mpeobpasoanne @ypre smroboro smemenTa
n3 X obmysigercsa Ha )y, 9TO IPOTUBOPEUUT TOMY, UTO Xo Ly(©). O
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CaencrBue 11.1 [lyemv nocaedosameavrocmo {Vj, }icz ydosaemesopaem
ceoticmeam (11.4-11.6) u ¢ ne pasro wyaw noumu 6crody Ha HEKOMOPOL
oxpecmuocmu nyas. Toeda UjezV; = Ly(R).

Hokaxem temepb, uto yenosue (11.3) cremyer us csoficts (11.4-11.6)
KpaTHOMacIITabHOrO aHa/m3a. [/ moKasaTelbCcTBa HaM ITOTPEOYIOTCA IBe
JIEMMBI, IIepBas 13 KOTOPBIX XOPOIIO M3BECTHA.

Jlemma 11.2 [lycmo Q - usmepumoe nodmroncecmeo R, npuvem Q4+ at =
Q dar nexomopozo deticmeumenvrozo wucaa o # 0 u das awbozo deounro-
payuoraavrozo wucaa t € R. Tozda = R uau Q = (.

Kpome moeo, ecau [ - nexomopas usmepumas gyrxuus na R, ydosaem-
soparwuan ycaosuro f(-+ at) = f() daa awbozo dsouuro-payuonaavrozo t,
mo [ = const nowmu scrody.

HokasarenbcTBO TOl JTeMMBI OCHOBAHO Ha CBOicTBax Touek .Jlebera m3-
MepHuMOil hYHKIUN.

JIemma 11.3 [Tycmov nocaedosamenvrocms {Vi, Yicz samxrnymomz nodnpo-
empanems La(R) ydosaemeopaem ceoticmeam (11.4-11.6) xpamromacwumabrozo
anaausa. Toeda Y = N;ezV; umeem pasmeprocmo < 1.

Joxazameavemeo. [lpennonoxum, uro Y # {0}. Hokaxem, 4to B 910M
cayaae dimY = 1. Ilycts f, g - nBe mpousBosibibie GyuKIuu u3 Y. Paccmo-
TpuMm orobpazkenue F': R — C%

~

)

0 ccatn () = §lw) = 0.
Flw)={ Y929, e flw) #0, §lw) =0,
(f(wzﬁ

A, ecan g(w) # 0.

w)

Q

Hokaxem, aro orobpaxkenne F' mocTosHHO Ha cBoeM Hocutese. [lms »to-
ro PaccMOTPUM TIPOM3BOJIBHOE mM3Mepumoe mommHoxkectBo K C C2*\{0}.
[pennonoxum, uro A := F~'Y(K) umeer nomoxurenphyio mepy. Ilycts
D - 370 MHOXKecTBO Todek Buna 2 km, k € Z, j € Z. Paccmorpum w € A u
t =2t kr € D. B cany (11.26) cyutectBytoT 2m-epuonndeckue GyHKINT

32



T W v TaKue, 9TO f(w) = 7(w27) p(w27), Gw) =rv(w27)p(w2) .
Tak xax 0 € K, to F(w) # 0, u smaunt ¢(w2™7) # 0. [losTomy

(F(w 4+ 0, + 1)) = B2 (w + 1) (72 + 2hm), v(27 0 + 2kr)) =

= P27 (w + 1))(7(27w), n(271w)) = ZEEA (), ().

P21

[Tonyuentoe pasercTBO o03Hadaer, dYro auoo F(w + t) = 0, aubo
Flw+1t) = F(w). lloetomy F(A+ D) C K U {0}. B cuny nemwmbr 11.2
A+ D =R, rak xak A nmeer mosoxuTeNbHYIO Mepy. Takum obpasom, Bce
HenyJieBble 3Hadenusa [ mpuramiexar K. Ilockonpky K MokHO BRIOpaTh
CKOJIb YTOIIHO MaJibiM, OTOOpaxeHme F' mocTosiHHO Ha cBoeM HocuTeme. [lo-
crenHee o3HavdaeT, 9To GyHKUUW [ w g auHEHHO 3aBUCHMbI. [

Teopema 11.2 [lyemv nocaedosamenvrocms {V, }icz samrnymouz nod-
npocmparcme Lo(R) ydosaemeopaem ceoticmeam (11.4-11.6) KMA. Tozda
Y= NjezV; = {0}

Jloxasameavemso. llpenmomoxum mpotusroe: mycts [ € YV u f # 0. B
cuny (11.4) V; aBnserca cxkarmem B oBa pasa Vi_i, MO3TOMY TOIMPOCTPaH-
cTBO Y WHBapMaHTO OTHOCHUTETHHO CiKarTwsa B 2 pasa. C mpyroil cTopoHbr, B
cumy gemmbl 11.3 dimY < 1, mosToMy cyliecTByeT KOHCTaHTa A, TaKas, UTO

f(2:) = Af(:) n.B. mHa R. (11.27)

Hokaxem, aro (11.27) mpotusopeuant f € Ly(R)\{0}. HeiicrBurensho, mis
moboro ' > 0 muoxectsa I := {t: 20 < |[t| < 27tL w |f(t)] > C|A\J}
nMeroT cienyiole csoiictsa: Fj; = 2F;_qy, |Fj| = 2|F;—1|, j € Z. Ecam
f # 0, ro cymectsyer C' > 0, Takoe, ato |Fy| # 0. Us (11.27) crenyer, 4T0
|f(t)] > C|AF ana t € 28 F,. Tostomy, [g |F(0)]>dt > | Fol Zrez(2|A*)F, aro
nporusopeunt f € Ly(R). O

12 Cucrema
Yurrakepa-IIlennona-KorejibHHUKOBa

IpyruM IpocTeilimmM TpUEMEpPOM OPTOTOHAIBHBIX BCILIECKOB ABJIAETCA CH-
crema Yurrakepa-llennona-Korensrukosa (cum., nampumep, [W]). Paccmo-
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TpuM GYHKIIO ©°, mMetomyio obpas Oypbe

. L,
#) = el = { |

ecan |w| < 7;
B OCTQJIBHBIX CJIydasiX.

Sewo, aro ¢ (t) = % Ouesnmno, 9to ¢° ynosaersopser ycaosmo (11.15),
swaunt Gynkunm @5 (+) = @7 (- &k) 0bpasyloT OpPTOHOPMUPOBAHHBIH Hasnc
B Vo = [p5]kez. Jlerko Bugers, uto Vo := {f : f € Vol = L¥([em, 7).
Kpowme Ttoro, ecn f € Vo, TO

=Y (k)5 (t k). (12.1)

kEZ

Hdeno s o, uro (f, g;) = %<f7 Gon) = 3= I2x f( Jebdt = f(k). Ecan
Telepdb ONPEeNeSuThb A JToboro mesoro j Vi = [c,o] | kez, TO JIerKo BUIETH,
910 {V,}jez obpasyror KMA. Iloctponm coorBeTCTBYIOUMIT BCIIECKOBBIT
6asmc. amermm, uto $°(w) = m®(w/2)p%(w/2), Toe 2m-mepmogEUEcKan
yToUHAIOmAad MacKa m> pabBHa

1, ecu |w| < 7/2;
S _ ) =~ )
m(w)—{m ecmn 5 < |w| < 7.

Koaddummentsr {hybrez ns (11.12) mMoxuO HaiiTu, mONb3yACh GOpMYJIOif
(12.1) (rounee ee anamoroMm mias GpyHKIWHE n3 Vi):

= 3" G5(k/2) 5 (2t k). (12.2)
kEZ
Smagut
1, ecm k = 0;
hy = g(@l)(’“_l)/z, ecm k - HeweTHOE;
0, ecs k - deTHOe.

B coorBercTBUHE € 0bMIIEll cxemoii Bemmeck Yutrtakepa-lllenrnona-Korempmnu-
KoBa mMeeT obpas Pypbe, paBHbBIL

b5 = e/ 2 (w)2 + P *(w/2) = Pk ar e, 2m () =
= 725 (w/2) &% (w)).

Otkyma 7 (t) = 20° (2t ©1) ©°(t ©1/2).
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3
i &5
w6 :
.5 1
o.a :
1
0.z
a5t
£ 2 : B
0.z -z 1 B

Puc.1. Tpadux (). Puc.2. Ipaduk 17 (t).

13 KoHcTaHTbI HeollpeaeleHHOCTH

Bentecku Xaapa n Yurrakepa-lllennona-KorenprukoBa mpenctaBisaoT co-
60if, ycJOBHO TOBOp#A, IBa MOJIOCAa B IIKaJe BCITeckoB. Bemmeckn Xaa-
pa MMeT MPEeKpPacHyfo BPEMEHHYIO JOKAJIN30BAHHOCTH (KOMIAKTHBIN HO-
CHUTENDb), ONHAKO IJIOXO JOKaJM30BaHbl 10 dacTore (mpeobpasoBatme Py-
pbe Bemtecka Xaapa yObiBaeT Ha GeckoHeunocTn Kak |w|™'). Bemmecku xe
Yurrakepa-Illennona-KorensankoBa Ha00OpOT NMEOT KOMITAKTHBIN CITEKTD
(HocuTenb mpeobpasoBanus Pypbe), HO yOBIBAIOT Ha GECKOHETHOCTH Kak
.

Bamerum, uto Ay = 270 Ay, A%k =2 A@? J, k € Z. Taxum obpasom,
KOHCTaHTa HeOTpeleSeHHOCTH (cM. ¢. 12) mis BCex 3J€MEeHTOB BCILTECKO-
BOTO Oasmca omua u taxe. /lns BemmeckoB Xaapa n Yurakkepa-Illennona-
KorenpnukoBa KoHCTaHTa HEONpPENETEHHOCTH paBHa OECKOHETHOCTH:
A@H = 00, Ays = oo. llpumepamMu BCIIECKOBBIX 0a3HCOB C KOHEUHOM
KOHCTaHTO} HeolpeneleHHOCTH sABIAOTCA Beitecku Meidiepa, Ctpembepra,
Jlemapu-batna u [oben.

14 Bcniecku Meiiepa

Bermmecku Meitepa sBisitorcs critakeHHBIM BapUaHTOM BCILIECKOB Y HTTaKe-
pa-Illernona-Korensaukosa. Macmradupyiomas dynxnua Meiepa oM on-
penensercs chemytomum obpasom. Ilycts §(w) - HedeTHaA GecKOHETHO IH-
bepenrupyemas Gynkuus, pasias /4 mpuw > 7/3 u S /4 upn w < S /3.
Onpenenum geTnyto GyHKINO A(w) popmy.oii

/44 0(w &), ecmm w € [27/3, 4w /3];

Mw) =1 m/4&0(5 o), ecm w € [4n/3, 87/3];
0, ecan w € [0, 2m/3) U (87/3, oc].
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[Tpeobpasosanme Pypre macurrabupytorieit pyukmun Meitepa paBHO

M (W) = { cos(AMw)), ecan |w| < 47/3;

0, ecan |w| > 4m/3.
Orkyna @M (t) = = Jg cos (tw) cos (Mw)) dw. Jlerko mposepurh, €TO oM
yIOBJIETBOPAET (iii) n3 TeopeMBI 9.1. Kpome  Toro,
oM(w) = mM(w/2) gM(w/2), rne 2m-mepuoaMtuecKkas yTOUHAIOMAA MaCKa

mM(w) pasra Y ez @M (2w + 4lr). Tostomy, MacmTabupyiomasn GbyHKIIA
oM mopoxmaer KpaTHOMAaCIITaGHEIN aHa W3, U, 3HAYHT, CYMIECTBYET COOT-

BETCTBY IO BCILTIECKOBbI{ Gazuc {0 Yikez, rie
VM (W) = e (w2 + )M (w/2) = /2 sin (Mw)) mm
1
(1) = 2—/ cos((t 1/2)w) sin (Mw)) duw. (14.1)
T /R

it

~
Puc.1. Tpadux oM (). Puc.2. Ipaduk ().
Ormernm, uto macmTabupytomasn GpyHkimsa Meiiepa, Tak:Ke Kak m mMac-

wrabupyromas Gpyuxmusa Hlennona (M. (12.2)), yaoBieTBopAeT paBeHCTBY
oM(t) = Siez @M (k)2) oM (2t k). Heiictpurensro, (pM, oM (2 - <k)) =

= L @M@ (/2R do = o §Y (w)e R do = 3™ (R)2)

15 Bcniaecku Jlemapu-bastia nu Crpembepra

Badukcupyem mpon3BOIbHOE HATYpAJIbHOE TUCTO M. PaccMoTpuM miis Jro-
6oro mesoro j moampocTpancTso V™, cocTosmiee w3 (m<2) pasa HeIPephIBHO
muddepenmupyembix bynkmuit us L*(R), KoTopble Ha T060M HHTEpBasE B-
na [k277, (k+ 1)277], k € Z, coBnamaior ¢ HEKOTOPHIM TTOJHHOMOM CTeTeHN
fe poimre m <> 1. Copepimenno owesuuno, 9TO MocaenoBaTenbHocTh {V," }icz
YIOBJIETBOPAET CBOMCTBAM KpAaTHOMACIITAOHOTO aHAIN3A.

B kauectBe Macurrabupyionieil GyHKINT MOKHO B3ATh B-Crutaiin

N™(2) = (N1 % N')(z) = /01 N e oty dl, m>2, (151
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roe N = K[o,1)- “lcAO, uTO Wesble caurn N™ He OpTOrOHAJBHBI IPYT APYTY
npu m > 1. Hanpumep, npu m = 2

t, ecau t € [0, 1];
Ni(t) =14 2&t, ecan t € (1, 2];
0, ecau t ¢ [0, 2];

u yuxmmn N?(-) u N?(- 4 1) He opTOroHANBHBI APYT APYTY.
s (15.1) caemyer, aro

No(w) = (B=52)", [N (w)] = |l ™
AT sin (w x) [2m
Siez |N7(w + 20> = Tep [22lsf2ei)

[Tosromy, B cuiy Teopembt 9.2 {N™ (- <k)}rez - 6asuc Pucca B Vy".
st mocTpoernsi OPpTOTOHAIBHBIX CILTIAliH-BCILIECKOB OIMpPEIeTNM CHAaTa-
JIa OPTOTOHATBHYTO MacIITabupyolyto GpyHKImo (cM. Teopemy 9.1)

FP(w) = Nn(w) (3 1N (w + 20m)2)

leZ

(15.2)

(Bepxnuii namerc B - nepsas 6yksa davummn 7K. Baria, Bemmeckn Kotopo-
TO TOJIyIaTCs TIPU TAaKOM BBIOOpE OPTOTOHAIBHON MacuITadupyfoeit GpyHK-

in. )
__ Paccmorpum nBa cnywan. lycrs m - wernoe, m = 2s,s € N. Torna
Nm(w) = ((sinw/2)/(w/2))* ¢, Il ynpoleHus BBIK/IAIO0K 3aMEHHM

N™(t) ma N™(t 4+ s). Torma N™(w) = ((sinw/2)/(w/2))* . Hna oproro-

HaJIn3all W HaJO ITIOCHUTATb

1/2
(Z |]V?n(w 4 2[7T)|2) _ (sin w/2)2s(2(w/2 + l7T)—45)1/2.

leZ leZ

DTo MOKHO chenarh, muddepeHIUpya TOKIECTBO Y ez(w + (7)™ = ctgw.
[Ipomuddpepenumposas (¢ <1) pas, moayanm

1 _ Py(cosw)
Dy : (15.3)

= (sinw)?
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tie P, - monwHOM crenenu g<2. [lns geTHpIx ¢ odeBuano, ato P, (t) cTporo
nonoxuresnen ua [0, 1]. Okonvyarenbno umeem

PP (w) = ((sinw/2)/(w/2))" (Pam(cosw/2)) /2.

(DyHKHI/IH @B’m HeﬁCTBI/ITeJIbHO3HaLIHa n CUMMETPUYIHa OTHOCUTEJIBHO t=0.
FEcaun m - HEYETHO, TO aHAJJOTMYHBIE BBIKJIQJAKN ITOKA3bIBAIOT, YTO

PP w) = e ((sinw/2)/(w/2))" (Pam(cos w/2)) /2,

B atom caywae, dynxmua pP™ neiictsuTessHOsHAYHA W CHMMETPUTHA OT-
HocuTesbto ¢ = 1/2.
B coorBetcrBum ¢ obuieit cxemoit, KMA ¢ macmrrabupyionieit gpynximm-
eit P no3BOILET TOCTPOUTD BemIecKoBbL Gasue {5 ™}, Dror basuc
¥ P ik JikeZ-
ObT ocTpoer (6e3 ncmosbzoBanns KMA) B padorax: [B], [L].

.z\_Ji.SE \/z + 6 - V \/

Puc.1. Tpadur pP2(t). Puc.2. Tpadux 1»P2(t).
Oproronasnsosars B-cimaitn N™ MoKHO 4yTh-4yTh mHo-apyromy. U3
(15.3) caenyer, ato

SN (w + 2m) P = Py(cos w/2). (15.4)

leZ

Koad dummentsr monuroma Py, (cos w/2) HeTpynHO HaiiTu W3 CIENyONmX
coobpaxennii. QueBumIHO, ITO

supp N™ = [0, m]. (15.5)
Ocraercs 3amernth, uto no dpopmyse [lranmepens

o ez N (w 4 2m) P do = 5 fp N7 () deo =

= [a N"({)N™(t + k) dt. (15.6)

Kpowme toro, (N, Nig) = ( ko NGB)-

Hanomuum xopotio ussectiyio gemmy Pucca [R, Bamaua 40].
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JIemma 15.1 [Tyemo A(€) = ZTT Ve - mpueoromempureckuti noaurom,
noaoscumenvhuli uau pasHuil Hyaro na deticmeumeavnoti ocu. Tozda cy-
weemeyem mpueoromempuseckut noaurnom h(€) = ZOT age™ . maroti, wmo
|h(&)]* = A(£). Boaee mozo, ecau xoadduyuenmo, vy deticmeumenvrv, mo
h(&) moatcro mosce evbpams ¢ JelicmeumeavHpMu oy

13 »Toil JeMMBI ciemyeT, 9To
Pom(cos w/2) = an|(1 + 21 ei‘”) (T4 2 ei‘”)|2,

rae {2}/ Beerma MoxHO BBIOpaTh BHYTPH elWHWIHOTO Kpyra: |z| < 1.
Boustee Toro, us pesyabraros U.[Mloubepra (I.J.Shoenberg) [Sh]| crenyer, uro
{z1}727" monoxurensubie uncaa. O603HAYNM X 5, 1 < -+ < s1. [lycTh

Ap(w) = Va1 + s em) R R em).

Torna dyrkmus ¢ 4", onpenensemas
P () = S (15.7)

Takxe Kak m @5 ynosnaersopser ycmosmio (iii) ms teopemsr 9.1 u, ciemso-
BaTeIbHO, ABJIACTCA OPTOTOHATbHOM Maciurtabupytomedt nnga { V" }icz. Tak
Kak (1+se™)™t =372 (&se™)!, pasencrso (15.7) osmauaer, ato ¢°"" pas-
JlaraeTcsA B PALL MO HeJbIM cIBUraM BiaeBo B-crnaiina N™, npuuem Koaddu-
[IMEHThI Pa3/IOKEHNsA yObIBAIOT KaK I'eOMeTpUYecKasi MPOrpeccusA. JSHaduT,
supp " = (oo, m] u P H" () yoBIBAET PKCTIOHEHMATILHO TPH { — <00.
KMA ¢ takoit Mmacirtabupyiomuieit ¢pyHKImIeii mopox maeT BCILICCKOBBIH ba3nc
{¢f£’m}j7kez, mocTpoeHHbIHi (6e3 ncmonbzoBanns KMA) B [St].

2
3
& =
1

= E = E]
-
= = Ey [ EY

Puc.1. Tpadur p42(¢). Puc.2. Ipadux 5"(t).
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16 OpTOI‘OHaJ'II)HLIe BCIIJIECKHMA C KOMIIAKTHbBIM
HocureJieM

[IpocTeiimmii crocob MOCTpoeHNst OPTOrOHAIBHBIX BCILJIECKOB € KOMIAK THBIM
HOCHTEIeM OCHOBaH Ha MCIIOJIh30BAHMH OPTOTOHAJIbHBIX MacCIITaOUpYFOLUIIX
cbyHKHI/IM ¢ KOMIaKTHBIM HOcHTe1eM. B aToM cirydae, B OCae10BaTETbHOCTH
= V2 fg e(2)p(2x ©n)dr, n € N, u3 (11.12) TonbKO KOHeUHOE UHCIO
hn OTJIMIHO OT HYJIA, U MOTOMY COOTBETCTBYoMINI Bemeck ¢ (em.(11.25))
ABJAETCA KOHEUHOH JuHeiinoii KoMmOnnarmeir GyHKIII ¢ KOMIAKTHBIM HO-
CUTesIeM, T.e. caM MMeeT KOMIIaKTHBI HOCUTEh. ¥ TOUHAIOMNI PUabTp mo
OyIeT TPUTOHOMETPUIECKIM TIOJHHOMOM Mmg(w) = % S ez hne™. B cumy
(11.16) |mo(w/2)]* + |mo(w/2 + m)|* = 1.
EcrectBenHO cTapaThcs MOCTPOUTH ¢ U 1) JOCTATOYHO peryaspHbivu. Or-
MeTHM 37ech caenytoliee Heobxomumoe yeaosue [D].

Teopema 16.1 [Iycmov | € L*(R) ydosaemeopsem  ycaosusam
(Firs fim) = 8:10km, 2le fin(x) = 21/ f(21x &k). Hpednoroscum, wmo f
umeem xomnarmuwii nocumean, f € C™(R) u fO oepanuvenn npu i < m.
Tozda

/R:zjlf(x)dx:() oas 1=0,1,....,m. (16.1)

CsofictBo (16.1) sKBUBaIEHTHO TOMY, UTO ;Z(l)(()) =0npul=0,1,....,m
Tax kax ;Z(w) = e 2mg(w/2 + m)P(w/2) u ¢(0) = 1, 10 m3 ¢ € C™(R)
clemyer, dYTO Mo WMeeT HOJb KpaTHocth m + | B 7T mim
mo(w) = (#)W‘HL(@), rue [ - HEKOTOPBII TPUTOHOMETPUYECKWIl ITOJIH-
HOM. ‘

Nrax, Oymem mckarh pelHeHI/IH (11.16) B BUIE Mo(w) = (%)NL((,U). 3a-

N
MeTHM, 9o |mo(w)]? = (cos —) |L(w)]* = (cos2 %) P(sin® £), tne P(sin® £

|L(w)]*. Tloncrasiss »10 Bhipakenne B (11.16), momywaem ypasaenue Ha P :
YPlex)+(1ex)VP(z) =1. (16.2)

Tak kax =¥ u (1 ©2)" - Bsanmmo-TpocThIe TOMHOMBI cTenenu N, TO 1O
Teopeme Besy cyluecTByer enuucTBentbiii momunoM Py_y crenenn N &1, yno-
paersopsrommit (16.2):  Py_y(z) = Yoo (N_kl"'k)xk. OueBnano, |TO

Py_1(x) > 0. CymectBytor pemetnns (16.2) Gojiee BBICOKOII cremeHn
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P(z) = Py_1(z) + 2V R(x & 1), tne R - mpousBosbHBIE HedeTHBIH mOMIH-
HOM. [l71s mpocTOThI paccMoTpuM 31ech TOJbKO caydait [ = 0.

3uas P, moauHOM 1y HAXOANTCSA TPU MOMOIIH JleMMbl 15.1.

Urak, nycts N € N. Quubrpamu [lobeirm Ha3bBAIOT TPUTOHOMETPU-

IN-1 .
geckne momHoMbl dy(w) = 2725 hy(D)e™,  hy(l) € R, ymosierso-
=0
N
pstoutme paseHcTBam |dy(w)[? = (cos2 %) Py _y(sin? ¢). B [D1] noxasana
caemymonasi

Teopema 16.2 Qynwyus PN onpedenennas 6 obpazaxr Dypve xrax
PPN (w) == 172, dy(w27Y), Acanemea opmozonanviioti macwumabupyrouieri
pyrwyueti. Coomseememeyrouull 6enaeck PPN onpedeasemwii gopmynoii
PPN (w) = em /2N (w/2 + 1)pP N (w/2), nopostcdaem opmoropmuposarvii
6asuc 6 L*(R) : {;/)ﬁN() = WIPN(I . k)Y icg rez. Boaee moeo,
supppPN = [&(N & 1),N], u cywecmeyem A > 0, maxaa, wmo
PPN € O 20e C = {f: g f(w)(1 + |w])¥dw < o0}, a > 0.

0.08 0.08

0.06

0.06
0.04

0.04 0.02

0.02 -0.02
-0.04
-0.06

-0.02 -0.08
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500

Puc.1. Tpadur pP%(t). Puc.2. I'paduk P2().

0.08 0.06

0.06 0.04

0.02
0.04 0
0.02 -0.02
0 -0.04
-0.06

-0.02 0.08

-0.04 -0.1
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500

Puc.1. I'paduk P4 (t). Puc.2. T'paduk P4(t).
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17 DBpIcTpble aJITOPUTMBI

KparnomacirrabHblii aHa m3 TO3BOJIAET OBICTPO BBIUUCIATH BCILIECKOBBIE
Kooy unmenThl 3amannoil yHkun. [IpeanosoxnM, 4To HaM W3BECTHDI
crangpHble npousseneins [ ¢ {p;x trez N1 HekoTOpOTO j. He orpannmanbas
OOITHOCTH, MOKHO cunTaTh J = 0 (K 2TOMY CJIydaio BCerna MOKHO mepeiTn
COOTBETCTBYIOIIEll 3aMeHoil mepemenusix). 3uas (f, por), k € Z, nerko
noacantarh (f, ;) mug j < 0. HefictBurensro, ¥ = Y ez gk Y1k, TIE Gk =
(&1)*hy_p (em.(11.25)). CrenosaTenbo,

Vin(t) = 2/0p (2t ok) = 221 p(271 &2k <) =

17.1
= > 1ez 9 Pir12k1(t) = Yiez G2k Pir10(1). (17.1)

Buaunt (f,Y_1 k) = Yiez Gi2elS, Qo). Te. {{f, ¥_1x) trez HomMydaeTCH CBEPT-
Koii mocaenosarensroctu {(f, wo) hiez ¢ {G= ez ¢ mocaenyoumM BEIGOPOM

TOJIKO YEeTHBIX 3JIeMEHTOB. AHaJOTMYHO BBIOJHAETCA MEPEXOM OT CJIOA ]
K j &l
(Frbjman) =D garlfs w0, (17.2)
leZ
IpaBia Mpy 3TOM HYKHO TpeaBaputebio Beraucants {(f, ©; i) trez. Ho, B
CHLJTy MacCHITabHOTO paBEeHCTBa

Pik = Z hi—ak@jq1,. (17.3)

leZ

[HosTomy,
(fs pin) = D hicaif, i), (17.4)
leZ
Nrax, naannasd ¢ {(f, ©or) kez, MoxKHO Bhraucantsb {(f, ¥y ;) }rez o (17.2)
u {(f, o—1.4) }rez mo (17.4). Barem Mbr MoxeM mpumenuts (17.2) u (17.4)
cioBa u  moayunth {(f, Y_ap)tkez W {(f, p-2.k) thez, WCTONBIYA
{{f, ¢-1.k) trez. Takum 06pasom, Ha KaKIOM IIare BRITUCIAIOTCSA He TOTHKO
BCILIECKOBbIe KO3 PUIUEHTHI j - TO CJI0si, HO W BCIOMOraTeshbHble Koa(dhu-
tnerThl {(f, ©; k) tkez KOTOpBIE TOTPEOYIOTCA NIA HAXOKIEHUA BCILIECKO-
BBIX K03 dutimenToB B (j < 1)-oMm ciioe.
B mesmom Bech mporecc MOKHO paccMaTpuBaTh KaK IMOCTEI0BATEbHOE
BBIUHCIEHIE OoJlee TpyOBIX mpuOamKenuii Gpyuknmm f BMecTe ¢ hUKCAIH-
efl meraseil, HEOOXOMMMBIX IIJIA MOJy4YeHUs OoJiee TOUHOTO TPUOJINKEHU S
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u3 Oosiee Tpy6oro. C 3Toif TOYKU 3peHWs, Mbl HAUUHAEM C MPUOJIHKEHISA
f° = Pyf (mnamommuaem, uro P; - T0 opToroHaJbHbIil mpoekTop Ha V; ue-
pe3 (; Mbl Gymem obosuadars mpoektop Ha W;). lamee mbl pasmaraem
fPeVo=VoaoW_ tna flust: 0= 145 rne f =P =P f
- 6ostee Tpyboe mpubAMKenne f B IIKaJe KpaTHOMACIHITAOHOTO aHaIh3a , a
Sl = P ft = Q_1f° = Q_1f - 10 "n0Teps” B MHbOPMALMU TIpU
orobpaxennn f° — f~'. B xaxmom us mpoctpancts V; u W; ectb oproHOp-

mupoBauHblii 6asuc {@;trez 1 {0k }rez, TOPTOMY

fo = 252990167 f_l = Z‘Slzl ¥Y—1,k; 5= Zdil 77Z)—1,k-

kEZ kEZ keZ

Takum obpasom, dopmyssr (17.2), (17.4) samator mpeobpasoBanie Koa¢h-
dbunmeHTOB TpU Mepexome oT OPTOHOPMUPOBAHHOTO Gasuca { @Yok frez B Vo K

oproropmupoBarHoMy 6asucy {¢_1 ik trez {1k tkez :

syt = Zhl_zk sy, dit = Zgl_—zksg. (17.5)

leZ leZ

Ecau obosunaunts a := {a;biez, A = {a_i}iez n (Ab)y = Yiez A2k—1 b, TO
(17.5) mMoxHO 3amucarh B Buge s+ = Hs® d~' = Gs°.
[Mpubmmxenune 1 € Vo = V_y @ W_y MoKeT ObITh CHOBa Pa3JI0KeHO:

FTU=f 24572 [2eV,, §6?2cW.y,
7= > okez 822 Y2k, 0 1= > keZ d? Y_g k-

Onare s72 = Hs™!, d7% = Gs~!. Cxemarununo, Bech Ipomecc MOKHO U30-
Opa3uTh Tak:

d-! d=2 ... @ i1

Ha npakTuke, mocjie BbINOJHEHN A KOHEYHOIO YUCIA IIATOB TIPOIECC TIpe-

KpallaeTcs, 4To o3HadaeT, uro ncxonnad madopmamms {(f, o) brez = s°
I - -

npeobpasosara B d-', d7%, .- d70 mw s, me. B {(f, ¥ i) i1, jos ke

u {(f, ©—jo.k) trez. Tax kKak mpeobpasoBaHus BBINOTHAINCH TPU TTOMOIIN
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U3MEHEHU OPTOTOHAJbHBIX 0a3MCcOB, obpaTHas omepalnsd 3a1acTCsd COMps-
xennoft marpuneii. Toumee: /' = f7 4+ 6 = 3 custoix + Yorez & Viks
Crenosarenpro (cm. (17.1), (17.3))

st = (F7HY @iie) = 4
=1z 5] <‘Pﬂ?,‘foj+1vk> + 2 ez d? (i, 41 8) = (17.6)
= Yiez hi-2 5] + Yiez Ge—a d -

Ecmmn obosmaants (ab)y 1= Y ez ak—21 by, TO s/t = hs! 4 gd’ w cxemaTuaHO
[IPOLIECC BOCCTAHOBJIEHUS BBIVIAIUT TaK:

. : 3 : _ 3
B T A RS A B R GRS
by by by

47 ditt &tz o gt
BaKHeﬁmeﬁ qepToﬁ N3JI02KEHHOTO aJIFOpI/ITMa pa3JIO)K6HI/IH N BOCCTaHO-
BJICHUA ABJIAETC:A €TI0 6BICTpOTa. I‘IELHpI/IMep7 OJIA CUCTEMBbI Xaapa nMeemM
2N 1
ciaenytomee. Ilycrs mexonmas nrdopmanusa cocrosta u3 2V amcer {s9}i_o

TOF,HEL, Ha II€PBOM IIare BbIYUCIACTCA 2N_1 BCIIOMOTI'aT€JIbHBIX YHCEJl
2]\7—1_

{si'timo Tisp = (st 5(2Jk+1)/\/§ w 2V xoabdummeron {dgl}iigl_l :
d;' = (s9, <:>sgk+1)\/§. Ha kaxmom criemytorreM 1rare KOJIMIECTBO BCIOMO-
raTeJIbHbIX dnces U Ko PUIUEHTOB YMeHbIIaeTcA B IBa pasa. KosmmaecTBo
omepalinii BO BceM aJITOPUTMe Pa3JIoKeHus paBHo 2 - QN(% + i 4+ =2- 2N,
Hutst 6ostee CIOKHBIX BCILIECKOBBIX 6A3MCOB BHIUMCICHUS BCIIOMOTATEIHHBIX
qrcest (yCJIOBHO roBoOps, “cpentux’ ) u Koadgduimenros (”pasnocteit”) Tpe-
OyloT GoJsiee YeM ABa MPENBIAYIIUX UUCTa, HO PACCYyKICHUA O KOJIUIECTBE
K03 PUIMUEHTOB Ha KazKIOM cJoe ocTaioTca B cuiae. Ecam ”obobineHnbe
cpennne” m 7pasHOCTH HCHOIB3YIOT K TPemplAyIInX THces, TO odIllee Ju-
cio omepannii pasio 2K N (KN - ymuoxenuit, KN - cioxennii).

Cuoreyer OTMETUTD, 9TO OBICTPBIA aJITOPUTM PA3JIOKEHU U BOCCTAHOBJIE-
HIA TTO BCILTECKOBOMY Oasncy (KOpOTKO, OBICTpoe BCILTIECKOBOE MPeodpaso-
sanwe (BBII)) 611 n3BecTen B nndpoBoil 06paboTKe CUTHAIOB MO HA3BAHN-
eM mosiocoBad (GUIBTpalnds ¢ TOTHBIM BoccTaHoBIeHIeM (subband filtering
scheme with exact reconstruction). Dra cxema Gblia HpemoKeHa 10 TO-
ABJIEHNA TEOPUN BCIIECKOB B paborax: [Sm], [Mi], [V].
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18 IlosxyopToroHajibHbIE€ CHJIAWH-BCIIJIECKH C
KOMITIAKTHBIM HOCHUTEJIEM

[Iycts ¢ - macmrabupyfomas GyHKIASA ¢ KOMIAKTHBIM HOCHTEJEM, MOpPO-
waarouais KMA {V;}iez B L*(R). B aToM ciryuae MOKHO HOCTPOUTH COOT-
BETCTBYOUIMI MOJYOPTOTOHAIBHBII BCILTECK 1) ¢ KOMITAaKTHBIM HOCHTEJIEM.
B arom maparpade Mbl He mpeanosaraeM OpTOHOPMHIPOBAHHOCTD MOCIEI0Ba~
tenbHOCTH {@(- k) ez (€m0 B ToMm, 910 opToToHaNM3anus (9.2) MacurTa-
Oupyromieii GYHKINM ¢ KOMIAKTHBIM HOCHTEJEM IIPUBOAUT K MOTEPE KOM-
MaKTHOTO HOCUTEJIH).

[Iycts suppp = [0, M], M € N. Torna ¢ = Zz_]\]@__l_ll hreig. Hns ymob-
cTBa OymeM paccMaTpuBaTh IeiicTBUTEbHO3HaUHBIE (. OUeBHIHO, YTO aB-
Tokoppendnnontas Gyuknua $(t) := [g (v &t)p(a)dr asngerca derTHoil
bynkumeii w supp ® = [&M, M]. Ilycts n, - Hanbomblree 1esnoe, nad Ko-
toporo ®(n,) # 0. Tak kax ¢ - menpepsiBHad dyuxwm:a, 1o P(M) = 0 u
0 < =n, < M & 1. Anamormgro (15.6) momygaem, 9TO
Siez |plwH2m)|* = E (e7™), tne B (2) = e, ®(k)z*. Hommmom P,(2)
Ha3bIBAIOT MOJTMHOMOM Jitstepa-Ppobennyca mis Macmrabupyioineit GyHK-
ou .

[TocTpoerne mosyopTOroHaIbHOIO BCILJIECKOBOTO Ha3nca aHaJOIMIHO T10-
CTpoeHuto oproroHaidbHoro (cm. maparpad 11). Ilpexme Bcero oxapak-
tepusyem ¢yukmuu ¢ € Wy, tme Vo & Wy = Vi, Wy L Vy. Tax kaxk
Wo < Vi, 10 o = Y .rrpr. B obpasax @Dypbe umeem
;Z(w) = R(e™™/?)@3(w/2), tne R(z) = %Zkez rp 2% — 2m-mepuommuecKas
bynxkuma wus L]0, 2r]. Amanormuno s ¢ © = >k PEPLk
Fe) = Ple™) 3uf2). P(2) = 1 Suegpi b Tyers = = =i/, Tpu.
MeH#AA ToXKaecTBo Ilmanuepesns, nveem

(p(- 0,0 () = = fa Plw)e™ "0 (w)dw =

= 5 Jr [(w/2)*P(2)R(z)e ™ dw =

= L Sz [P(w/2 + 27k)|?} P(2)R(z)e ™ dw =
=L [T E(2)P(2)R(z)e” " dw =

2

= L T {E (=) P()R(2) + E, () P(s2) R(e2) Y do.
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Otkyna caenyer, ato @) € Wy Torma u TOIBKO TOTIa, KOTIa

E,(2)P(2)R(2) + Ey(e2)P(e2)R(e2) =0, |z|=1. (18.1)

Ecnm npeanonoxuth, aro Koaddunuents R meiicTBUTETBHBI, TO HETPYIHO
ykasarh obiree peturerwe (18.1):

R(z) = ZI((ZQ)P({:)%)E@({:}Z), |z| =1, (18.2)
rie K (z) - npousBosibHAA KBAIPATUIHO-CyMMUpyeMasi GYHKINA Ha eTnHIY-
Holl okpy:KHOCTH |2| = 1. Bmech mcnomb3oBano To, uto F,(27') = FE,(2) npn
|z| = 1, Tak xak P(&k) = O(k).

Ecnm ¢ umeer koMnaxTuslil HocuTess, To P u F, ABIAIOTCA TOTHHOMaMI
Jlopara. U3z (18.2) cuenyer, ato R Oyner toxke nonmuomoM Jlopana, ecin
K - nonunom Jlopana.

Teopema 18.1 [loayopmozoHaavbHbill 6cnaeck ¢ MUHUMAADHBM KOMNAKM-
HBM HOCUMEAEM, coomeememeywuli p, onpedeasemces Jeyr-macumadHsM

COOMHOWERHUEM
V= qrpr
k
uau, 6 obpasaxr Pypove,

O(w) = Q™) p(w/2),

ede Q(z) := %qkzk = cz?NTIP(SL)E,(&2). Bdecvy N - npoussoavrioe yeaoe,
C - NPOU3GONLHAA HEHYAEGAA KoHCanma. B wacmnocmu, ecau noaoscumo
N pasrvm yeaot wacmu (M + ny,)/2, mo Q) 6ydem anzebpauveckum noau-
. M+42n,
HOMOM U W 1= 1 0" Qi1 k-
Iocaedosameavrocmo {i(-<k) b ez 06pasyem 6asuc Pucca 6 Wy, a {1 (1) :=
201129(2t k) }jrez — noayopmozonaavrwii 6azuc 6 L*(R).

[Ipumenum 31y Teopemy K B-cinaitny ¢ = N,  m € N. B arom ciryuae
M=m, n,=m<%l llomaraa N =m &1, c= &l, nmeem

Qm(z) = <:>22m_1P(<:%)E(<:>Z) =

= 2t () L (SUEN (i + k) 2F =

= (552)" SIS NI (k4 1)2h = d 5 g,
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1k
THe Gk = (G SPEoN™kel+1), k=0,...,3m 2. 3mech ucroab3o-
2MmT2 -
BaHBI JIETKO ITPOBEpseMble COOTHONIEHMUS:
N™ (1) = Tl 27 (T)N7 (2t k), Eyn(z) = S04 NP (m + k)2~
OxoHYaTeIbHO, MOJYOPTOTOHATBHBINA CILTaiiH-BCILIECK MOpsAAKa 1 paBeH

(1) = 3000V 2Gm kN (2t ©k),  supp g™ = [0,2m <1].

s

o

s

-

o

T 2 2z s
0.8 1 1.5 E T s 2 -6.1

Puc.1. T'padux ?(1). Puc.2. T'padux ?(1).

19 Peryaapusie KMA B L*(R")

[epeiimem ot pacemorpernus ogmomepubix KMA k maoromepmbiv. Cremyio-
Iee ompeneenne 0bobuaer onpenenenne 11.1

Omnpenenenne 19.1 Kpamromacwumabnwdi anaaus (KMA) - amo nocaedo-
sameavrocmov {V;}ez samxnymuz nodnpocmparcme L*(R™), ydosaemeo-
pArOULas caedyowum c6oticmeam:

Vi C Vigas (19.1)

Ujez V; = L*(R"); (19.2)

Niez Vi = {0}; (19.3)

feVie [(277:) € Vi (19.4)

feWw e f(-ok) e Vy daa awbozo k € 17 ( )

cywecmeyem Gynkuus g € Vo maxasa, 4mo nocaedosamenvbHocmy

{9(- k) }rezn obpasyem 6azuc Pucca 6 Vj. (19.6)
Hamomuwm, aro mocienoBarensrocts {gok(-) = ¢(- & Fk)}rezn aABngerca
Gasucom Pucca B Vp, ecin [goplrezr = Vo W cylecTBYIOT IBe KOHCTAHTBI

A >0, B > 0 rakue, aro

AT el <SS er gorllzemy < BCY Jer])?

keZ™ kEZ kezm

s 100oil nocsenoBaTeabHOCTH duces {c }rezn.
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Db PEeKTUBHOCTD MCIOIB30BAHNS BCILICCKOBBIX 6a3MCOB B (PYHKIINOHA b
HBIX IPOCTpaHCTBaX, oTnaHbx oT L?(R™), 3aBUCHT OT peryaspHOCTH COOT-
BercTByfoero KMA.

Omnpenenenne 19.2 KMA {V,},czn naswsaemcsa r-pezyasaprom (r € N),
ecau pyrryus g(x) 6 (19.6) moxcem 6voumov 6wbpara mak, 4mo

0% g(x)] < O (14 [2])7" (19.7)

das 06020 yeaozo m € N u daa 06020 myavmu-underca o = (o, ..., 0y),
ydosaemeopsrowezo o] < r.

Crenyroiiias TeopeMa MOKa3bIBAET, Kak mepeiitu ot basnca Pucca k kano-
HIIECKOMY OPTOHOPMUPOBAHHOMY Oasucy (cM. N7 cpaBHEHUA OTHOMEDPHBIIT
ciydaii B Teopemax 9.1, 9.2, 9.3).

Teopema 19.1 Ilycmo {V;};ez — KMA 6 L*(R"). To2da cyuwecmeyrom dse
KoHcmanmo, ¢y > ¢ > 0, maxue, wmo das noumu ecexr w € R™ umeem

keZn

1/2
o < ( > |g(w + 2k7r)|2) < c. (19.8)

Janee, ecau ¢ € L*(R") onpedenena 6 obpasar Dypve

—1/2
B(w) = G(w) (Z 9w + 2kw|2) , (19.9)

keZn

mo {¢(x <k)}rezn asasemes OHB 6 Vj.
Haxoney, nyemv nocaedosameavrocmo { f(x <k)}rezn opmonopmuposa-
Ha, 2de pynxuus f € Vy. Toada ama nocaedosameavrnocms aeasemes OHB

6 Vo u f(w) = 0(w)p(w), ede H(w) € C*(R"), |0(w)| =1 noumu scrody, u
O(w + 2km) = O(w) das awboeo k € Z7.

Cremyfolas TeopeMa MOKa3biBaeT, 9To oproronanusanns (19.9) coxpa-
mser peryisaprocth KMA.
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Teopema 19.2 Ilycmo {V,},ez — r-peeyaapnwiic KMA 6 L*(R™). Tozda
Pynruusa p € Vo, onpedeaenras 6 (19.9), ydosaemeopaem ouenre

0% p(2)| < Co(1+ [2])7, (19.10)

das w6020 yeaozo m € N u das awbozo myavmu-undexca o € N™, ydosae-
meoparouwezo o] < r.

[okaxewm, kax momyants KMA B L?(R?), mcionbsys omromeprbiit KIMA
{V;};ez B L*(R). Oupenennv V; C L*(R?) xak 3ambikanme B L*(R*)<HOp-
Me ajirebpamdeckoro Tensopuoro npoussenenns V; @ V;. [omyuennsiit KMA
Ha3bIBAIOT cemapabenbubiM. Ecau muoromepubii KMA #enb3sa moayantsh
ONUCAHHBIM CITOCOOOM, TO €ro Ha3bIBAIOT Hecernapabe bHbIM.

B cenapabenbHoM ciiydae opTOHOpMEUpOBaHHBIH Gasuc B Vo coctont u3
npoussenennit (v <k)o(y k), (k1) € Z*. [Ipyruvmu ciaoBamu, mosaras
o(x,y) := p(x)p(y), nomydaeM, 9T0 OPTOHOPMUPOBAHHBIH Gasuc B Vo ABIIA-
eTcsa opbutoit GyHKIHH  Hon meiicTemem ZZ.

[Iycts Wy - oproronasibioe momosaerue Vo mo Vq. Torma

Vi=WVod Vo Wy E Wy @ Vo B Wo @ Ws.

Heiictsurensro, Vi = (Vo & Wy) @ (Vo & W), 1 JOCTATOTHO BOCIOTH30-
BaThCA TUCTPUOYTUBHOCTHIO TEH30PHOTO MPON3BEICHEE ITO OTHOMICHHIIO K CJI0-
xenuio. Ilycrs Wy obosnagaer oproronasbioe momoamenne Vo mo Vi. To-
rna Wo = Wo1 @ Wio @ Wiy, tme Wy, = Vo@ Wy, Wig = Wo® Vo,
Wii = Wo @ W,.

s mosryderus oproHopMupoBannoro 6asmca B Wy Hamo B34ATh 00benn-
HeHWe mociaenoBarerbiocTeil (v < k)(y < 1), Y(z & k)ely < 1), n
V(x k))(y <l), k1 € Z*, koTopble ABAAIOTCA OPTOHOPMUPOBAHHBIMEU Oa-
smcamu B Woq, Wi m Wi 5.

[Ipobaema mocTpoerus BemaeckoBoro basuca wa ocaose KMA B L*(R™)
B 0bleM caydae sBigerca Gosee ciaoxuoi. Omnako B [Gr] nokasana

Teopema 19.3 Ilycmo {V,},ecz — r-peeyasprwit KMA 6 L*(R™). W, - opmo-
eonanvroe donoanerue V; do Vipy. Tozda cywecmeyrom g := 2" &1 pynryud
1, .0y uz Vi co caedyrouumu ceoticmeamu:

0%y (x)] < On(L + |2])™ (19.11)
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das 06020 myavmu-undexca o € N™ ¢ |a| < r, awobozo x € R"™ u awobozo
N > 1;
{pi(x k), 1 <I<q,keZ"} asasemea OHBb 6 Wj.

Caenctsue 19.1 Oynxyuu 2/%)(2x k), 1 <1< q, k€ Z", j € Z,
obpasyrom opmonopmuposannwi 6asuc 6 L*(R™).

Sameuanue 19.1 He useecmen Mmemod nocmpoenus HecenapabeavbHozo
mrozomeprozo KMA {V;},ez 6 L*(R"™), y xomopozo 6cnaeckosniti 6asuc co-
cmoum u3 komnaxkmuur dynkyul. Heao 6 mom, umo aseopumm K.I'po-
wenuea (K.Gréchenig) dasce npu npumernenuu k komnaxmuol macumabu-
pyrowel pyHryuu © He daem 6cnaeckos ¢ KomnakmnuMm Hocumeaem. Oue-
6UdHO, 4MO CENAPABENDHBE MHOZOMEPHBLE BCNIAECKU, NOAYYEHHBE HA OCHOGE
scnaeckos obewu, umerom KomMnakmuuil HOCuUmenas.

20 HepaBencrBa BepHmrTeiina

Perynsprocts macirrabupytotueit dyakumm (19.7) mossonser paccMarpu-
Barb KMA {V;},cz ne tombko B L*(R"), HO 1 B npyrux $yHKIMOHAIBHBIX
npocTpancTBax, Hanpumep, B LP(R"™), p € [1, o0].

Jlemma 20.1 [lycmov opmozonaavras macwumabupyrouan Gynkuus @ ydo-
saemeopaem (19.7). Toeda cywecmeyrom dee xoncmanmu ¢z > ¢; > 0 ma-
kue, wmo Oas awbozo p €  [l,o00] u w06l koneunoli cymmovt
flz) = X alk)e(x k) swnoanens Hepasencmea

allflly < Z [a(B)[P)H7 < el £l (20.1)

Hoxasameavemeo. Haanem ¢ kpaiitaux caydaes. [lpu p = oo

)| < Zla Mgz <k)| < sup [a(R)|C(p),

rne C(@) = sup,cpn 2rez |9p(z ©k)|. B npyryio cropony Bocmosbsyemcs
rem, ato a(k) = [gn f(2)@(z <k)dx, nosromy |a(k)| < || fl-llell:-
Caywaait p = 1 pasdbupaercs Takxke:

Jrn [f(@)]de < Jgn i la(k)llp(z k)|de < T lalk)|[llls;
2k le(F)] < Jpn [F(2)| Zple(z <F)de < C(@)||f ]l
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Paccmorpum o6mnii cayqaii. [ycrs ¢ — conpsazKennbiii nokasarenb K p,
re. 1/p4+1/q = 1. Bamumenm |p(x <k)| = |o(x <k)|?|p(z k)Y, uto naer

[f(2)] < Zx la(k)llp(z k)] <
< (e lak)Ple(z @k (e k)DT < Cle) () lalk) )2,

OTKyZa cienyer JeBad dacTh HepasercTBa (20.1). [lna mokasarenbcrsa
paBoil wactu ucmoabzyeM 1o, 910 a(k) = [g. f(2)P(x < k)dx, nosromy
0] < (o () Plo(e €51)lde) 7o)l 7.0

Onpenenum Vo(p) kak mepecedenme Vo N LP(R™) mna 1 < p < 2, m
Kak sambikanue Vo mo LP(R"™)-mopme mna 2 < p < oo. Ilo nemme 20.1
f € Vo(p) torna n Tonbko Torma, Korma f(x) = Y pegn o(k)p(x < k), roe
a(k) € IP(Z7).

Onpenenum Vo(00) Kak BEKTOPHOE MPOCTPAHCTBO, UbU 3JEMEHTHI MOTYT
ObiTh samucanbl Kak f(x) = lim f,,(z), toe mpenen sBIfeTcsa paBHOMED-
HBIM Ha KOMIAKTax W The fn, € Vo 1 sup,,sq || fimlle < 00. Hpyrmvum cioba-
v, f € Vo(oo) Torma w Tombko Torma, kKorma f(x) = Ypezn a(k)p(r &k),
tie a(k) € I1*(Z").

Haxkoner, ompenemam V;(p): f(+) € Vi(p) & f(277+) € Vo(p). Ouesummo,
gro V;(p) Broxerno B LP(R").

Teopema 20.1 [M, ¢.32] [lyecmo V;, 5 € Z — r-peeyasprwi KMA e Ly(R™).
Tozda cywecmeyem xonemanma C maxaa, wmo daa 1 < p < o0,y € Z,
f € Vilp) ula|l <r swnoanerno nepasercmeo

1= fll, < C22V] £, (20.2)

Iloxazameavcmeo. 3ameHoil lepeMeHHOI Bce cBomuTcA K caydato j = 0.
ycrs f(x) = 5 a(k)p( k). Torma [07(2)] < 3 la()][0p(z k)|
[ToBToperne paccyxIeHwil moKasareabcTBa Jepoil wactum (20.1) maer
10°f)l, < C(Xg |a(k)[P) P, aTo MOXKHO OIEHUTH, HCHOIB3YA IPaBYIO YacTh
(20.1). O

Hanmomanm, 9ro KJjaccmdeckoe HepaBeHCTBO bepHuireiina yTsepiKmaer,
aro aia smoboro o € N (|02 ], < RN f||,. roe f — npoussonbrasn dymk-
s u3 LP(R™),1 < p < oo, ube npeobpasosatine Pypbe nMeeT HOCUTENTH B
mape |w| < R.
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Takum obpasom, Teopema 20.1 moxkaswsiBaer, 9To Mo cBouM auddepeHtin-
aJIbHBIM CBOMCTBAM 3JeMEHTHI V; OMU3KM K IesbIM (PYHKIUAM 3KCIOHEH-
nmnajgbHOTO THHa 2/, mx mnpeobpasoBarme Pypbe cocpemoTodeHo B TOJIOCE

[27,27].

21 Perynsapasie KMA 1 1ojJinHOMBI

[ycts {V;}jez — r-perynsphbiii kparHomaciitabHbiii anamms B Ly(R"),
{P; : L*(R) — V,};ez — oproronasnbhbie mpoekTopbl. QueBnmHO, 4TO

Raf(@) = [ Ele.9) (). (21.1)

rne B(z,y) =Y ez o(z ©k)p(y ©k), ¢ — oproronaibHas MacIITabUpPyO-
masn ¢yakmug. asa npousBoabHoro j € Z

Pt = [ B )i w)dy.

rae F;(z,y) := 2% E(2/x,2y). llepeancamm mpocTeiiumme cBoiicTBa Aep.

Jlemma 21.1
|8§85E(:1;,y)| < Cp(l+|zeyl)™™, (21.2)

das mobwx m € N, o] < r |8 < r;
E(x+ky+k)=F(z,y), keZ" (21.3)
tim 1P, sy = 0.

st mokasarembcTBa MOCTEIHETO CBOUCTBA B (DYHKIMOHATBHBIX MTPOCT-
pancts, ormmunbix or L*(R™), mHam morpebyercs caemytournii dpyHmamen-
TaJbHBIA pe3yJabTar, MOKa3bIBAIOUIN, YTO TOJMHOMbBI CTEIeHW He BbIlle r
WHBAPUAHTHBI OTHOCHTENBHO MPoeKTOpoB P; r-peryiasproro KMA (tounas
dbopmymmposka B ciaencrsun 21.2 HEKE).

Teopema 21.1 [M, ¢.33] [an w6020 myavmuunderca o € N™ ¢ nopadrkom
la] < r ewnoansemes pasencmeo

/ E(x,y)ydy = «°. (21.4)
R”»
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Crema doxazameavemea. B mokasaresbcTBe CyIIECTBEHHYIO POJIH UTPAET
Broxkenue Vo C V;,7 € N, KoTopoe Ha A3bIKe IPOEKTOPOB IpeBpalllacTCA B
paserctso [ = P; Py uwu B TepMuHax Amep:

E(z,y) zzw‘/ B2z, 2u) E(u, y)du. (21.5)

n

Paccmorpum cHagana caydait 7 = 0. Hago mokasarh, uro
/Rn E(e,y)dy=1 VY& e R™ (21.6)
CsoiictBo (21.2) mmeer BuI:
|E(z,y)| < Cp(14 |z ey|™™), ¥méeN. (21.7)

Myctd po(x) := g E(x,y)dy. B cuny (21.3) po asasercsa Z"-neproamdeckoit
17|

dbyukme
po(x + k) = po(x) VkeZ". (21.8)

Pagencrso (21.6) nonygaercs npenenbHbIM HepexomoM w3 (21.5) mpu mo-
MOIIN CJIEIYIOIEro pesy/abTaTa.

JIemma 21.2 [M, ¢.34] Jdas awbozo y € R™ u dan noumu ecex @ € R”
UMEEM

lim {Z”j / § B2z, 2u)E(u,y)du <:>/,L0(2j:1;)E(:1;,y)} = 0. (21.9)

j—oo

HokaszarebcTBO »TOfl JIeMMbI OCHOBaHO Ha cBoficTBax Todek .JlebGera.
s (21.9) ¢ momomnwio (21.5) momywaem, 9to nis moutn Bcex x € R”

lim (1 ©uo(2'2))E(z,y) =0 Yy < R™ (21.10)

j—oo
Yumuoxkas (21.10) va f € Vo w uHTErpUpYA, MMeeM

lim po(22) f(z) = f(z) VfE V. (21.11)

J]—00

3aMeHOl TepeMeRHBIX moTydaeM Toxe camoe niisa f € Vi, jo > 0. Tak kak
o mpuHaLTe KT Lo (R™), cxommvocts B (21.11) mmeer mecto B Lo(R™).
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Ns (19.2) cnemyer, aro (21.11) umeer mecto mns mioboii f € Ly(R™). B
TACTHOCTH, oJIaras f = Ko 1] U HCIOIb3YA MEPHOAMIHOCTD fio (cM.(21.8)),

nMeem
| @) = [
[0,1] [0

Otkyna crenyer, ato po(x) = 1.

Ins r = 0 pesyapTaT MOXKHO IOKa3aTh IIPOIIE, OJTHAKO IPUBEIEHHOE
JOKa3aTeJbCTBO 0e3 OOIbIIMX M3MeHeHWH HeperocuTcss Ha r > 1. Pasio-
xuM F(u,y) B pan Teitnopa mo crenensaM u <z mis TOoro, 9Tobbl ONEHATDH
20 [ E(2 2,27 u) E(u, y)du. meem

Bluy) = Y @aﬁ(m,y) + R(u, 2, y), (21.12)

0<|ar|<r a:

: 11 < puo(2x)|*de — 0 npu j — oo.
ln

) )

rie

Ru,z,y) = Y jal=r ﬁu;afﬁga(u, z,y),
Salusw,y) =1 fo O E(tu+ (1 &t)e,y)(1 &) d.

Cnenaem saMeny u = x + 2775, KoTopas mpeBpallaeT Solu,x,y) B

. 1 .
SO (s,2,y) = r/ DU (w + 12705, y)(1 &t) " dt. (21.13)
0
Obosraamm |
po(2) = — E(x,u)(u <a)du. (21.14)
al Jrr

OyHKIWA [, (1) ABAACTCA HeNpepbiBHON 1 Z™-niepuommdeckoii (cm. (21.8)).
Moncrasmsas (21.13-21.14) 8 (21.12) u B (21.5), moayuawum, 910

29 fpn B2, 2u) E(u,y)du = Socae, 27116 (272) 02 B2, y) +
+279" Y o= JRe Jo BE(272,272 + 5)200E(x + 12705, y)(1 &)~ dtds =

= E(z,y).
(21.15)
HokasarenbcTBO TOro, 9T0 fin(x) = 0 mpoBoAMTCA WHAYKIWEH MO
p = |a| € [1,r]. Pasbepemca cayuait p = 1. B (21.15) E(x,y) cokpaiia-
ercd, T.K. po(x) = 1. [losTomy
S o7kl (2120)02 E(x, y) + O(277) = 0, (21.16)

1<lal<r—1
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rie ottefika O paBHOMepHa 1Mo « 1 y. Y MHOKUM (21.16) Ha 2/ 1 mepeiineM K
npemnesy 4
: 7\ _
jli}rgo |§::1 pa(22)0 E(x,y) = 0. (21.17)
Teneps MbI IOBTOPAEM aHAJIN3, TPOIETAHHBIH Mg caydasd r = (. YMHOKUM
(21.17) ma f € Vo m mpomHTErpuUpyeM:
lim Y o (272)9° f = 0. (21.18)

j—
I =1

[lycts g — HempepbiBHas Z"-nepuonndeckad GyHknua. YMuoxmM (21.18) Ha
npoussenenne ¢(2’x)h(x), tne h € D(R™), u mpounterpupyem. Ilepeiizem &
Ipenesy 1Mo j — 0O W BOCHOJIb3YEMCHA XOPOIIO M3BECTHON JIEMMOIA.

JIemma 21.3 Feau u(x) € L=(R™) asasemea Z"-nepuoduveckot dyrryu-
eti u v(z) € LY(R™), mo

lim u(Naz)v(z)de = (/ u)/ v(x)de, (21.19)

N—oo JR7 n

1 1
/u:/ / w(y, ... xn)dey - - day,.
0 0

OKOanTeJII)HO ITOJIYHIUM, 9TO

> (/gua)<9“f,h> = 0. (21.20)

=1

2de

[Momnaras ¢, = [ gfia, w3 (21.20) nonyvaem, 9T0 BEKTOPHOE TTOJIE > lal=1 ce0”
aHHy IMpyeT Jo0yro QyHKIUIO n3 Vo. 3aMeHoil mepeMeHHOll ycTaHaB/IMBa-
eTCA, UTO aHHUTUIANNA UMeeT MecTo mif joboit dynknun us V;, 5 € N.
YautsBag (19.2), mosydaem 310 cBOWCTBO (B cMbIcTe 0GOOUIEHHBIX (DYHK-
unit) naus Beex f € L?*(R™). Takum obpasom, ¢, = 0 ays mro6oit Gyaknmm g,
9T0 O3HAYaer, 9To [, = 0 mpu |of = 1.

Hns p = |a| < r nokasareabcTBO NPOXOMUT Ge3 KaKUX-TUO0 U3MEHEHUI.
Msr noyuaem, uto p, = 0 npu |al < r.

Ocraercs pasobparbcs co ciydaeM |a| = r. Pasernctso (21.15) mpespa-
maercs B

1 . . a ]
r ). //0 E(QJII?,Q]:I?—I-S)%@jE(x+t2_]5,y)(1<:>t)”_1dtd3 =0. (21.21)

lar|=r
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Bocrnonbsyemes tem, aro 02 E(x,y) € L™ (dx) nus moboro GpuKCHpoBaHHOTO
y. llourn Bce Toukm = € R" aABastorca Toukamu Jlebera paccmarpuBaemoii
bymakmmm. Ecim z — touka JleGera, To B (21.21) 92 E(x + 1277 s, y) MoxmO
sameruTh Ha 02 F(x,y). Takum obpasom, npemern mo j

Si(x,y) =1 jajer Jrn Jo B0, 22 + 5)500 E(x, y)(1 ©t) " dids =
= Yjajer Jrn B(272, 270 4 5) 02 E (2, y)ds [y (1 &t) " dt =
= Llal=r Ha(2'2)07 E(2,y)

pasen 0 mus soboro y € R™ w nys noarn Beex @ € R”. ®Oyukmun S;(x, y)
VIOBJIETBOPAIOT pasHOMepHoil otierke |.S;(x, y)| < O (1 4 o ©y|)~™. YMmHO-
Kad Ha [ € Vo W MHTErpUpYH, HAXOMUM, UYTO Y|4 =, fa(22)0” [ cxonnres
k 0 mourn Bciony m B L?(R™), Tak Kak MOXKHO NPUMEHHUThH Teopemy .leGe-
ra. Takxe Kak u B ciydae s < r, 3aKJrodaeM, 4To Bce KOd(POUIUEHTBI [i,
obHyIIOTCH TIpH || = 7.

Nrax, nokasano, 910 [gn F(z,y)(x <y)®dy = 0 mna 1 < |of < rm
Jrn E(z,y)dy = 1. Otcroma cnemyer, qto [gn F(x,y)y®dy = z® upm
(y_ﬁf)ﬁ Z—T 1, MocJe HHTErpu-
POBaHUA 1O Y, BCE WJIEHBbI B IPaBoil 4acTH OOHYJIAFOTCH, 3a MCKJIIOYEHUEM
B=0u~y=a0

Teopema 21.1 moxer ObITh mHepedopMyHpOBaHa, €CIU PacCHIdPUThH

la| < r. leiictBuTenbho, 3amnumiem % = ) ptr=a

001acTh  OmpeneneHus TpoeKTopoB P Ha obbeamHeHne MPOCTPAHCTB
L*(R"™, (1 + |z])~™dx), m € N. Takoe pacimupeHmne BO3MOKHO, T.K. AIpa
npoekTopos P; yobiBaioT GhicTpee Jioboit cremnenn npu |y x| crpemsiiemcs
K Geckoneuanoctu. IIpoctpancrso obpas3os Tenepb Oymer oTamdarbes or Vi,
Ho Gyner nosubM 1o Hopme L2 (R™, (1 + |z|)™"dx).

CaencrBue 21.1 [lyemv V; — r-peeyasprui KMA 6 Ly(R™) u nycmo
P; : L*(R") — V; opmoeonaavruti npoexmop na V;. Tozda P;(M) = M
das 06020 noauroma M cmenenu menvue uau pasroti r.

3uadvenne Teopembr 21.1 cocToUT B TOM, UTO OHA yCTAHABJIWBAET CXOJ-
CTBO TPOeKTOpoB P; ¢ omeparopamnu cBepTku. llocimentme KoMMyTHpyiorT ¢
olepaTopaMi IacTHIHOTO TudQepeHnnpoBaHisa, Torga Kak omepaTopsl F;
KOMMYTUPYIOT npubauxenno ¢ ¢ npu |a| < r.

Badukcupyem dpyurmmio g € D(R") ¢ unrerpanom, pasabiv 1. O6o3Ha-
amm wepes g; bynxmmio 2™ g(2/x) mw wepes G; — onepatop csepTKu € g5, ] € Z.
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Teopema 21.1 nossoaser cpasanth 0°P; ¢ (;0% nis MyJIbTUHHIEKCOB & C
la] <.

Teopema 21.2 Ilyemo V;, j € Z, — r-peeyaaprwti KMA 6 L*(R"). Tozda
das 06020 myavmuundexca o ¢ |al < r o eyweemeyom  dyrruyuu
ReP(z,y) € LR RY), saundexcuposarivie Myavmuundexcamu
B ¢ B = |a| u ydosaemeoparwue nepasercmeanm

IR (2, y)] < Co(1 + |2 oy))™" (21.22)

das arwbozo m € N. 9mu pynruuu ydosaemesoparom maxice pa6eHCMEY

R (2, y)dy = 0 (21.23)
Rn

mootcdecmeenno no  u onpedeasrom daa arwbozo j € 7 onepamoput

RO f(z) 1= 2 . REP(27 2,927y f(y)dy, (21.24)

das komopwx sepro caedyrowee moicdecmeo

9°P; = G;0°+ 3 R, (21.25)
=

ede 0% = (0/dxy)* -+ (0)0x,)™.

Joxazameavemeo. fAcro, aro (21.25) mocrarouno mokasars mis j = 0.
O6mmnmit coyuail momydaercss 3aMeHOl mepeMeHHbIX.

Badukcuposas x, paccmorpum 0 F(x,y) xak dynkumio mo y. [lo reo-
peme 21.1 mmeem [g. 02 E(z,y)y’dy = 0 npu |3| < |a| n 3 # «, Torna xak
Jrn 07 E(2,y)ydy = al.

3amernm Temneph, uro Anpo g(x <y) oneparopa (¢ = Gy umeer Ta-
ke ke cpofictBa: [p. 0°g(z ©y)y’dy = 0 mpn 3] < |a] u B # a,
Jrn 079(z ©y)y“dy = al.

Pacemorpum pasaocts R (x,y) := 02 E(x,y) ©02g(x &y), 1nd KoTopoii
Jrn B2 (x,y)yPdy = 0 opu |J] < la.  Pacemorpum
[ x,y) = R¥(x,2 +y) = O2F(x, 2 + y) ©02¢9(<y), kKak GYHKIUIO OT Y
mpu GUKCHPOBAHHOM ¥. DTa PYHKINA TpUHAILIEKUT TpocTpancTBy S, (R"),
KOTOPOE OTPEIETACTCA CACTYIONUM 0Opa3oM.
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Omnpenenenne 21.1 S.(R") — amo sexmoproe npocmparncmeo dpynxuyui f,
ydosaemeoparowur nepasencmeam [0° f(x)| < Cp (1 + |z|)™™ dar arwbozo
m € N u arwboeo myavmuundexca o € N" ¢ |a| < r.

JIemma 21.4 [Tyemo 0 < s < r. Ecau [ npunadaencum S.(R") u ydosae-
meopaem ycaosuam [gn f(x)a*de =0 das awbozo o € N” ¢ |a| < r, mo

fla) = > 0% fulx),

|or|=s
ede fo € S (R™) u [gn fo(2)de =0 das awboeo a € N" ¢ |a| = s.

HokazareabcTBO JIEMMBbI TPOBOANTCA WHAYKIHEN 10 pasmeproctu n. [lpu
n =1 f, aBasgercs mepBoobpasHoOll nd [ MOpAIKa S, KOTOpas CTPEMUTCH K
0 Ha GeCKOHETHOCTH.

[Tpumennm memmy K Gyrkunn f(x,y), KoTopyio 6ymeM paccMarpuBaTh
KakK GYHKINIO 10 Y, 3aBUCAILYIO oT mapaMerpa x. [lomyaaem, aro

02 E(x.y) = (1)100g(x oy) + Y RO a,y), (21.26)
|5]=]o

rae |R@A (2 y)| < Cp(l + |z ©y|)™™ s awoberx m € N. Boree Toro,
Jan RO (2, y)dy = 0 nua moboro .

NurerpupoBatue 10 4acTsaM MOKa3bIBAET, 4TO AApo omneparopa (Gpd® co-
BIAJaeT C (@1)'“'659(:1; &y). O

Bameuanue 21.1 Qynruuu f, us aemmoe 21. aunetino u HenpepweHo 3a-
sucam om f. Hanpumep, ecau f asasemesa nenpepuieroli pyrnruuet Hexomo-
PHT napamMempos, mo mosice bydem eepro das dynruul f,. Imo oznava-
em, wmo gynruuu RO Gydym nenpepuisrnimu no 6cem nepemennmm, ecau
macumabupyrowan ynryus @ npunadaencum CT(R™).

Bameuanue 21.2 Anarozuunvmu paccyrcdenuamu Joka3veaemes, 4mo

Pj-l-l <:>P]‘ = 97" Z R;ﬁ)aﬁ,
|Bl=r

ede R;ﬁ) onpedeasiomea adpamu 27 R (22, 27y) u RY) ydosaemsoparom

c6otUcmeam, aHAA02UNHBM c60Ticmeam R9),
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22 KMA B npocrpanctBax CoboJieBa

Teopema 22.1 [Iycmvr € N u'V},j € Z, asasemca r-peeyaaprom KMA 6
Ly(R™). Feau [ npunadaesncum npocmpancmey Coboacsa W3(R"™) u
ar < s <r, mo Pj(f) ceodumes x [ 6 W3 (R™)-rnopme.

B JOKa3aTeJIbCTBE DTOI TEOPEMbBI UCITOJIB3YETCA CJIEAVIOUad JIEMMa.

JIemma 22.1 [Tyemo K(x,y) — dyrxyus uz L=(R™ x R"), ydosaemeops-
rowas nepasencmey |K(z,y)| < C(1+ |z &y|)™ ™, u

Ty: LP(R") = LP(R"), 1<p<oo, A>0,

onepamopwvi ¢ adpamu A" K(Ax,Ny),  Thf(z) = A" [gn KAz, Ay) f(y)dy.
Feau [gn K(2,y)dy = 0 moscdecmsenro no v ul < p < oo, mo

lim T, =0 dun fe L
Feau [gn K(2,y)dy =1 moscdecmsenro no v ul < p < oo, mo

T [T() & fl, =0 dus fe L

IIpu p = oo npednoaoscum 6 donoanenue, wmo [ AGAAEMCA PAGHOMEPHO
nenpepuenol u wmo K(x,y) asasemes nenpepweroti gynxyuet no x npu
kaotcdom purcuposarnom y. Toeda, ecau [gn K(z,y)dy =1 u f € L*(R"),
mo

Tim [ 72(f) & fl = 0.

Iloxazameavcmeo. Bo-nepBpix, 3amermm, 4YTO HOpMa OIeparopa
Ty: LP(R") — L?(R"™) ABnsieTcA KOHETHOI 1 He 3aBUCHT OT A.

Ecmm 1 < p < 00, To JocTaTOYHO pacCMOTPETH MJIOTHOE MOJMHOKECTBa B
L,(R"). llycts f HempepbiBHasA GYHKINA ¢ KOMIaKTHBIM HocHTeneM. Torma
T\f(z) asnserca O(|z|~""') mpu |z| — oo paBHOMepHO Mo A > 1. Tak kak

Jrn K(z,y)dy = 0, 0

() =X [ KO g) [y =X [ KO Ay () & f(2)dy.

n

aro menbire, geM C' [p. (1 + |y|) 7" tw(Ay|, f)dy =: €(N), tne w — momyp
nernpepbiBHocTH f. 13 Teopembr Jlebera o momumHmMpyemoii cxommmocTu ciie-
ayer, 910 limy_o €(A) = 0. Taknum obpasom, dyrkmmm T f(x) cxomares k 0
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paBHOMEpHO TI0 ¥ U paBHOMepHO 1o A aBasAlorca O(|z|™" ') npm |z| — oco.
Buaaunt orn cxonarca K 0 B LP(R")-HOpM™Me.

Bropoii ciyaait temmvbr, Korna [ge K (2, y)dy = 1, aBasercs ciencTsueMm
nepsoro. Ilycrs g — HenpepbBHas GYHKIHMA ¢ KOMIAKTHBIM HOCHTEIEM, Jeil
waTerpas paser 1. Samenum K (x,y) vHa R(x,y) := K(v,y) gz Sy)n
NPUMEHUM TEePBBIi cayyvaii.

Ioxazameavemeo meopemu 22.1. Ilycrs s = r. Hamo nokaszarb, 9to as
FeW;R") ulof <r limjse ||0°Pi(f) <0%f|l: = 0. llo Teopeme 21.2
umeeMm J°FP; = G;0% + 325210 R;a’ﬁ)aﬁ , TIOTOMY [TOCTATOYHO TTPUMEHUTD
nemmy 22.1.

Ecmn s me menoe mw 0 < s < r, TO 3aMeTUM, UTO OIEPATOPbI
P; : W3 — WJ paBHOMepHO OrpaHWYeHbl. ITO CIeIyeT U3 KpaiiHuX Coy-
yaeB s = 0, s = r u cJeayolleil MHTEPIOIAINOHHON TEOpeMBbl.

VrBepxkaenne 22.1 Jhob6oti nenpepuenviti onepamop T : L? — L2, uve cy-
arcenue Ha npocmparcmeo Cobonaesa W3 asasemces HENPEPBEHBIM AUHETHBIM
onepamopom usz W3 6 WJ ., asasemea maxaxce HENPEPHIEHHM ONEPATNOPOM U3
W5 6 Wi 0aa 0 < s < r. Ecau nopmw T wax onepamopa 6 L* u W o6o-
snavumsv xkax Cy u C7 coomsememeenno, mo wopma T xax onepamopa 6
W3,0 < s <r, ne npesocxodum max(Cy, Cy).

s pasHOMepHOil orpanndentocTr oneparopos P; u muoraoctn Wi (R™)
B W3 (R™) coenyer yTBepIKIeHe TEOPEMBI.

Hnsa mokasarembcrBa Teopembl 22.1 mpu &r < s < 0 Hy:XKHO cHadaja
ompenenuts P; mwa Wi(R"™). 3amerum, uro L?(R™) ninorro 8 W3 (R"). Ecin
f u g npunamnexar Ly(R™), 1o (P;(f),9) = (f, Pj(g)). Tenepp mbr mpen-
nonoxuM, 9to f mpunamtexutr Wi(R"), tne &r < s < 0, u uro f, — 310
nocenoBarenbrocth Gyrkumit L?(R™), cxonamasca x f B W3 (R™)-HOpMe.
Torna, nis t = &s u g € WEHR™), umeem

(Pi(fm); 9) = (fm, Pi(9)) = (f, Pi(g)) mpm m — oc.

[Mosromy wmbr ompemensiem  Pj(f) € WJ(R") cuenyoumm obpasom:
(Pi(f)9) = (f, Pi(g)). Tax xax PP = P;, ro (P;(f), P;(g)) = (Pi(f), 9)-

[To nBoiictBennoctn omeparopsr P; : Wi (R") — W3 (R") paBHOMepHO
orpanmdensr. Kpome toro, L*(R™) mmorao B W35 (R"™) u P;(f) cxomures
f nna f € L*(R™). U3 »roro caenyer, uro P;(f) cxomures x f B W5 (R™)-
HopMe. CTaHTapHBIM CITOCOOOM MOKasbiBaercsA, 9To limj., Pj(f) = f mus
pacnpenenennii f, npunamrexamunx Wi (R") npn <r < s < 0.0
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Bameuanmne 22.1 Teopemy 22.1 moorcno 0bobuyums na npocmparcmea W
cer < s <rul <p<oo Jas dynkyuil u pacnpedenenud f o€ W
npoexyuu Pi(f) cxodamea w f 6 W -nopme.

Cayuwati p = co mpebyem omdeavrozo paccmompenus. Onpedeaum npo-
empanemeo W7 m € N, ycaosuem, wmo 0% f npunadaencam L= (R"™) das
aobux o ¢ laf < m. Toeda, dasn f € W2, 0 < m < r, nocaedosamenn-
nocmo Pj(f) pasromepro oeparnuverna 6 W2 u caabo cxodumesa % f, m.e.

/Pj(f)gd:z; o /fgd:z; Vg € S(R").

Mootcrio samenums W7 (R™) na npocmparemeso C7(R"), onpedeasemoe
yeaosuem, wmo ece npouseoduve 0°f, |a| < m, oepanunens u pacromep-
no nenpepwenn na R™. Tozda, das awboi dynrxyuu f € CZ(R™) npoexyuu
P;(f) cxodamea v f 6 CZ(R"™)-nopme npu 0 < m < r. Ecau macumabupyro-
wan pynryua @ npunadaencanra C7(R™) u 6wempo yowesaem na beckorey-
Hocmu 6Mecme co 6cemu npouzsoduvmu nopadra |a| < r, mo crodumocmo
UMEEM MECTNO U NPU M = T.

Feau o € C™(R™) u umeem womnarmuwli nocumean, mo P;(f) cxodam-

cax feC™R") 6 C"(R™)-nopme.
23 Omeparopsl Q; = Py — P;
ycrs V;,j € Z, — r-perynspubiit KMA B L*(R") u W, — oproronaibHoe
nononuerne V; mo Vjyi. Oproronansmbrii mpoektop ms L?*(R™) ma W, pa-
BeH (; = Pjy1 & F;. fAcno, ato f(-) € Wy Torma m TompKo Torma, Koriaa
f(2/-) € W;. Kpome Toro,

LR = P W, (23.1)

T.X. obbenunenue V; nnorao B L?(R™), a nepeceuenme V; pasro {0}. JIrobyio
byuxmmro f € L*(R") MOXKHO pa3ioKnTh B OPTOrOHAJIBHBIH P

=200, (232)

[Tokazxem, uTo KJTaccHIecKre HOPMBI TPOCTPAHCTB (PYHKINH u pactpemese-
HUl JIErKO BBIYUCIAIOTCA C UCITOJIb30BAHUEM 2TOTO Pa3joKeHndd.
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Pacnpoctpanum pasmoxenne (23.1) ma LP(R"), 1 < p < oo. Ecam
1 <p <2, 1o W;(p) onpenennm xak nepecedenne W; ¢ LP(R"), 9o corma-
coaro c onpenenernneM Vi(p) (em. c. 51). Torma Viy1(p) = Vi(p) + W(p),
[le cyMMa TIpAMasi, Ho He opToroHa btasi. Oneparopst P; u Q);, TpoeKTHpY-
fotme Vg1 (p) wa V;(p) mw W;(p) coorBeTcTBEHHO, ABIAIOTCA HEMPEPHIBHBIMU
B LP(R") (cm. memmy 22.1). Kpome toro, mpu 1 < p < 2 s moboii GyHK-
win f € LP(R™)  ||Pif|l, = 0 npu j — ©oo. Takum obpasom, dbyHKImA
f € LP(R™) MoxKeT ObITH €IMHCTBEHHBIM 00pPa30M 3alliCaHa B BUIE

f=>4q, tme q;€Wp), (23.3)

rie dacTHble cyMMbl cxouaTesa K f B L,(R™) npu 1 < p < 2.

B caygae 2 < p < oo mpoctpactsa W;(p) onpenensiores Kak 3aMbIKaHme
W; B LP(R"). Torna (23.3) pacnpocrpanserca wa LP(R™), 2 < p < oo.

Hna p = oo Wj(p) — a10 sambikarme W, B L*(R") ¢ tonomorneii
o(L>=,LY).

Crnenytommii pesyabTar JOMOJHAET W yTOYHAET HepaBeHCTBa beprunreii-
Ha.

Teopema 23.1 Ilyemo V;,j € Z, — r-peeyaapnwi KMA 6 L*(R"). Tozda
cywecmeyrom dee koncmanmu Coy > C'7 > 0 maxue, wmo 0as awbozo ueaozo
s € N,s €[0,r], daa awbozo p € [1,00] u arboti pynxyuu f € Wo(p)

Collfll < D2 1107 fllo < Call 1l (23.4)

|or|=s
Feau s neyenoe u 0 < s <r, mo
Cillfllp < Al < Coll ]y (23.5)
2de A = (A2,

Joxazameavemeo. Ilpasas gacts (23.4) mosHOCTBIO coBmamaer ¢ (20.2).
s nokasarenbcrBa JeBoil gactu oboznaunm depes Q(x,y) Ampo Mpoek-
topa Qo = P; < Fy. Torna odesunto, ato f(x) = Jg» Q(x,y)f(y)dy, ecan
f € Wy, C ommoit croponsr, |Q(x,y)| < Cn(l 4+ |x &y|)™" ana maroboro
m € N. C npyroii, Q(x,y) = 2"E(2x,2y) < FE(x,y), tne E(x,y) — ampo F,
crenoBarebo 1o Teopeme 21.1 [g. Q(x,y)y*dy = 0 upu |o| < r.
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Ucnonmpsys mevmy 21.4, momyaum, ato Q(z,y) = 35125 agQﬁ(x,y), rie
byHK IR Qs TaKKe VIOBJIETBOPAIOT VCJIOBUAM
|Qp(x,y)| < CL(1 4 |x<y|)™™ nna aroboro m € N. Takum obpasom

f@) = [ Q. fwdy = (=) X [ Qslw.)d Fy)dy.

3]=s

Tak kak sanpa Qp(x,y) ompenensror orpanudenuble omeparopbl B LP(R")
mpu 1 < p < oo (M. mokasaTesbcTBO JTeMMbl 22.1), To neBas gacts (23.4)
JOKa3aHa.

[Iycre s — menenoe m m € Z takoe, uto m < s < m + 1. [lna Qg nmetor
MeCTO [Ba MpefcTaBaeHns (Jo = 3 i5=m Q0 = 2 |Bl=m+1 Q9" xKoTopie
MpUBONAT K paBeHCTBY (Jo = GA®, rme (G — omeparop, KOTOPBIl orpaHUIeH
Bo Bcex L,(R"),1 < p < co. [eficTBUrenpro, onpenennm onepaTop cBEPTKM
U, coorsetcrByfornnii mynpruminkaropy u(€) € D(R™), koropsrit pannaes,
paser 1 npu |£] < 1/2 u pasen 0 npu || > 1. [Iycrs V := I &U. Torna

Qo = Qoll + QoV = X jgjmms1 Qp0° AT UM + Tjg1=, Q0" AT VAS =
= (Cisimmst QoAU + Ljgjo Q0 AT V) A* =1 GA*.

Henpepsisrocts G B LP(R™) cremyer w3 HempepbIBHOCTH OIEPATOPOB
O°A=*U, |B] = m+1,u d°A=*V, |3] = m, 8 LP(R"), KoTOpbIe ABIATOTCA OITe-
paTopamm CBEPTKH, COOTBETCTBYIOIIIMNI MYJIbTHILIAKATOPaM

e u(E), 18l = m + 1w 7l (1 <u(f)), 18] = m, (c TounocTbiO 10
cTenenu ¢). DTW GYHKINW ABIAIOTCA TpeobpasoBanuamu Pypbe mHTErpH-
pyembix GYHKIN, 9TO 3aBepliaeT TOKa3aTeabCcTBO. O

CaencrBue 23.1 Feaul < p < oo u f npunadaearcum Wi(p), mo

C2|flly < 32 107 Flly < C227 1 f 1l (23.6)

|or|=s

npu yeaom s € [0,7].
B obuem cayuae deticmeumenvrozo s € [0, r]

C27||fllp < 1Al < C227 )1 11l (23.7)
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Iloxazameavcmeo. s mokasaTesbcTBa JTOCTATOTHO CIEIaTh 3aMEHY I1epe-
MeHHBIX B (23.4) u (23.5). O

Bamerum, uro npu j € N A® mMoxno samennts B (23.7) na (I <A)*/2,
Acro, aro mpu 1 < p < oo |[A*f|, < C(s,n)|[(I ©A)2f]|,. Hocraroumo
cpaBHuTH npeobpasosamuas Oypre A*f u (I < A)2f. C apyroii croponbi,
(L AP, < Cs,m)ll(T+A) ] mp 1 < p < oo

YrBepxkaenue 23.1 Feauer <s<r, 1 <p<oouféeW;p) duajeN,
mo

Cr2" || flly < L&A fll, < C327)| £, (23.8)

ede C > C1 > 0 — xorcmarnmor.

Hoxazameavemeo. B nokasarenbcTBe HyKIaeTcs TOJBKO cCJaydail
er < s <0, n.x. cayqait 0 < s < r paccmorpen B caencrsue 23.1. 3amena
nepeMeHHol T — 27 CBOIUT TOKA3aTeJhCTBO K CJEIYIONIMM HEPpABEHCTBAM

Cillflly < (el &A) P2 fl, < Cll £, (23.9)

A f € Wo(p) me:=477.
Ilnsg moKasaTelbCcTBa IIpaBoil  YacTH  BOCIHOJB3YEMCS — TOXKIECTBOM
[ = U4V (cm. mokasaresberso Teopembr 23.1). Oneparop (€] <A )*/?

raerca na cymmy (el <A)2U u (el <A)*/?V. Bropoe BbipazKeHnne — 310 olle-

pasia-

parop CBEPTKH, COOTBETCTBY IO MYJIbTHILTHKATOPY
(e+|w]?)*/?(1 eu(w)). Tak kak u(w) = 1 npu |w| < 1/2, cunryasaproctn mnep-
BOIO MHOKHTEJIA B HyJle YHHUTOKAFOTCA 3a c4eT BTOporo. lakum obpasom,
omeparop (el <A)*/?V pasromepno orpanmuen ma LP(R™) npu 1 < p < oo.

It msyaenns neficrsus (el <A)*2U na Wy(p) ncnonbsyem Bocmponsso-
nstee aapo Q(x,y) nommpoctpanctsa Wy. Torma f(x) = [gn Q(, y) f(y)dy
na f € Wo. Omepatop (Jo ABAAETCA CaMOCONPAKEHHBIM H TOXKIECTBO
Qo = 2|5)=r Q0" mpusommT K Q9 = > 18l=r 0°Q)s, te ()5 paBHOMEpHO OTpa-
margensl B LP(R™) mpu 1 < p < oo. Takum obpasom, nveem

(el SAPPUF =3 ((el ©A*U%)Qs,
1Bl=r

u oneparopsl (eI <A)¥2U0° . LP(R™) — LP(R") paBHOMEPHO OTpaHIYeHbI
B LP(R™) mpu |B| =7 > |s| m 0 < e < 1, T.K. COOTBETCTBYIOIINE MYTIHTHILIN-
KaTopb! pasibl (€ + |w|?)*?u(w)w’ (¢ TouHOCTBIO 10 CTEneHN i) 1 COBIAIAIOT
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¢ npeobpaszoBannem Pypbe maTerpupyempix gpynknuii. [Ipasas gacts Hepa-
BeHcTBa (23.9) mokasana.

Mycrs t = <s. Torna f = Eo(f) = Eo(el &) 2 (el <A)*/%f. Oneparops:
Eo(el < A)/? papnomepno orpanmuenst 85 LP(R”) mpu 1 < p < oo, T.K.
COTpAZKeHHbIe K HIM OIlepaTopbl paBHOMepHO orpanmdensr B LP(R™) B cury
teopemnr 20.1. O

Oxapaktepusyem mpoctparctsa Cobosesa W3 (R™) B Tepmunax pasio-
Kernns (23.2).

Teopema 23.2 Feau V;,7 € N, — r-peeyasaprutc KMA 6 Ly(R") u
s € (err), mo ¢gynkyua [ npunadaesncum npocmpancmey Cobosesa
W2 (R"™) mozda u moavko moada, xoeda Po(f) € L*(R™) u ||Q;fll2 = ¢;277*
das 6cex j € N, 2de {¢;}5° € I*(N). Boaee mozo, W3 -rnopma f axeusarenm-
na cymme L2 -ropmw Po(f) u I*(N)-Hopmw nocaedosamenvrocmu €;.

Joxazameavemeo. U3 teopemsr 20.1 cnenyet, arto Vo C W3 (R"). lHostomy
IJIA MOKa3aTeabCTBa JOCTATOYHOCTH HYJKHO MOKa3aTh, 4TO cyMMa (hyHKIIH
q; € W; ¢ ||g;|lz = ¢;277%, tne ¢; € [*(N), npurannesxxur W2 (R"). 3adukcn-
pyeM moJioKuTeabHoe ¢, s Koroporo |s|+2¢ < r. [Ipocrpanctso W, asis-
ercs IMJIbOEPTOBBIM co CKaJIAPHBIM poM3BeIeHneM
(T eA) 2, (IA) ). O6osnaunm yepes ||-||s cOOTBETCTBYIONLYIO HOPMY B
W3. 3amernm, 4T0 (T & APPu (I < AP =
= (I & A)5/2+Eu, (I & A)5/2_5v> < ||t||s2¢|[v]|s—2e-  [ToaTomy
55 g2 < 25 s celllona laullose + 5 112 T yrmepmacrn 23.1 cae-
syer, w10 |l % 272757, o o € feor, 7). Tostony llglloencaellose <
< 06j6k46(j_k). Pan sz<kcjek4_e|j_k| cxomgmTcd, T.K. cBepTKa [l-mociemo-
sarenproctn {4~ V=Y ¢ [nocrenosarenproctsio aBaserca [*-mocienoba-
TeNBHOCTBIO (f1asee HepaBeHCTBO Korum).

Heobxommvocts yenosuit Po(f) € LAH(R™) n ||Q;flls < ¢;277* nna npu-
wanexuoctu f Kk W5 cienyer w3 mocTaTOYHOCTH YCJIOBHR st § = &8 u
coobpazxkenuii npoiicTBerHOCTH. O

CaencrBue 23.2 Feau sr <s<r, f e WJ(R") ug e W;"(R"), mo

(f.9) = (Pof, Pog) + > _(Qif. Qj9), (23.10)
0
npuvem pad 6 npasotli wacmu crodumcs abcoaMHO.
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Joxazameavemeo. Ieiicrsurenvro, ||Q;(f)|lz < 2775 u ||Q;qlls < n;27%,
nostomy (Q;(f), Qi(9)) < €m; w pam Y o €;n; cxonuTcsa abcomoTHO.O

24 IlIpocTpancrBa BecoBa

Ecnm B onpenesiennn 2.8 npocrpancts Becosa nonoxuts ¢; 1= fiy1 & f;, 10

T (24.1)

rne 0%g; < ;2077 npu |a| = m u ||g;|| < ¢;277%. OueBunno, uTo BepHO M
obpartmoe.

Hycrs V;,j € Z — r-perynsapuetiit KMA 8 L*(R"), P; : L*(R") = V; -
OPTOTOHANBHBI TTpoekTOp, Q; = Pji1 & F;.

YrBepxkaenue 24.1 llyemv 0 < s < r u f € LP(R"). Qynxuyua f npu-
nadaesrcum npocmpancmsy Becosa BY(R™) moeda u moavro moeda, xoeda
nocaedosamenvrocmv {27°||Q;(f)llp}ien npunadaesncum (9(N). Boaee mozo,
nopma f 6 B;’q(R”) IKBUBAAEHMHRE cYMMe [T -HopMb 3moli nocaedosamenn-

nocmu u ||[Po(f)|[,-

Iloxazameavcmeo. [ocrarounocts ciemyer ns teopembr 20.1.

Heobxonmmvocts. U3 (24.1) caenyer, ato Q;(f) = Q;(fo) + Xico @i(gk)-
Hna k > 5 |Qi(g)ll, < Cllgkllp, T.K. omeparopsr Q; : LP — LP pasHo-
mepro opanndensl npu 1 < p < oco. Hna k < 7 B cuny 3ameuanuns 21.2
Q; =270 >jal=r R;a)aa. Hostomy ||Q;(gr), < Cex2U=2)k277i  Oxomuares-

HO,

J 00
1Q;i(F)ll, C27 3 2=k 4 ¢ 3 277 < C'¢;27,
k=0 k=j+1
rue € 1= 2~ =9kl npuHaIIekuT [?, Kak cBepTKa [I-mocienoBareb-
Hocru ¢ [-mocienoBarenbrocThio.
[To amamorum ¢ mpoctparcTBamu (CobosieBa ompeneseHne MTPOCTPAHCTB
BecoBa MOXKHO pacmpocTpaHUTh Ha HEMOJIOKUTETbHbIE S.

Onpenenenne 24.1 [lycmo s < 0, |s| < r € N. Bydem 2060pumsv, umo
f € By (R"), ecau PBof € LP(R") u [|Q;fll, < ¢;277°, ede {¢;}32, € I7(N).
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Jlerko Bugers, uto npu s = &8, s >0, I/p+1/p =1, 1/g+1/¢ =1
IBOWCTBEHHOCTD MeX Ty pactipenenenuavn f € B24(R") u mpobubivm byHK-

TuAMHI g € B;:’q/(Rn) onpeaeadaeTca caedyrolnM 06pa30M
<fvg> = <P0f7 P09> + Z<Q]f7 Q]g>
0

o
Ecmu p > 1u g > 1, ro BYY(R") — npoiicrsennoe npocrpancrso kK B, (R”)
u ero ompenenerue He 3apucuT oT Beibopa KMA. Ina p = 1 wm g = 1
He3aBUCHMOCTh onpenenerns or KMA mposepseTcs HemocpencTBEeHHO.
Ncnonbsys yreepxaenne 24.1, HeTpyHO MOKa3aTh, YTO

C"(R") = BIX(R") = (B )"(R"). (24.2)

YrBepxkaeuue 24.2 [lycmv V;,j € Z — r-peeyaspruti KMA 6 L*(R"),
r > s. Toeda f € C*(R™) moeda u moavko moeda, xoeda Pof € L*(R") u
1Q;flloe < C279% das nexomopoti xorcmanmu C.

25 IIpoextopsl I’; n ncesnonuddepeHnyainb-
Hble OIlepPaToOpPbIl

Omnpenenenne 25.1 [lycmo cumson o(x,w) asasemca $ynkyueld om

r € R" u om w € R" (unoeda donoanumesvrno mpebyrom, «mobv

w # 0). Hcesdodupdeperyuarvrmti onepamop (ILHO) T onpedeasemes no-
cpedemeom Gopmanivro2o npasuaa

T(e™) = o(x,w)e. (25.1)
Omnpenenenue 25.2 Kaace Xepmarndepa 5275 onpedeasemes Ycaosuem
92020 (2,0)] < Clay B)(1 + w])H1-51], (25.2)
ede caywati p = § = 1 uckarowaemes us pacemomperus.

[Iponssospras dpyrrmma us S(R™) pasna f(x) = WfRn e”""f(w)dw,
HMOATOMY I JnHeliHoro T mosydaeMm, 9To
1

/ ) e”""a(:z;,w)f(w)dw. (25.3)
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®opmyita (25.3) mmeer embies g o(x,w) € L2(R" x R").

ycts V;,j € Z, — r-perynspusriit KMA 8 L*(R"), ¢ — oproronanbHas
macurrabupytomas dbyrkmus, P; @ L*(R™) — V; — oproronaabHbIe TPOEKTO-
pBI.

YrBepxkaenue 25.1 Cumeon npoexmopa P; pasen o(2/x,279w), 2de

o(z,w) =Y ™G (w 4 2km)p(w). (25.4)
keZn

Joxazameavemeo. llyers o(x,w) cumson Py. Jlerko Bumers, 910 ms JTto-
6oro a € R" o(x & a,w) aBusercs cumBonoMm oneparopa R,PoR;', tme
R.f(x) := f(x &a). Tak kak omnepatop Py KOMMYTHPYET €O CIBUTAMU
Ry, k € Z™, ero cumBon o(x,w) asngerca Z"-nepnonndeckoii yHKIMER 10
z. BameruM, 910 Y pegn €7F TG (w + 2kT) = Y jegn e (2 + 1) 1k

f[Ovl]" G_ZMk'x(ZleZn e_w'(gc-l_l)@(:l? +1))dx =
— fRn e—27rik~xe—iw~xgo(x)dx _ @(w n 27Tk)
Takum obpasom (25.4) mepenuchiBaeTcs B BUIE
ez

st JIOKa3aTeIbCTBa (25.5) BOCIIOJIb3YEMCS TOZK IECTBOM
Fo(e™) = o(x,w)e™™. Tak xax Ey(z,y) := > ez plz ©k)p(y k), To

= Yrez (e ©h)e G (w)e ™ = oz, w)e ™.

a

Tak xKak TpoOU3BOMIHBIE ( TOPAIKA HEBBINIE ' OBICTPO yOBIBAIOT, TO
92000 (2,w)] < C(a), (25.6)

s moboro o € N™ u mmoboro 3 € N |5 < r.

Uccnenyem xKakume cBoiicTBa cuMBoia o, w) caenyoT n3 TeopeMsr 21.1.
Borancanm Po(x®), nenonbsysa (25.3). g storo mpubausmm % GyHK-
muaMu w3 Kaacca IllBapna. Pacemorpum s soboro € > 0 pyHKIMIO
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f(x) = x*e~*P | npeobpasosamme @ypne kotopoii pasmo i1%19%g.(w), rme
ge(w) 1= (m /€)™ ?e 11 /4 Torna
el ,
Bofia) = o [ e ot w)de

WNuTerpupys mo gactsam, umeem

(@)Ial
(2m)"
Tak kax aapo F(x,y)oneparopa Fyects O(|rsy|™™ ) ra beckoHedHOCTH LTA

jgoboro  m € N, mo Teopeme Jlebera momygaem, — 9TO
Po(x®) = limeyo Po(fo)(x). lepexons k npeneny B (25.7), nmeem

Pof.(z) = / 0% (67 o (2, w))ge (w) dw. (25.7)

e = (e)lP1o2 ("o (x,w))|wmo. (25.8)

Pasercrso (25.8) Bbimosneno mns mobbix o € N ¢ |of < r. [oaromy
o(x,0)=1mu d%0(x,w)|w=0 =0 npu 1
YautsBag (25.4), nmeem o(x,0)

la] <.

Yiezn €7F7G(0 4 2km)p(0) = 1,

A

OTKyHa cjenyeT, 4To

G(2km) =0 Vk #0. (25.9)

Mo wanykumm nonyunm, ato (0°@)(2kn) =0 Vk#0, |of <r.

Tak xak @(x) < Cun(l + |z|)™ mna moboro m € N, 10 pan
S kezn |@(w + 2km)|* m Bce ero mponmsBogHBIE PABHOMEPHO CXOMATC Ha KOM-
naktax. U3 reopemy 9.1 crenyer

YT1BepxkaeHue 25.2
|P(wW)> =14+ O(|w|*?) npu |w| — 0. (25.10)

Bcerma MoxkHO CKOPPEKTHPOBATH (0 TAKUM 00pa3oM, ITOOBI CKOPPEKTH-
poBaHHadA (PYHKINA O yIOBIETBOPATA YCIOBUIM

/ﬁa(m)dl' =1 m /nw%(x)dx =0, (25.11)

mpu 1 < Ja| < 7, coxpaHss mOpu 3TOM CBOWCTBO OPTOTOHAILHOCTH
{@(- &k)}rez m ObicTporo yobIBaHNA Ha OECKOHETHOCTH MPOM3BOIHBIX O%Q
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mpu |of < r. s sroro ymMHOXKUM cHavdala @ Ha KOHCTAHTY, MO MOIY-
JIIO paBHYyIO 1, IJig TOTO, 9TOOBI c,AB(O) = 1. [Hasee, mycrts a(w) — apry-
ment P(w) B okpectroctn 0, Te. @(w) = |Pp(w)]e®™@ mna |w| < 8, roe
a(0) = 0 n a(w) Geckoreurno nuddepentupyemas GyHKINA Ha |w| < 4.
[lycts nmeiicrButenvras, Geckonedno muddepenunpyemasn bynkuns ((w)
ABJIAETCH 2T-MEPUOINIECKIM TIpoiosKenreM o(w) xHa R”. Onpenennm c,%(w)

o~

kax e~ @G (w). Torna p(w) = |@(w)| B oxpectrocTn 0 1 BhMOHEHO (25.11).

YrBepxkaenue 25.3 Benaecku ¢y, ...,0,, q:= 2" &1, onpedeaennvie 6
meopeme 19.3 ydosaemeoparom ycao6uim

/ ey (e)de = 0, (25.12)
R’ﬂ
s la| <rul<l<q.

Iloxazameavcmeo. [Mycts  p(w) = mo(w/2)p(w/2),
;E(w) = my(w/2)p(w/2), tme m; — Geckoredrno nuddepentupyempbre 27w Z"-
nepuogudeckne GpyHKIUA. AHAJOIMYHO OJHOMEPHOMY CJIydaro JOKa3bIBa-
ercs, uto |mo(w)|* + [mi(w)]* + -+ + |my(w)]* = 1, orkyna caemyer, uto
P + [Yr(@)? + -+ + [hy(w)? = [2(w/2)]>. U5 (25.10) crenyer, uto
;Zl(w) = O(Jw|t),1 <1 < ¢q. Tak xak 1 6bicTpo yOBIBAIOT Ha GECKOHEU-
HOCTH, WX mpeodbpasoBarme Pypbe Oeckoneuro nuddeperupyemo. 3HATUT
0%Yy(w) =0mprn w=0mu1<1[<gq, orkyna crenyer (25.12).

IIpumep. Ilpumenum (25.4) k KMA Meiiepa (cm. maparpad 14). Tak
kak supp pM = [&47 /3,47 /3], To B (25.4) Beero TPU HepaBHBIX HYJIO HieHa

olt,w) = U G(w ©2m)p(w) + (3(@)’ + ¥ Ew + 2m)p(w).  (25.13)

[Iycts S; — omeparop CBEPTKHW, COOTBETCTBYIOUINH MYyJIbTUILIAKATOPY
(¢(277w))% O6osmaumm n(w) = P(we2T)P(w) 1 O(w) = G(w+271)P(w). -
HO, uTO suppn = [27/3,47 /3], n(2rw) = n(w), supp b = [&Ar /3, <27/3],
0(<21 Sw) = O(w). ycrs AT uw AT — omeparopsl CBEpTKH, COOTBETCTBY-
fotie My abTuIIIKaTopaM 1n(277w) n #(27/w) coorserctienno. Ilycrs M;
— OIepaTop MOTOYEYHOTro yMHOMKeHus Ha ¢! U3 (25.13) crnenyer, [ro
npoekTopbl KMA Meiiepa nmeior Bu

P =5+ M;A7 + M7 TAY (25.14)
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26 BcnieckoBas XapakTepus3alud
npoctpaHcTB l'enpnepa C°, CobosieBa Wy
u becosa B

BcemmeckoBbre psmbl 06/1aIa0T CAETYIONIIMEI TTPEMMY IIIECTBAMI:

- BCILTECKU, JIOKAJIM30BAHHBIE B 00JIACTH PETYIIAPHOCTU (PYHKITUU, TMEIOT
npeHebpeR MO MaJieHbKIe K03 (D PUINEHThI, a BCIIECKH, JIOKAJIN30BAHHbIE
OKOJIO OcobeHHOCTell (PyHKINHI, HaobopoT MMeIoT 6oJblime Ko ] uIueHTh
(T2 0COGEHHOCTH BBIpajKeHa TeM Apde, deM OOJbllle HYJIEBBIX MOMEHTOB Y
BCILJIECKA);

-BCILJIECKOBBIE K03 (DUIUEHTHI TTO3BOIATOT BBITUCIATH, C TOTHOCTHIO 0
9KBUBAJEHTHOCTH, HOPMY (DYHKIIUH B OOJIBUINHCTBE (PYHKITMOHATHHBIX TTPO-
CTPAHCTB.

[IycTo {;/)1}1225 '~ pyuxumm, onpenenenmbie B Teopeme 19.3. Muoromep-
HBIII BCILJIECKOBBIA pAN MMeeT BUIL,

flx) =Y (f.n)ida(a), (26.1)

AEA

e A = {A = (Ljk) : 1 < I < 2" 1Lk € 7ty € 17},
77/)/\(1') = 2nj/2¢l(2j$ <:>k)

B npocrpanctax, ormunbix or L*(R™), nucmonpsosanme (26.1) GpiBaer
sarpyaauTensubiM. Hampuwmep, 8 L(R™) nna f = 1 (26.1) npespamaercs
B 1 = 0. /IBoiicTBennnrii npumep: mycts f € D(R™) u [gn f(x)dx = 1. Tak
Kak [gn ¥i(2)dz =0, o pan (26.1) me cxomurea 8 L' (R™).

[Tosromy BMecTo (26.1) ymobHee MoMB30BATHCA PAIOM TIO CIBATAM MaC-
mrTabupyomeit GpyHEKINT (0 U BCIIECKaM, cKaThiM B 2/ pas ¢ j > 0 :

f(l‘) = Z <f7 9907k>9907k(x) + Z <f7 77/)/\>77/)/\($), (262)

kcZn AEU oA,

tne Aj:={A=(,5,k): 1<I<2"&1,keZ"}.

Psan (26.2) xopouio mpencraBiager GyHKINK U3 TPOCTPAHCTB, KOTOPbIE
XapaKTepu3yoTCda HEKOTOPBIM JIOKAIhHBIM yCJIOBAEM I HEKOTOPHIM 100 Ih-
HBIM YCJIOBHEM POCTa Ha GECKOHEYHOCTH.

[Iponnmoctpupyem mcnosnszoparme (26.1) w (26.2) wa nmpumepe mpoct-
parcts Cobonesa Wy (R™) (Onpenenenne 2.6), 'enpnepa C*(R") (Onpene-
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nenne 2.9) n Becosa B (Ompenenenne 2.8). Bymem paccMarpuBarh BCILTe-
cku, monyderubie u3 r-peryaaproro KMA. [Ipu sTom mopanok pacrpemnese-
HU, I8 KOTOPOTO BBIUUCIAIOTCH KO3(M(DUIUEHTHI, TPEIIOIaracTCsi CTPOTO
MeHbIIM 7. PaBerHcTBo (26.1) mormMaercs Kak paBEeHCTBO WHTETPAJIOB OT
obenx dacTeil paBeHCTBA, YMHOKeHHBIX Ha dyHKmo n3 C"(R™) ¢ KommakT-
HBIM HOCHUTEJIEM.

Teopema 26.1 Pacnpedeaerue [ npunadaencum W3(R"™) ¢ s € (&r,r) mo-
eda u moavko mozda, xozda ecnaeckosve kodphuyuenmu, a(X) = (f, )
Y006.AEME0PAIOM. YCAOGUAM

SN WP+ S AN < . (26.3)

J<OAEA; >0 AEA;

Qyrrxyua | npunadaencum C*(R"™) ¢ s € (0,1) moeda u moavko moada,
koeda cyuwecmsyrom dee xoncmanwmu Cy u Cy, maxue, 4mo xoadduuuernmot
Bk) == (f,pok), k € Z", u a(X) := (f,02), A € Aj, 5 > 0, ydosaemsoparom
yeaosuam |B(k)| < Co, la(N)| < C2779/22708,

loxazameavcmeo. B caydae npoctpancts CobGosteBa Teopema ciemayer
U3 TeopeMbl 23.2 M TOro, 4To {)}rea; — OpTOHOpMUpPOBaHHbIL Gasuc B W,
nosromy [|Q; fI[3 = e, (/1 02)]*

s mpoctpancTs [ebaepa pesyabTar clenyeT n3 yrBepKaeHns 24.2 u
Toro, uT0 || flloo  supyea, [(f, )| 2xBuBanentnr na Wy. HeficTurensuo,
bl < Al e = Cliflle m supres, Wis(@)] < €5 ey (19.1),
orkyna |f(z)| < C"supyen, [(f,¥2)]- O

3ameuanue 26.1 [Ipocmparncmeo C° Heav3s orapaxmepuszosamy, ucnoab-
3YA moavko Modyau kospduyuenmos pada (26.1). Dmo ceasano ¢ neso3-
MOAHCHOCTIBIO oxapakmepusosams makum cnocobom L°(R™).  Hanpumep,
npu x € R modyau xospduyuenmos scnaeckos Metiepa (cm.(14.1)) Oas
log |z u das x/|x| acumnmomuuecku cosnadarom. HDmo ceazano ¢ mem,
ymo npeobpazosanue uavbepma H omobpasicaem x/|x| 6 log|z|, a ecnae-
cru Metiepa 0, npeobpasyiomea 6 co6epuLenno anaiozuynie 6Cnaecku 772)%,

ede PM (1) = (HYM)(1) = 37 Jpsin((t ©1/2)€) sgn(€) sin (M(€)) dé.

Bameuanue 26.2 [Ipocmpancmeo Coboacsa W, mooicro oxapaxmepuso-
samv npu nomowu pada (26.2): f € Wy er < s < r moeda u moavko
moeda, k0200 ez |B(F)]? < 00 u s 2heA, 475 a(N)|* < oo.
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Aeao 6 mom, wmo Yoeq |B(K)1P = 00 Coen, (NP < oo, mar wax Vg
- npamas cymma npocmpancme Wi, j < 0.

Ananornuno nemme 20.1 moxassiBaeTcA

YrBepxkaeuue 26.1 llyemv p € [l,00]. Cywecmeyiom xoncmarmo
o> C > 0, makue, wmo das 0600  KoneuHOT  CYMMbL

[(@) = Zaea, a(A)ha(z) € W

Ol < 279G 3 a7 < O £l

AEA,
Us yrBepxnennit 24.1 u 26.1 cnemyer

Teopema 26.2 Qynryus

fla)= 32 Blh)p(x k) + 3 > a(Ma(z)

keZnr 720 AEA;

npunadaexcum By? mozda u moavko moeda, xoeda {B(k)}rezn € IP(Z") u

(Taen, laN)P)V? = 279G 027054, e {a;}jen € 14(N).

27 BcmuteckoBas XapakTepu3arysi
npocrpaucts H'(R") u BMO

[yctn {;/)1}12;5 ' - Bemmecknm, ompemenenmbie B Teopeme 19.3, r > 1,
A= { = (Lpk) : 1 <1 < 2"s1, k € 2, 5 € 17},
77/)/\(1') = 2nj/2¢l(2j$ <:>k)

Teopema 27.1 Benaecku {0y }aen 06pasyrom 6esycaosnwll 6azuc 6 ceuye-
cmeennom xaacce Xapdu H'(R™).

Crema doxasamesvemeso. CHadama paccMOTPUM BCILTECKH € KOMITAKT-
HbIM HOCHTeseM.  He orpanmumBas OOHUIHOCTM MOXKHO CYATATh, 9TO
Jope [i(@)[Pde £ 0, 1 < 1 < 2" (91010 BCerna MOKHO JIOOHTBCH 3a CHer
coorBercTBYIolIero casura). Torma cyuecTByior Koncrantsl ¢ > 0, v > 0 u
Kyosr A; C [0,1)", takwe, ato |[¢(x)| > ¢, ecim & € A, m | Ay > 7.
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Ecou A = (1, 5,k), 1 <1 <2"&1,k € Z",5 € Z, 10 110 onpemeenuio
QAN = QU,k) == {= € R* : 2r &k € [0,1)"} wu
R\ :={z e R": 2z &kec A}l

[Mycts f(x) = 3yep @(A)a(x). YTBepXKIEHNE TEOPEMBI CIIEIYET U3 TOTO,
910 || f|[ 1 (mn) PKBUBATEHTHA CTETYIONIAM BeTMTIHAM:

1 TP o (@) P21 ey (27.1)

AEA
1O~ [ PIQM ™ krpy ()2l 1t (revy; (27.2)
AEA
13 1) PFIQN ™ rouy (@) 2l o (re- (27.3)
AEA

Bmeck |e| - mepa Jlebera MHOKecTBa €.
B nokasaresnbcrse ucnosbsyercs aromaphoe onucanne H'(R™).

Omnpenenenne 27.1 Amomom 6 H'(R"™) naswearom dyrwuyuwo a(x) us
L*(R"), das xomopoti cywecmeyem wap B C R"™ maxoti, wmo 6wnoare-
Hb mpu ceoticmea

a(x) =0, ecau x & B; (27.4)
lall> < BT (27.5)

/B a(x)dx = 0. (27.6)

Teopema 27.2 [CW] Qynxyua [ € LY(R™) npunadaescum H'(R™) mozada
u moavko mozda, ko2da cyuecmeyem nocaedosamesbHOCMb amomos a;(x)
U NOCAEJOBAMEADPHOCTID YUCEA Nj MAKUE, 4MO

i::|)\j| <oo  u  flx)= i::)\jaj(x). (27.7)

OkasbBaeTcs BO3MOKHBIM CIPYIIIMPOBATh HJIEHBbI BCILJIECKOBOTO psia
f(x) = Yhea@(A)¥a(x) Tax, 9TO HaCTHBIE CYMMBI 3 )\ep (1m0 (A)PA(T),
tne {A(l,m,r)} — nusbloHKTHOE pasbuenme A, obpasyfor aroMapHoe Mpeil-
crasyerne f. Muoxectsa A(l,m,r) onpenensrorcs CAEIYIONMM 0OPa3OM.
Hycts oy(z) = (Cgea |a(l,Q)|2|Q|_1/<;R(17Q)(:1;))1/2, rue ) - COBOKYIIHOCTH
Bcex mBomuHBIX KyboB, o(l,Q) = o(l,j,k) oma Q@ = Q. k),
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R(1,Q) := R(l,j,k). Uycts E(l,m) :={x : oy(x) > 2™}, m € Z. fcno,

4T0
ZQWEhnMQ/ il (27.8)
meZ

O6osnaanm gepes (1, m) COBOKYITHOCTh IBOMIHBIX KYOOB (), NI KOTOPBIX

|Q N E(l,m)| > B|Q|, tne 8 € (0,7) — dukcuposannas mocrosurasi. [lycrs

{A(l,m,r)}, — COBOKYITHOCTH BCEX MaKCHMAJbHBIX MO BKJIIOUEHNIO KyOOB B

Q(l,m). Jlerko Bumets, uTO

|UA@mmﬂ<%E@mN (27.9)

Hakonen, A(l,m,r) cocront u3z tex A = (l,7,k) € A, mag Koropbix
QN) € QUmN\Q,m+1) mw Q(A) C A(l,m,r). Herpynso nokasars, 91o
1
a(M)]? < ——4"THA(l,m, 7). 27.10
S () € — A A (27.10)

AeA(lym,r)

lycrs — b(l,m,r) = AL, ) A senmn [N P2,
a(A) == (b(l,m,r))ta(N) nna A € A(l,m,r) u &(\) := 0 B IpoTUBHOM CJIy-
qae. U3 (27.9),(27.10) u (27.8) cnenyet, uro nis moboro [, 1 <[ < 2" &1,

ZmEZ Zr b(l,m,r) S WZmEZ 2m| Ur A(l,m,r)| S
(27.11)
< G Lmez 27 [ E(Lm)| < go=gm ol

Tak Kak MBI IOKa paccMaTpuBaeM BCILIECKH ¢ KOMIAKTHBIM HOCHTEJEM,
to cymectsyer d € N Takoe, aro suppy C dQ(XN), rme d@) obosmadaer
KyO ¢ TeM XKe TeHTpoM u B d-pas Oosibimeii, weMm y () IJIWHON CTOPOHBHI.
Oyuxumn a(l,m,r,x) = d="/? ConeA(lmy) M(A)Ua(z) ABAAOTCA aToMaMu B
HY(R™). HeiictBurensro, supp a(l,m,r,z) C dQ(l,m,r) u ||la(l,m,r, )]s <
< d_”/z(ZAeA(LmM |&(N)2)Y2 < 1dQ(1,m, )| =" /2. TosTomy psm, onpenes-
ot a(l,m,r, z), cxomurca B8 L'(R"™) n mounennoe mHTETpHpOBaHUE ITaeT
nocJeHee CBOTCTBO atoMa [ga a(l,m,r,x)dx = 0 B cumy (25.12).

Takum obpasoM, ToKazaHo, 9TO U3 KOHETHOCTH (27.2) clenyeT BO3MOK-
HOCTH aTOMapHOTO TIpefcTaBaeHns GpYHKIANA f.

[lokazkem, 4TO M3 aroMapHOTO MpeicTaBIeHus [ ClemyeT WHTerpupye-

mocth ynkmmm Sf(x) = (Taea [, )2 [¥a()[2)/2. dcro, uto mnsa »ro-
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ro JOCTATOYHO TTPOBEPUTH BBIMOJHEHHWE HTOrO CBOHCTBA /1A MPOM3BOJIHHO-
ro aroma B H'(R"). Ilycts f — arom, B — cooTBeTcTByommii map ¢ HeH-
TpoM B T m pammycom r > 0. Ilycte €' — Hekoropas KoHCTaHTa, 3Hade-
HUe KoTopoii Oyner onpenesneHo aHuzxke. Paszobbem R™ Ha meHTpaspHbIl map
B = {x : |z &z < Cr} u mgpoumumsie 06OIOUKH
R, = {z : 2"Cr < |v & < 2""Cr}, m € N. Torma
Jre Sf(x)de = [5Sf(x)dx + 35 [g,, Sf(x)dx. lepsbrit unterpan onemn-

BaeTcs TPHU TOMOIIN HepaBeHcTBa Kotm
/~ Sf(e)de <|BIY||Sflla = C2|BIY|f)l: < C72.
B

s oleHKM oCTaTbHBIX WHTErpaoB 3ameTnM, 91o (f, 1)) = 0, ecam dQ(A)
He mepecekaercsa ¢ B. ObosuHaunm gepes A™ cOBOKYITHOCTD TeX A, ILJIs KOTO-
pbix dQ () mepecekaercsa Kak ¢ B, tak n ¢ R,,. Eciu xoncranta C' mocra-
TOYHO OoJsIblIasA, To cyuecTByer ¢ > () Takoe, urto 3 A € A™ cienyer Hepa-
BercTBO 277 > er2™ rhe 270 — mamma croponbl Kyba Q(A). s perymaproctn
BCILIECKOB 1\ 1 TOTO, UTO [gn f(2)dz = 0, cenyer, uto |(f,y)| < C279/220y,
Hostomy mpu « € R, Sf(x) < C27mntl)p=n y s Ir, Sf(x)dr < oo,

Ecnu Bemneckn #e mMeroT KOMITAKTHOTO HOCUTEJIS, TO BMECTO aTOMapHOi
xapaxtepusamun H'(R™) ucnonbsyercs MosexkyaspHas.

Onpenenenune 27.2 [lyecmov s > n. Moaexyaot ¢ uenmpom 6 xog u wupu-
Hoti d > 0 wnaswearom ¢ynrxuyuro f, ydosaemeopaouyo mpem ycaosuim:

Jan F(@)da = 0, fe [F(2) E(1 4 [a])*dar < o0 u

2 |z S0l ’ i —n/2
(/Rn|f(w)l (1+T) dx) <dn,

Herpynro mpoBeputhb, uro B Teopeme 27.2 aToMbl MOKHO 3aMEHUTb Ha MO-
JIEK Y JTBL.

B cay4ae BCIiecKoB ¢ HEKOMIAKTHBIM HOCHTETEM paHee ollpelesieHHbIe
bynxmun a(l,m,r,z) = d="/? ConeA(lmy) M(A)Pa(z), e Bymyun aromamm,
ABJAIOTCA MOJIEKyTaMu. O

[IpocrparctBo BMO(R"™) asnsercsa conpsaxennbim k H'(R™).

Teopema 27.3 FEcau f(x) npunadaexcum BMO(R™), mo scnaeckoswie xo-
appuyuenmu a(X) 1= (f, 1)) ydosaemesoparom yeaosuro Kapaecona

> laP <0lQ (27.12)

Q(N)CQ
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das arwbozo dsounrozo xkyba ().

O6pamno, ecau kospduyuenmu, (), A € A, ydosaemesoparom (27.12),
mo pad Y rea a(A)r(z) cxodumen 6 caaboti monoaoeuu o( BMO, H') x dynx-
yuu uz BMO.

Iloxazameavcmeo. s ypoleHns BIKIaI0K MPeaNoiaraeM, 9To BCILIe-
cku Y, 1 < [ < 2" &1, uMmeror KOMIakTHBI HOcuTenb. Qbumit cirygait
paccMaTpuBaeTCA aHAJTOTUIHO.

Heobxonmmocts. Ilyers supp ¢y C dQ(A) (obosnadenus cM. Ha c. 7H).
Badurcnpyem mpomsBosibHBIH mBomdHbiii KyO (). llpencrasum f € BMO
s owne f = fi + fo+ fag, tne fag = gy lug f(2)dz, filz) = f(x) & fag
mpu & € dQ u fi(z) = 0 nmpu « ¢ dQ. fcuo, aro (fr,¢\) = 0, ecan
Q@A) C Q. Yaureaa (25.12), nomyaaem, qro (f,¢\) = (fi,¢)) npm
Q(N) C Q. TlosTomy

- o < X [ b)) = AL < I fllBaol QL.

QN)CQ AEA

Hocrarognocts. [lycts Boimonteno ycaosue (27.12). Pacemorpuwm mmap
B pammyca r ¢ nenatpom B zg. Bwibepem ¢ € Z tak, urober 27! < r <
279! Jlerko BumeTh, uTo mpm j > q u3s toro, uro dQ(A) N B # () m nounra
cropousr Q(A) pasna 277, caemyer, uto Q(\) C M B, rne komcranta M
saBucuT TosbKO oT d. [lyers Ayq :={A = ([,j,k) € A: 7> ¢q, Q) C
MB}7 A1,2 = {)‘ = (lv.]vk) €A .] > q, A € Al,l}? fl,l = Z/\EA1,1 Oé()\)@/)/\,
Ji2 7= Zaeas, a(A)y. Torna dyukmus fi, pasra Hymo Ha B, a nma fi,
teent omeny ||falll < Sopens (W < C|B.

Paccvotrpum 5 < ¢. Hus kaxmoro takoro j Toabko M"™ BCIIECKOB )y,
¢ agmHoit croporsr () paBHoil 27/, He paBHBI HyJIIO TOXACCTBEHHO Ha .
s Kakaoro  Takoro BCILIECKa B CHUTy (19.11) nMeem
lha(z) & hy(zo)] < C22%7%z & x|, Us (27.12) cremyer, wuTo
la(N)] < ClQ(M)|Y? = €27"9/2, W3 Beero cKasaHHOIO TIOTyYaeM, 4TO HpH
reB

| Z{/\:(l,j,k)eA:qu} a(A)a() <:>Z{A:(1,j,k)eA:qu} a(A)a(zo)] <
<OCM" Y, ., 2z &aol = CM™2x Sxo| < 20M™.

7<q

77



28 BcnieckoBas XapakTepus3alud
npocrpancts L'(R") m W7 (R")

[Mycts 9y, A € A — Bcrumecku, mocTpoeHHBbIE Ha OCHOBe r-peryisproro KMA
mpu momornn Teopembl 19.3, v > 1. Ucmompsyembie B masbHeliniem obosna-
YeHUs ompelnesienbl Ha c. (4.

Teopema 28.1 [llyemwv 1 < p < 0o. Benaeckosuilt pad Y yep o(A)a () npu-

Hadaerrcum LP(R") mozda u MOABKO mozda, kozda
1 aen la) Plea()*) 2], < co.  Kpome mozo,  nopma
I aen la(N) Ploa() )2, IREUGLAEHTIHA Hopve

I(Xrea laOPIQ)I Koy () lp-

Joxazameavemeo. Ilycrs € := {€(A) = £1} en — TpoUsBoIbHAA paccTa-
HoBKa 3HakoB. Qupemenum nureitnbiii oneparop T, : L*(R") — L*(R™), no-
naras Topy = €(A)y. Jlerko Buners, aro onepatopst 1, ABIATOTCH OMEPATO-
pamu  Kamnpuepona-Burmyrna — (ompemenenuwe  2.5) ¢ AapaMn

K.(2,y) = Saea cN)a(MN)ba(2)d,(y), yaosrersopsiommvu B caty (19.11)
onerkaM |K.(z,y)| < Cle ©y|™ u

0K,
‘ < Cle <y

al']‘

N ‘ 0K,
dy;

paBHOMEpHO 110 €. B cuty Teopembr 2.1 onepatopsr 1, paBHOMEPHO OrpaHnde-
uel B LP(R™). Teneps mepBoe yTBEpK IE€HNE TEOPEMBI CIIEIyeT U3 HEPABEHCTB
XUHYTHA.

Bropoe yTBepkieHme ciemyer W3 TOro, 4TO JIMHEHBI omepaTop
U : L}R") = L[*R"), onpenensemsiii pasenctsamu U(PH) = 4y,
1 <1 < 2" rme yH — mMHOrOMepHBIE BeITecKnm Xaapa, ABIATCA M30MOp-
busmom B LP(R™). [eficrsurensro, U — nzomopdusm nsormuroro H'(R") u
obbraroro H'(R"™) (mBomunoe H'(R™) cocromt m3 dyHKImil, momyckarmommx
aToMapHOe IMpecTaBJIeHre 10 aTOMaM ¢ HOCHTE/IsIMU, PaBHBIME IBOMUHBIM
Kybam, cM. Teopemy 27.1). OueBmmno, uro U — nsomerpus B L*(R™). Ocra-
eTcst BOCIOJIb30BaThCA uHTepnoasiueii mesxxny H' u L? (cm. [FS]). O

78



Teopewma 28.2 [lyemv 1 < p < oo u 0 < s < r. Benaeckoswii pad
2oaea a(A)a(z) npunadaestcum W2 (R™) moeda u moavro moeda, woada

AEA

1/2
(Z la( M) (1 + 4]’5)27”@0)(1;)) c LP(R"). (28.1)
<

Eeau &r < s
moavko moezda, xozda

0, mo ecnaeckoswii pad npuradaexcum W7 (R™) mozda u

1/2
(Z la(N)]3(1 + 4—15)—12@@(”(1;)) c LP(R"). (28.2)

AEA

Crema doxaszameavemea. Craagana paccMoTpuM Bemteckn Meidtepa. [l
Hux npeobpasosanne Oypbe ¥ PaBHO HYJO B OKPECTHOCTU HYJA U UMeer
KoMnakTHbIH Hocutesb. I[losromy mis moboro v € R moxHO onpenenuts
bynximmm ) = (SA) 2y, toe A = %4— %—I—- S %. fAcno, aro ¢, (§) =
|§|W;Zl(§) Onpenemum o) (x) 1= 2%/2) (21 ¢ k), toe A = (I, J, k). Paccamo-
TpUM JnHeitHble omepatopsbl ., onpenensembie Gopmymavu Do (1)) = ).
s moboro v € R oneparopsr D., aBasorces usomopbusmamu B LP(R™).
Herno B Tom, uto ¥y, A € A, obpasytor 6asuc Pucca B L*(R"), orkyna cie-
nyer, uro D, — mzomopdusm B L?*(R™). Kpome Toro, sanpo omeparopa D,
paBHO Y \eca V1 (7)Y, (y) W ynoBaeTBOpsAeT TpeGoBaHWAM OTpeneTeHus 2.5.
Buraqnt mo Teopeme 2.1 D., — HempepwiBHbIil onepatop B LP(R™). O6parHbrii
orepaTop MCCIEYETCH aHAJOHIHO.

Hopwma f B mpocrpancrse W) (R") sxsusanentra || f||, + (A2 f]],.
Hosromy ma omenxkm W2 (R™)-mopmbl pama 3yep (A)a(x) meobxommmo
perancauts LP(R™)-nopmy (A)725 ch a(MNa(z) = Saea a(X)27°93 ().
Ocraercs ucnonpsosarh mwsomopdusm D, 8 LP(R™) u Teopemy 28.1.

B obmem cayuae r-peryisproro KMA nokaswsiBaercs, 4to yHKIUH
(@A)_S/zg/n, 1 <[ < 2" mMeroT HyJIeBOE CpellHee W BMECTe CO BCEMU TPO-

|7"7"*#) na GeckoneuHoCTH.

W3BOMHBIME TopsanKa < r uMmeioT mopanok O(|x
Ananornuno, Gynxmun (<A) %), 1 < 1 < 27, npunaniexar kiaccy Lesn-
nepa H"*, y6piBator na 6eckoneunoctu kak O(|z|~"7 ) u umeror mymneBoe
cpenHee. DTHU CBOCTBa MO3BOJIAIOT MOBTOPHUTH PacCy KIEHN s, UCTTOTb30BaH-
HBle 11715 BeiteckoB Meiiepa.

YrBepxmenue teopeMbl g s < () mosrydaercs mo nBoiicTBeHHOCTH.
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Caencrsue 28.1 Pad

fla) =3 Blk)p(z <k) + > a(A)n(x) (28.3)

KEZn (A=(lgk)eA, j>0}

npunadaescum WI(R"), 1 < p < oo,[s| < r, moada u moavro moeda, xoeda

{8(k)}rezn € IM(Z7) u

1/2
( > 2“]’4]’5|a(A)|2/<;Q(A)(x)) € LP(R"). (28.4)
(A=(L3,

k)eA, j>0}

29 Ilepumonundeckue BCILJIECKH

Ha ocroBe BcmmeckoBoro H6asuca Ha MPAMOl MOKHO TIOCTPOUTH BCILIECKOBBIIT
basuc Ha orpeske [0, 1].

Hycrs {V;}jez — r-perynapusrit KMA B Ly(R),r > 1, V™ — sambIkanme
Vi B cnaboit tomonorun o(L>, L'). Ilycrs T; nonmpoctpancTBo (yHKImT 13
V>, umeromux nepuop 1.

JIemma 29.1 Eecau 3 < 0, mo T; coenadarom u cocmoam moavko us no-
cmoannux gynrkyul. Eeau 3 > 0, mo pazmeprocmo T pasna 2.

Joxazameavcmeo. 3amernm, 9T0 KOHCTAHTBI IPUHAIIEKAT BeeM Vi, Tak
Kak Y pez ¢(t k) = 1. llocnennee cienyer us (25.9), tak Kak

1
/_ S (t ek)e™ dt = /R p(t)e=2 dt = 3(2n1) = 8.

Liez

Tak xax V> C V%, To mepBoe yTBep KIeHNe JTeMMbI OyTeT TOKa3aHo, eciin
mobas ¢yuxnus [ € Ty sasngercsa koHcrantoit. [leiictBurenpro, ecau f
l-nepnommuna, TO OCJIEI0BATETHHOCTD ko3 punmerToB
cr = [Jp f(t)p(t ©k)dt mocrosnna, a snaunt u f(1) = Y ez arp(t Sk)
paBHa KOHCTaHTe.

IIycrs 7 > 0. Torma mobas dynknua [ € 1) umeer Bumg
ft) =2 ap(27t &k), tae ¢, = 27 [g f(t)p(27t & k) dt. Us nepuomm-
HOCTHU [ CIIEYET, 9TO Cpyq = ¢x. OUeBUIHO, 9TO BepHO W 0bparHoe. Takum
obpasom, pasmeprocTs T pasma 27.0
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JIemma 29.2 Obsedunerue T, j > 0, nnomno 6 baraxrosom npocmparcmee
HENPEPUEHHT Ha deticmeumenvroli ocu nepuoduveckur ¢ nepuodom 1 Gyrx-
yud.

Joxasameavcmeo. Oproromanbuerii mpoextop P; : L*(R) — V; onpemne-
JISAETCA dbopmyramu P;f(t) = R Ej(t,s)f(s)ds, rue
Ei(t,s) == 2E(2¢,2s) n E(t,s) := 352 ot ©k)p(s &k). Ecm f -
orpaHmveHa u pasHOMepHO HempepbiBHa Ha R, 10 ||f < P;(f)||ec — 0 npu
J — o0 (em. memmy 22.1). Ocraercs samerturs, aro P;(f) € T; nna moboro
J € N, ecain f mepumonuana ¢ mepuomom 1.0

Omnpenenenne 29.1 Baoowcernnas nocaedosamenvrocmv {T;}en, onpede-
aenHas evute, Hazweaemcs r-peeyaaprom KMA 6 L*(T), ede T - ompesox
[0,1] ¢ omootcdecmenenrvmu Koryamu.

Myets @f (1) i= 27 Yz 0(27(1 &)

Jemma 29.3 Jlan mobozo j € N dynwyuu @57 (1 <k277), 0 < k < 27,
obpasyrom OHB 6 T).

Joxazameavcmeo. Tax xax pasmepHocTs 1 pasHa 2/, TO ITOCTATOIHO
IPOBEPUTH OPTOHOPMHUPOBAHHOCTD (PYHKIIHH c,ofer(t Sk277), 0 < k<28
L?[0,1]. [I;1s1 3TOro HEOGXOMMMO BBIUUCTATH

. 1 . .
2% / P (27t 227k em)p(2 o2 o) dt.
kez 1€z’ 9

Crenaem 3aMeHy HepeMeHHBIX <k = 277t tne 0 < t < 1, k € Z. Ona
HPUBOIUT K BbIPAKEHUIO

Z/Oo p(t'" em)p(t ©2qem’)dt.
g€Z” T

Ecmm 0 < m < 2,0 < m' < 2 wm # m/, To Kaxaplii W3 WHTErpaJson
paser Hysio. Ecim m = m', To eqMHCTBEHHBIM HEpaBHBIM HYJIIO HWHTETPAJIOM
sABasgerca wHTerpasn npu ¢ = 0, Koropsrit paen 1.0

[Tycrs U; obosnagaer oproronansuoe ponosnenue 1 no 141 u mycTb

(1) =202 3 (2 (t & k).

kEZ
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Jlemma 29.4 Jlan mobozo j € N dynwuuu (1 Sk277), 0 < k < 2,
obpasyrom OHB 6 U;.

oxaszameavemeo. lokasaresbcTBO aHAJOTUYIHO TOKA3ATETBCTBY JIEM-
mbr 29.3. Jlerko BumeTsh, uro dyHKIAN ¢j(t <:>k2_j) npuHanaexar 14 u
oproronanbuel K 1. Kpome Toro, dymkimmm ¢;(t <k277),0 < k < 2/, momap-
HO oproronamnbibsl. OcraeTcsa 3aMeTnTh, 4TO pasmeprnocts U; pasna 2/, Tak
Kak pasmeprocTs T} pasma 27, a pasmeprocts T}y, pasma 2/+1.0

Takum obpasom,

Lz(T):To@UO@Ul@U2@7

OTKyJa CJIellyeT, 9To IIOCTOAHHaA (PYHKIMA | BMecTe ¢ IIOCIeI0BaTeIbHO-
ctuio {1(t S k277) ockeas, jen obpasyor OHB B L*(T). Banymepyem sty
IOCTIEIOBATENLHOCTD JiekcuKorpadudecku: ¢o(t) = 1; ecniu m = 27 + k,
0< k<2, 710 gn(t) = Pt k277).

Teopema 29.1 Ilycmo {V;} ez — r-peeyaapruwi KMA 6 L*(R),r > 1. To-
eda nocaedosamenvrocms { gp tmen Acagemes 6asucom Illaydepa 6 C(T) u
LY(T). Ona mawoice asasemea asucom Hlaydepa u 6 C*(T) npu0 < k < r.
Taxnce nocacdosameavrocmv {Gp}meN AGAAEMCA GE3YCA06HBM 6AZUCOM 6
npocmpancmee I 'eavdepa C* npu 0 < o < 1, 6 xaacce Suemynda A, = C!
npu r > 2, 6 npocmpancmsar P ¢ 1 < p < oo, 6 npocmpancmee Xapdu
H(T) u 6 e20 dsoticmeenrom npocmparcmee BMO('T).

Bameuanue 29.1 Ommemum, ¥mo mpuzoHOMEMPUYECKLA CUCTNEMA HE A6~
asemea 6asucom Ilaydepa 6 C(T) u 6 L*(T). B npocmparncmeazr LP npu
1 < p < 00 ona obpasyem 6azuc llaydepa, Ho ne bezycrosrviil.

Joxazameavemeo. Tax kax JT; mmorao 8 C(T) (cm. memmy 29.2), To
s GasucHoctdn  {gmtmen B C(T) nmocratouno mokasarh,  9TO
12 ol 9 ) gmlloe < Cllfloe mas moboro | € N. Ilpomonxum dyHKImO

! € C(T) mno mwepumommanocTn Ha Bcto mnpamyio R,  Torma

S ol frGm)gm = P;f, nupudem oneparopbi P; paBHOMEpPHO OrpaHHYEHBI Ha
L®(R), t.x. || Pilloe = || Po]|oe- Hycts 2/ <1 < 2771 Bamernu, uto

[
HZ<f,gm>gmHoo§HfHoo( up HgmHl)

m=2J 2J§m<2j+1

Yo lgml

27 <m<23t1
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Jlerxo Bumeth, 910 ||gm |[r1(T) = 2—1/2"¢"L1(R) mpu 20 < m < 2/t Kpowme
TOTO,

HZzﬂngHl |9m|HOO = HZkeZ |2j/2¢(2j ) <z>k)|Hoo =
=22 | ez [0 k)], = C272.
Mosromy || 25,22 (5 G} G [l < C| flloe-

Cayuait  C*(T) pasbupaercs aHAJTOTMIHO €  WCHOTH30BAHEEM
Teopembl 21.2.

Basucrocts B L'(T) momyuaercs mo mBoiicTBEHHOCTH.

U3 reopembr 26.1 caemyer, uTo

S angn €CHT) &  a,=0(m*Y3), (29.1)

m=0

u3 gero cuenyer GesyciosHas GasucHocts B C°(T).

Pesynbrar mus npocrpancts LF(T), HY(T), BMO(T) cnenyer us Teo-
pem 28.1, 27.1 u 27.3. O

CpasuuM BeieckoBbie paabl u psaabl Pypbe. OkasbiBaeTcs, 9TO MOJTHbIE
BCILIECKOBBIE PAIbI, UMEIOIIe MHOTO GOJIBIINX K03(MMUIUEHTOB MpeicTa-
BJIATOT 00Ofl maTosiornyeckre GyHKIUHN, TOTIa KaK BCIIECKOBBIE PAMIBI XO-
potux GyHKINN TME0T MaJio 60IbIINX KO3 (P PUINEHTOB. DTO MPAMO TPOTHU-
BOTIOJIOJKHO CUTYAIMK ¢ OObraubIMI piagamu Pypbe: mis xopournx GyHKIIi
OHU TIOJTHBIE, & [IJIS TTATOJOTHIECKUX — JIAKYHAapHbBIE. ITO 00bACHACTCA TEM,
YTO BCILIECKOBBII aHasn3 HOCHT JOKaJbHBIA XapakTep. Bosbirme Koadhdu-
[IUEHTHI UMEIOT BCILIECKH, JIOKAIN30BAHHbIC BOJMU3N OCOOCHHOCTEH aHaIn3u-
pyemoii ¢yukmmun. Bre ocobennocteil anasusupyemas yHKIUA SABJIACTC
beckonedrno nuddepeHtmpyeMoii 1 COOTBETCTBYIONIUE BCILIECKOBBIE KO3(-
GUUMEHTHI ABIAIOTCA MTPEeHEOPEKIMO MATBIMI 33 cdeT cBoiicTBa (25.12).

Pacemorpum dyukiuio |sinwt|~%, rue 0 < o < 1. Ee koaddpuriuentor Py-
pve  cp, Kk € Z, uMeOT  CJEOYIOMIYI0  acCCUMIITOTUKY
cr = v(a) |k~ + O(k=2T), tme v(a) # 0 (cm.[Z, [nasa 5].) Takum obpa-
30M, ocobennocth B 0 yHKuuu |sinmt|™® Bauser wa Bce Koa(pOUIUEHTHI
®ypre. BemreckoBbie Koo PUIUEHTH TOABEPTAIOTCA BIAUAHIIO OCOOCHHOCTH
TOMBKO, ecam maTepBas I, 1= [k27 (K + 1)277], m =2+ k, 0 < k < 27,
OTIPENENAIONMIT JTOKAJIN3ANNIO BCILTECKA ¢y (1), HAXOOUTCH OTM3KO K OCO-
Gernnoctu. Bostee ToUHO, s TEPUOANUECKUX BCILIECKOB, MOCTPOCHHBIX Ha
oCcHOBe BCILTecKoB Meidiepa, myeeM cIelylonryio omenKy: ecam 2/ < m < 27+
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n [ = min(m <27, 27 om), 10 |a,,| < On22=Y2) /(140N s moboro ma-
rypaJsbioro N. Takmm obpaszom, GOIBIIIME OYIYT TOJHKO K03(]PUIHEHTHI
¢ noMepamu Gausknmu K 27, 7 € N.

1z 1

10

Puc.2. Ouenka momy.reit
Puc.1. ['padux |sin wt|~/2. BCILIECKOBBIX K03 () PHUIHEHTOB.

Pacemorpum maromormaeckme dyukmmm.  Iyers g > 1, Ay > 0,
Mer1 > qhg, k€N, S5 |ag| < oo, HO axAg He crpemutcs k 0. UssectHo
[Z, U'nasa 2.], 970 Mpu 3TUX TPEATONOKEHUAX PAI D o (O COS Akl OIpenesseT
HeTpephIBHY0 HuTme He nuddepeHmupyeMyio (GpyHKIHIO.

Uit BCIUIECKOBBIX PSIOB UMeEM CJCIYIOMNA pe3yIbTar.

Teopema 29.2 [lycmv {g, tmeN — nepuoduueckue 6cnaecku, noayuermvie
uz r-pezyasproeo KMA ¢ r > 2. [Tyemo f(1) = 357 amgm(t) — Henpepusnas
dynruus, dudpepernuupyeman 6 mouxe to. Toada das arwbozo purcuposarivo-
20q>1 am, =o(m™3?%) npum cmpemswemea x beckonenocmU U MAKOM,
Ymo UHMEPEAADL ql, codepacam mouKy to. 3decw
Ly o= [k277 (k+ 127 npum = 2 + k0 < k < 2, aql, - unmepsan
c mem arce, wmo u y I, uenmpom u dauroti q/27.

Joxazameavemeo. Pesynprar nerko cinemnyer s (19.11) u (25.12).0
Us reopem 29.1 u 29.2 cnenyer

CaenctBue 29.1 [lyemv nocaedosamenvrocmov wucen o,,, m > 1 ydosae-
meopsem nepaserncmeam Cym =% < lay,| < Cyom™3% daa deyx woncmarm
o > C1 > 0. Toeda dyrxyua f(t) = 35 mgm(t) npuradiesrcum waaccy
Buemynda A, = CL, no nuede ne duddepernuupyema.

QOyukuun BefiepimTpacca ABAAIOTCA YacTHBIM caydaeM ciaenctsus 29.1.

[Mycts M (t) - nepuommaeckuit semneck Mediepa. [Ipavbie BerauceHms mo-
KasbipatoT, uto Y0 M (1 k) = /2 cos 2nt. osromy bynkuma f(t) =

>jeN Z(Q)J_l oz(j,k);/)}M(t <:>2%) ¢ koaddunnentamu oj, k) = afj), me 3a-
pucaAmmx ot k, pasta f(t) = &2 36 21/2a(j) cos(2n27t). Taxum obpasom,
IOJTHBIIT BCILIECKOBBIIl pAIL coBIIamaeT ¢ JaKyHapHBIM psigoMm Pypre.
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