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1 �¢¥¤¥­¨¥

�á¯«¥áª®¬, ¢ á ¬®¬ ®¡é¥¬ ¢¨¤¥, ­ §ë¢ îâ ®¯à¥¤¥«¥­­ãî ­  ç¨á«®¢®©
®á¨ äã­ªæ¨î  , ¨¬¥îéãî ­ã«¥¢®¥ áà¥¤­¥¥ ¨ ¤®áâ â®ç­® ¡ëáâà®¥ ã¡ë-
¢ ­¨¥ ­  ¡¥áª®­¥ç­®áâ¨. �¥à¬¨­ ¢á¯«¥áª ¯à¥¤«®¦¥­ �.�.�áª®«ª®¢ë¬ ¢
ª ç¥áâ¢¥ íª¢¨¢ «¥­â   ­£«¨©áª®£® â¥à¬¨­  wavelet (äà. - ondelette), çâ®
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¡ãª¢ «ì­® ¯¥à¥¢®¤¨âáï ª ª ¬ «¥­ìª ï (¨¬¥¥âáï ¢ ¢¨¤ã ¯à®¤®«¦¨â¥«ì-
­®áâì) ¢®«­ , ¢®«­®çª . �¥à¬¨­ ¢á¯«¥áª «ãçè¥ ®âà ¦ ¥â áãâì ¤¥« , â ª
ª ª ¢ëè¥ ã¯®¬ï­ãâë¥ á¢®©áâ¢  ®§­ ç îâ, çâ® äã­ªæ¨ï  ¯à¥¤áâ ¢«ï¥â
á®¡®© § âãå îé¥¥ ª®«¥¡ ­¨¥. �á¯«¥áª¨ ¨á¯®«ì§ãîâáï ¨«¨ ¢ ª ç¥áâ¢¥
ï¤à  ¨­â¥£à «ì­®£® ¯à¥®¡à §®¢ ­¨ï

(W f)(a; b) =
1p
a

Z
R
f(t) 

 
t� b

a

!
dt; a; b 2 R; a > 0; (1.1)

¨«¨ ¢ ª ç¥áâ¢¥ £¥­¥à¨àãîé¥© äã­ªæ¨¨ ¤«ï ¯®áâà®¥­¨ï ¡ §¨á  ¯à¨ ¯®¬®-
é¨ ¤¨« â æ¨©, â.¥. á¦ â¨© á á®åà ­¥­¨¥¬ ­®à¬ë ¢ L2(R)
 j(t) :=  j0(t) := 2j=2 (2jt); j 2 Z; ¨ á¤¢¨£®¢  jk(t) :=  j(t � k2�j) =
= 2j=2 (2jt� k); k 2 Z:

�¥®à¨ï ¢á¯«¥áª®¢ «¥¦¨â ­  ¯¥à¥á¥ç¥­¨¨ ç¨áâ®© ¬ â¥¬ â¨ª¨, ¢ëç¨-
á«¨â¥«ì­®© ¬ â¥¬ â¨ª¨, ¯à¥®¡à §®¢ ­¨ï á¨£­ «®¢ ¨ ¨§®¡à ¦¥­¨©.
�á¯«¥áª®¢ë©  ­ «¨§ ­ å®¤¨â ¢á¥ ¡®«¥¥ è¨à®ª®¥ ¯à¨¬¥­¥­¨¥ ¢ à §«¨ç-
­ëå ®¡« áâïå ­ ãª¨, â ª ª ª ®­ ¤ ¥â ¡®«¥¥ ¯®¤à®¡­ãî ¨­ä®à¬ æ¨î ®
á¨£­ «¥, ¨§®¡à ¦¥­¨¨ ¨«¨ ®¯¥à â®à¥, ç¥¬ áâ ­¤ àâ­ë©  ­ «¨§ �ãàì¥.
�­â¥£à «ì­®¥ ¢á¯«¥áª®¢®¥ ¯à¥®¡à §®¢ ­¨¥ ¤ ¥â ®¤­®¢à¥¬¥­­® «®ª «ì-
­ãî ¨­ä®à¬ æ¨î ® äã­ªæ¨¨ ¨ ® ¥¥ ¯à¥®¡à §®¢ ­¨¨ �ãàì¥, ¯à¨ç¥¬ ¤«ï
 ­ «¨§  ¢ëá®ª®ç áâ®â­ëå á®áâ ¢«ïîé¨å äã­ªæ¨¨ - «®ª «¨§ æ¨ï ¡®«¥¥
á¨«ì­ ï (¤«ï ¯®¢ëè¥­¨ï â®ç­®áâ¨),   ¤«ï ­¨§ª®ç áâ®â­ëå - «®ª «¨§ -
æ¨ï ¡®«¥¥ á« ¡ ï (¤«ï ¯®«ãç¥­¨ï ¯®«­®© ¨­ä®à¬ æ¨¨). �á¯«¥áª®¢ë¥
àï¤ë ®ç¥­ì ã¤®¡­ë ¤«ï ¯à¨¡«¨¦¥­­ëå ¢ëç¨á«¥­¨©, ¯®áª®«ìªã ª®«¨-
ç¥áâ¢® ®¯¥à æ¨©, ­¥®¡å®¤¨¬ëå ¤«ï ¢ëç¨á«¥­¨ï ª®íää¨æ¨¥­â®¢ à §«®-
¦¥­¨ï, â ª ¦¥ ª ª ¨ ª®«¨ç¥áâ¢® ®¯¥à æ¨© ¤«ï ¢®ááâ ­®¢«¥­¨ï äã­ªæ¨¨
¯® ¥¥ ¢á¯«¥áª®¢ë¬ ª®íää¨æ¨¥­â ¬, ¯à®¯®àæ¨®­ «ì­® ª®«¨ç¥áâ¢ã ®âáç¥-
â®¢ äã­ªæ¨¨. �¥à¥ç¨á«¥­­ë¥ ®á®¡¥­­®áâ¨ ¢á¯«¥áª®¢ ¤¥« îâ ¨å ®ç¥­ì
¯®¯ã«ïà­ë¬¨ ¢ á ¬ëå à §«¨ç­ëå ¯à¨«®¦¥­¨ïå: ¯à¨  ­ «¨§¥ á¢®©áâ¢
á¥©á¬¨ç¥áª¨å ¨  ªãáâ¨ç¥áª¨å á¨£­ «®¢ (¨¬¥­­® §¤¥áì ¢¯¥à¢ë¥ ¢®§­¨ª
â¥à¬¨­ wavelet [GM]); ¯à¨ ®¡à ¡®âª¥ ¨ á¨­â¥§¥ à §«¨ç­ëå á¨£­ «®¢, ­ -
¯à¨¬¥à à¥ç¥¢ëå; ¯à¨  ­ «¨§¥ ¨§®¡à ¦¥­¨©; ¤«ï ¨§ãç¥­¨ï âãà¡ã«¥­â­ëå
¯®«¥©; ¤«ï á¦ â¨ï ¡®«ìè¨å ®¡ê¥¬®¢ ¨­ä®à¬ æ¨¨ ¨ â.¤.

�á­®¢­ë¬¨ ¬®­®£à ä¨ï¬¨ ® ¢á¯«¥áª å ï¢«ïîâáï [M],[D],[C].
�  àãááª®¬ ï§ëª¥ «¨â¥à âãàë ¯® ¢á¯«¥áª ¬ ªà ©­¥ ¬ «®. �â¬¥â¨¬

­¥¤ ¢­¨© ®¡§®à �.�.�áâ äì¥¢®© [A] ¨ ¯à¥¤ë¤ãéãî áâ âìî  ¢â®à®¢ [NS].
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2 �¡®§­ ç¥­¨ï ¨ ®¯à¥¤¥«¥­¨ï

kfkp = (
R
Rn jf(x)jpdx)1=p - ­®à¬  ¢ ¯à®áâà ­áâ¢¥ Lp(Rn); 1 � p <1:

�e { å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  e:

jej { ¬¥à  �¥¡¥£  ¬­®¦¥áâ¢  e � Rn:

�®¤ã«¨ ­¥¯à¥àë¢­®áâ¨: !(h; f) := supjx�yj<h jf(x)� f(y)j;
¤«ï l 2 N l-ë© ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©:
!l(h; f) := supjyj<h supx j�l

y(x)j; £¤¥ �l
y(x; f) :=

Pl
j=0(�1)l�j

�
l
j

�
f(x+ jy):

hf ;gi = R
Rn f(t)g(t)dt { áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥.

Rn+1
+ := f(x; t) : x 2 Rn; t > 0g - ¢¥àå­¥¥ ¯®«ã¯à®áâà ­áâ¢®.

[xk]k - § ¬ëª ­¨¥ «¨­¥©­®© ®¡®«®çª¨ fxkgk ¢ à áá¬ âà¨¢ ¥¬®¬ ¯à®-
áâà ­áâ¢¥.

��� - ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á.

C(A) - ¯à®áâà ­áâ¢® äã­ªæ¨©, ­¥¯à¥àë¢­ëå ­  A:

Cm(A) - ¯à®áâà ­áâ¢® äã­ªæ¨©, m à § ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå
­  A:

D(Rn) - ¯à®áâà ­áâ¢® ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© á ª®¬-
¯ ªâ­ë¬ ­®á¨â¥«¥¬.

S(Rn) - ¯à®áâà ­áâ¢® �¢ àæ  ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå ¡ëáâà®
ã¡ë¢ îé¨å ­  ¡¥áª®­¥ç­®áâ¨ äã­ªæ¨©.

�à¥®¡à §®¢ ­¨¥ �ãàì¥ äã­ªæ¨¨ f 2 S(Rn) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

bf(!) := Z
Rn
e�ihx;!if(x) dx; ! 2 Rn; (2.1)

£¤¥ hx; !i :=
Pn

1 xk!k: �®£¤  f(x) = 1
(2�)n

R
Rn eihx;!i bf(!) d!; x 2 Rn ¨

(2�)n
R
Rn j bf(!)j2d! =

R
Rn jf(x)j2dx (â®¦¤¥áâ¢® �« ­è¥à¥«ï).

�«ï ¬ã«ìâ¨¨­¤¥ªá  � = (�1; : : : ; �n) @� := (@=@x1)
�1 + � � �+ (@=@xn)

�n

¨ j�j := �1 + � � �+ �n:
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� = @2

@x2
1

+ @2

@x2
2

+ � � �+ @2

@x2n
:

�¯à¥¤¥«¥­¨¥ 2.1 �ãáâì z := x + it; £¤¥ (x; t) 2 R2
+: �ã­ªæ¨ï f(z)

¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã � à¤¨ Hp(R2
+); 0 < p <1; ¥á«¨ ®­  £®«®-

¬®àä­  ­  R2
+ ¨

sup
t>0

�Z
R
jf(x+ it)jp dx

�1=p

<1: (2.2)

�¯à¥¤¥«¥­¨¥ 2.2 �¤à® �ã áá®­  ­  Rn+1
+ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

pa(x) := ��(n+1)=2�(
n+ 1

2
)

a

(jxj2 + a2)(n+1)=2
; x 2 Rn; a > 0:

�­â¥£à «®¬ �ã áá®­  ­ §ë¢ îâ á¢¥àâªã äã­ªæ¨¨ f á ï¤à®¬ pa :

F (x; a) :=
Z
Rn
pa(x� y)f(y)dy; x 2 Rn; a > 0:

�ã­ªæ¨ï F ï¢«ï¥âáï £ à¬®­¨ç¥áª®© ­  Rn+1
+ ¨ á®¢¯ ¤ ¥â ­  £à ­¨æ¥

Rn+1
+ á f:
�¥ª á â¥«ì­ ï ¬ ªá¨¬ «ì­ ï äã­ªæ¨ï à ¢­ 

F �(x) := sup
(x) jF (y; a)j; £¤¥ 
(x) := f(y; a) 2 Rn
+ : a > jy � xjg - ª®-

­ãá �ã§¨­ .
�¥é¥áâ¢¥­­ë¥ ª« ááë � à¤¨ Hp(Rn); p > 0; á®áâ®ïâ ¨§ «®ª «ì­®

¨­â¥£à¨àã¥¬ëå äã­ªæ¨© f; ¤«ï ª®â®àëå
R
Rn

jf(x)j
1+jxjn+1 <1 ¨ ­¥ª á â¥«ì-

­ ï ¬ ªá¨¬ «ì­ ï äã­ªæ¨ï F � ¯à¨­ ¤«¥¦¨â Lp(Rn),
kfkHp(Rn) = kF �kLp(Rn):

�¯à¥¤¥«¥­¨¥ 2.3 �ã­ªæ¨ï f 2 L2
loc(R

n) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã
BMO(Rn), ¥á«¨ ®­  ¨¬¥¥â ®£à ­¨ç¥­­ë¥ áà¥¤­¨¥ ®áæ¨««ïæ¨¨ (Bounded
Mean Oscillations)

sup
B

 
1

jBj
Z
B
jf(x)� fBj2dx

!1=2

= kfkBMO <1;

£¤¥ sup ¡¥à¥âáï ¯® ¢á¥¬ è à ¬ B � Rn ¨ fB := 1
jBj
R
B f(x)dx:
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�¯à¥¤¥«¥­¨¥ 2.4 �à¥®¡à §®¢ ­¨¥¬ �¨«ì¡¥àâ  Hu ¤¥©áâ¢¨â¥«ì­®©
äã­ªæ¨¨ u ­ §ë¢ îâ ¤¥©áâ¢¨â¥«ì­ãî äã­ªæ¨î v, â ªãî, çâ® äã­ª-
æ¨ï u(x) + iv(x) ï¢«ï¥âáï á«¥¤®¬ ­  R £®«®¬®àä­®© äã­ªæ¨¨
f(x + iy): � â¥à¬¨­ å ¯à¥®¡à §®¢ ­¨ï �ãàì¥ íâ® íª¢¨¢ «¥­â­® â®¬ã,
çâ® bv(�) = �i sgn(�)bu(�):
�¯à¥¤¥«¥­¨¥ 2.5 �¨­¥©­ë© ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ¨ ®£à ­¨ç¥­­ë©
¢ L2(Rn), ­ §ë¢ ¥âáï ®¯¥à â®à®¬ � «ì¤¥à®­ -�¨£¬ã­¤ , ¥á«¨ áãé¥áâ¢ã-
¥â äã­ªæ¨ï K(x; y); ®¯à¥¤¥«¥­­ ï ¯à¨ x; y 2 Rn; x 6= y; â ª ï, çâ® ¤«ï
­¥ª®â®à®£® � > 0

jK(x; y)j � C
jx�yjn ;

jK(x; y)�K(x; y0)j � C jy�y0 j�
jx�yjn+� ; jy � y0j � 1

2 jx� yj;

jK(x; y)�K(x0; y)j � C jx�x0j�
jx�yjn+� ; jx� x0j � 1

2
jx� yj;

¨ ¤«ï «î¡®© äã­ªæ¨¨ f 2 D(Rn) ¨ ¤«ï «î¡®£® x 62 supp f
Tf(x) =

R
Rn K(x; y)f(y)dy:

�¥®à¥¬  2.1 �ãáâì T { ®¯¥à â®à � «ì¤¥à®­ -�¨£¬ã­¤ . �®£¤  ¯à¨
1 < p <1 kTfkp � Cp jkTkj kfkp; £¤¥ jkTkj := kTk2 + inf C:

�¯à¥¤¥«¥­¨¥ 2.6 �á«¨ s = 0; â® ¯à®áâà ­áâ¢® �®¡®«¥¢  W s
2 (R

n) á®-
¢¯ ¤ ¥â á L2(Rn): �«ï s 2 N äã­ªæ¨ï f ¯à¨­ ¤«¥¦¨â W s

2 (R
n); ¥á«¨

®­  ¯à¨­ ¤«¥¦¨â L2(Rn) ¢¬¥áâ¥ á® ¢á¥¬¨ á¢®¨¬¨ ¯à®¨§¢®¤­ë¬¨ @�f
(¢ á¬ëá«¥ ®¡®¡é¥­­ëå äã­ªæ¨©) á j�j � s:

�§¢¥áâ­®, çâ® ¯®á«¥¤­¥¥ íª¢¨¢ «¥­â­®
R
Rn(1 + j!j2)sj bf(!)j2d! <1;

çâ® ¯à¨­¨¬ ¥âáï ¢ ª ç¥áâ¢¥ ®¯à¥¤¥«¥­¨ï ¯à¨ ¯à®¨§¢®«ì­®¬ s � 0:
�à®áâà ­áâ¢ W s

2 (R
n) ¤«ï s < 0 ®¯à¥¤¥«ï¥âáï ª ª ¤¢®©áâ¢¥­­®¥ ª

W�s
2 (Rn): �à¨¬¥­ïï â®¦¤¥áâ¢® � àá¥¢ «ï, «¥£ª® ¯®«ãç¨âì, çâ® ã¬¥-

à¥­­®¥ à á¯à¥¤¥«¥­¨¥ S ¯à¨­ ¤«¥¦¨â W s
2 (R

n) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ¥£® ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ bS ¯à¨­ ¤«¥¦¨â L2

loc(R
n) ¨ ã¤®¢«¥â¢®-

àï¥â ãá«®¢¨î
R
Rn j bS(!)j2(1 + j!j2)sd! <1:

�¯à¥¤¥«¥­¨¥ 2.7 �ãáâì 1 � p � 1: �á«¨ s � 0 ¨ s { æ¥«®¥, â® ¯à®-
áâà ­áâ¢® W s

p á®áâ®¨â ¨§ äã­ªæ¨© f; â ª¨å, çâ® f ¨ ¢á¥ ¥¥ ¯à®¨§-
¢®¤­ë¥ @�f á j�j � s ¯à¨­ ¤«¥¦ â Lp(Rn): �â® íª¢¨¢ «¥­â­® ãá«®¢¨î
(I ��)s=2f 2 Lp(Rn): �®á«¥¤­¥¥ ãá«®¢¨¥ ®¯à¥¤¥«ï¥â W s

p ¤«ï ¯à®¨§¢®«ì-
­®£® ¤¥©áâ¢¨â¥«ì­®£® s:
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�¯à¥¤¥«¥­¨¥ 2.8 �ãáâì 1 � p; q � 1; s > 0 ¨ s < m 2 N: �ã­ªæ¨ï f
¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã �¥á®¢  Bs;q

p ; ¥á«¨ f 2 Lp(Rn) ¨ áãé¥áâ¢ã-
îâ ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥« �j ¨§ lq(N) ¨ ¯®á«¥¤®-
¢ â¥«ì­®áâì äã­ªæ¨© fj ¨§ Lp(Rn); â ª¨¥, çâ®

kf � fjkp � �j2
�js; j 2 N; (2.3)

¨
k@�fjkp � �j2

(m�s)j ; (2.4)

¤«ï «î¡®£® ¬ã«ìâ¨¨­¤¥ªá  � 2 Nn á j�j = m:

�¯à¥¤¥«¥­¨¥ 2.9 �à¨ 0 < s < 1 ¯à®áâà ­áâ¢® �¥«ì¤¥à  Cs(Rn) á®-
áâ®¨â ¨§ äã­ªæ¨© f 2 C(Rn) â ª¨å, çâ® supx2Rn jf(x)j < 1 ¨

suph>0
!(h)
hs

<1:
C1(Rn) - íâ® ª« áá �¨£¬ã­¤ :

C1(Rn) := ff 2 C(Rn) : sup
x2Rn

jf(x)j <1; sup
h>0

!2(h; f)

h
<1g:

�«ï s 2 (m;m+ 1]; m 2 N;
Cs(Rn) := ff 2 Cm(Rn) : 8j�j � m @�f 2 Cs�mg:

3 �à®â®â¨¯ë ¢á¯«¥áª®¢ ¢ à ¡®â å �ã§¨­ 

¨ � «ì¤¥à®­ 

�¤­® ¨§ ¯¥à¢ëå ¯®ï¢«¥­¨© ¢á¯«¥áª®¢ ¢ ¬ â¥¬ â¨ç¥áª®¬  ­ «¨§¥ ®â­®-
á¨âáï ª 30-âë¬ £®¤ ¬. �®à®è® ¨§¢¥áâ­ ï å à ªâ¥à¨§ æ¨ï ¯à®áâà ­áâ¢
Hp ¢ â¥à¬¨­ å ¨­â¥£à «  ¯«®é ¤¥© ¨«¨ äã­ªæ¨¨ �ã§¨­  [L] á®¤¥à¦¨â
¯à®â®â¨¯ë ¢á¯«¥áª®¢ (á¬. [CW]).

� ¡®â  �.�.�ã§¨­  [L] ¯®á¢ïé¥­   ­ «¨§ã ¨ á¨­â¥§ã äã­ªæ¨© ¨§
Hp(R2

+) ¯à¨ ¯®¬®é¨ ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï

f(x) =
2i

�

Z Z
R2
+

tf 0(y + it)
dydt

(x� y + it)2
; x 2 R: (3.1)

�à¥¤áâ ¢«¥­¨î (3.1) ¬®¦­® ¯à¨¤ âì ¢á¯«¥áª®¢ë© ¢¨¤ (1.1). � á-
á¬®âà¨¬ äã­ªæ¨î  (t) := (t + i)�2; t 2 R; ª®â®à ï ®áæ¨««¨àã¥â (â.¥.
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R
R  (t)dt = 0), à¥£ã«ïà­  ¨ «®ª «¨§®¢ ­ . �« £®¤ àï íâ¨¬ á¢®©áâ¢ ¬ à®-
¤®­ ç «ì­¨ª¨ ¢á¯«¥áª®¢ �.�à®áá¬ ­ (A.Grossman) ¨ �.�®à«¥
(J.Morlet) [GM] ­ §¢ «¨  - wavelet, ¡ãª¢ «ì­® ¬ «¥­ìª ï (¨¬¥¥âáï ¢
¢¨¤ã ¯à®¤®«¦¨â¥«ì­®áâì) ¢®«­ .

�¨á.1. �à ä¨ª Re( (t)): �¨á.2. �à ä¨ª Im( (t)):

� áá¬®âà¨¬  a;b(t) := a�1=2 ( t�b
a
) = a3=2(t� b+ ia)�2 ¤«ï a > 0; b 2 R:

�¯à¥¤¥«¨¬

(W f)(a; b) := hf;  a;bi = 2�ia3=2f 0(b+ ia): (3.2)

� á¨«ã (3.1) äã­ªæ¨ï f ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨î ¢á¯«¥áª®¢
 a;b(t) á ª®íää¨æ¨¥­â ¬¨ (W f)(a; b): �«ï «î¡®© äã­ªæ¨¨ f 2 H2(R2

+)
¨¬¥¥¬

f(x) = 2i
�

RR
R2
+
af 0(b+ ia) dbda

(x�b+ia)2 =

= 1
�2

R1
0 [

R
R(W f)(a; b) a;b(x) db]

da
a2
:

(3.3)

�à¥¤áâ ¢«¥­¨¥ (3.1) ¯®§¢®«ï¥â ®å à ªâ¥à¨§®¢ âì äã­ªæ¨¨ ¨§
Hp(R2

+):

�¯à¥¤¥«¥­¨¥ 3.1 �­â¥£à «®¬ ¯«®é ¤¥© ¨«¨ äã­ªæ¨¥© �ã§¨­  ­ §ë-
¢ ¥âáï

(Sf)(x) =

 Z Z

(x)

jf 0(y + it)j2dydt
!1=2

; x 2 R (3.4)

£¤¥ 
(x) = f(y; t) 2 R2 : t > jy � xjg - ª®­ãá �ã§¨­ .
�¥®à¥¬  3.1 �ãáâì 0 < p <1: �®£¤  f 2 Hp(R2

+) ¥á«¨, ¨ â®«ìª® ¥á«¨,
Sf 2 Lp(R):

�«ï 1 < p < 1 íâ® ª« áá¨ç¥áª¨© à¥§ã«ìâ â (á¬. [S],[Z]). �«ï
0 < p � 1 íâ® à¥§ã«ìâ â �.� «ì¤¥à®­  [Ca].

� áá¬®âà¥­­ë¥ ä®à¬ã«ë ®¡®¡é îâáï ¢ â®¦¤¥áâ¢¥ � «ì¤¥à®­  [Ca1].
�ãáâì  2 L1(Rn);

R
Rn  (x)dx = 0 ¨ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ b (!); ! 2 Rn;

ã¤®¢«¥â¢®àï¥â ãá«®¢¨îZ 1

0
j b (t!)j2dt

t
= 1 ¤«ï «î¡ëå ! 6= 0: (3.5)
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� ¯à¨¬¥à, ¥á«¨  ¤®áâ â®ç­® à¥£ã«ïà­ , «®ª «¨§®¢ ­ , ¨¬¥¥â ­ã«¥¢®¥
áà¥¤­¥¥ ¨ à ¤¨ «ì­ , â® áãé¥áâ¢ã¥â ª®­áâ ­â  c > 0; â ª ï, çâ® c (x)
ã¤®¢«¥â¢®àï¥â (3.5).

�®«®¦¨¬  a(x) = a�n=2 (x
a
) ¨  a;b(x) = a�n=2 (x�b

a
): �«¥¤ãï [GM],

®¯à¥¤¥«¨¬
(W f)(a; b) := hf;  a;bi: (3.6)

�®£¤  ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï ä®à¬ã«  ¢®ááâ ­®¢«¥­¨ï

f(x) =
Z 1

0

�Z
Rn

(W f)(a; b) a;b(x) db
�
da

an+1
: (3.7)

�ª¢¨¢ «¥­â­ ï ä®à¬ã«¨à®¢ª  ¤«ï (3.7) ¨¬¥¥â ¢¨¤

I =
Z 1

0
QaQ

�
a

da

an+1
; (3.8)

£¤¥ I - â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à, Qa(f) = f �  a - ®¯¥à â®à á¢¥àâª¨,  
Q�
a - á®¯àï¦¥­­ë© ª Qa ®¯¥à â®à. �®¦¤¥áâ¢® � «ì¤¥à®­  (3.8) ¨¬¥-

¥â ¢ ¦­ë¥ ¯à¨«®¦¥­¨ï ¢  ­ «¨§¥ ª« áá¨ç¥áª¨å äã­ªæ¨®­ «ì­ëå ¯à®-
áâà ­áâ¢ ¯®áà¥¤áâ¢®¬ ãá«®¢¨©, ¨á¯®«ì§ãîé¨å ¬®¤ã«ì £à ¤¨¥­â  £ à¬®-
­¨ç¥áª®£® ¯à®¤®«¦¥­¨ï (á¬. [S]). � ¯à¨¬¥à, ¤«ï ¯®«ã£àã¯¯ë �ã áá®­ 
Paf(x) := F (x; a) (®¯à. 2.2), ®¯¥à â®à Qa ¨¬¥¥â ¢¨¤ Qa = �a(@=@a)Pa:

� ä®à¬ã« å (3.6) ¨ (3.7) äã­ªæ¨¨  a;b; b 2 Rn; a > 0; ¨á¯®«ì§ãîâáï
â ª, ª ª ¡ã¤â® ®­¨ ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ L2(Rn) : ª®íä-
ä¨æ¨¥­âë à §«®¦¥­¨ï ¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥ (3.6),   ¯à¥¤áâ ¢«¥­¨¥
äã­ªæ¨¨ f ¢ â¥à¬¨­ å íâ¨å ª®íää¨æ¨¥­â®¢ ¤ ¥âáï (3.7).

�®¦­® § ¬¥­¨âì ¨§¡ëâ®ç­®¥ ¬­®¦¥áâ¢® äã­ªæ¨©  a;b; b 2 Rn; a > 0;
­  ®àâ®£®­ «ì­ë© ¡ §¨á  �; � 2 �; ª®â®àë© ª®­áâàã¨àã¥âáï ¯® â¥¬ ¦¥
 «£¥¡à ¨ç¥áª¨¬ ¯à ¢¨« ¬ (¯ãâ¥¬ á¦ â¨© ¨ á¤¢¨£®¢). �àâ®­®à¬¨à®¢ ­-
­ë© ¡ §¨á  �; � 2 �; ®ª §ë¢ ¥âáï ã­¨¢¥àá «ì­ë¬ ¡¥§ãá«®¢­ë¬ ¡ §¨á®¬
¤«ï ª« áá¨ç¥áª¨å ¯à®áâà ­áâ¢ äã­ªæ¨© ¨ à á¯à¥¤¥«¥­¨©.

4 �à¥®¡à §®¢ ­¨¥ � ¡®à 

�àã£¨¬ ¯à¥¤è¥áâ¢¥­­¨ª®¬ ¢á¯«¥áª®¢ëå ¯à¥®¡à §®¢ ­¨© ï¢«ï¥âáï ¯à¥-
®¡à §®¢ ­¨¥ � ¡®à . �ãáâì äã­ªæ¨ï f ¯à¨­ ¤«¥¦¨â L2(R) ¨ bf - ¥¥
¯à¥®¡à §®¢ ­¨¥ �ãàì¥ (2.1). �«ï ¢ëç¨á«¥­¨ï bf(!) ¢ «î¡®© â®çª¥ ! ¢
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à ¢­®© áâ¥¯¥­¨ ¨á¯®«ì§ãîâáï ¢á¥ §­ ç¥­¨ï f , ¯®íâ®¬ã bf ­¥ ®âà ¦ ¥â
¨§¬¥­¥­¨© ç áâ®â­ëå å à ªâ¥à¨áâ¨ª f ¯® ¢à¥¬¥­¨ t: �à®¬¥ â®£®, ¨§¬¥-
­¥­¨¥ äã­ªæ¨¨ f ¢ áª®«ì ã£®¤­® ¬ «®© ®ªà¥áâ­®áâ¨ ¯à®¨§¢®«ì­®© â®çª¨
t0 ¯à¨¢®¤¨â ª ¨§¬¥­¥­¨î ¢á¥£® á¯¥ªâà .

�«ï ¨á¯à ¢«¥­¨ï íâ¨å ­¥¤®áâ âª®¢ �.� ¡®à à áá¬®âà¥« ¢ [G] á«¥¤ã-
îé¥¥ ¯à¥®¡à §®¢ ­¨¥. �ãáâì

g�(t) :=
1

2
p
��

e�
t2

4� ; (4.1)

£¤¥ � - ä¨ªá¨à®¢ ­­ë© ¯ à ¬¥âà.

�¨á.1. �à ä¨ª g�; � = 1; 1
2
; 1
4
:

�ã­ªæ¨ï g� ¨á¯®«ì§ã¥âáï ¢ ª ç¥áâ¢¥ â ª ­ §ë¢ ¥¬®£® ¢à¥¬¥­­®£® ®ª-
­ . �à¥®¡à §®¢ ­¨¥ � ¡®à  äã­ªæ¨¨ f 2 L2(R) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

(��b f)(!) :=
Z
R
(e�i!tf(t))g�(t� b) dt: (4.2)

�á­®, çâ® (��b )(!) «®ª «¨§ã¥â ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¢®ªàã£ â®çª¨ t = b:
� ª ª ª

R
R g�(t � b) db =

R
R g�(x) dx = 1; â®

R
R(�

�
b f)(!) db = bf(!);

! 2 R: � ª¨¬ ®¡à §®¬, ¯à¥®¡à §®¢ ­¨¥ � ¡®à  à §« £ ¥â ¯à¥®¡à §®¢ -
­¨¥ �ãàì¥ ­  «®ª «ì­ãî á¯¥ªâà «ì­ãî ¨­ä®à¬ æ¨î.

�à¨¢¥¤¥¬ ®¡é¥¥ ®¯à¥¤¥«¥­¨¥ ®ª®­­®© äã­ªæ¨¨. �ã­ªæ¨î w ­ §ë-
¢ îâ ®ª®­­®©, ¥á«¨ w 2 L2(R) ¨ xw(x) 2 L2(R): �«ï ª®«¨ç¥áâ¢¥­­®©
å à ªâ¥à¨áâ¨ª¨ «®ª «¨§®¢ ­­®áâ¨ äã­ªæ¨¨ w ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥
¢¥«¨ç¨­ë:

t� := 1
kwk2

2

R
R xjw(x)j2 dx - æ¥­âà;

�w := 1
kwk2

2

fRR(x� t�)2jw(x)j2 dxg1=2 - à ¤¨ãá:

�¨à¨­  äã­ªæ¨¨ w ¯®« £ ¥âáï à ¢­®© ¤¢ã¬ à ¤¨ãá ¬. �¥£ª® ¢ëç¨-
á«¨âì, çâ® �g� =

p
�:
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�à¥®¡à §®¢ ­¨¥ � ¡®à  ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì á«¥¤ãîé¨¬ ®¡à -
§®¬. �ãáâì G�

b;!(t) := ei!tg�(t� b):

�¨á.2. �à ä¨ª Re(G0:5
0;2�(t)): �¨á.3. �à ä¨ª Im(G0:5

0;2�(t)):

�®£¤ 

(��b f)(!) =
Z
R
f(t)G�

b;!(t) dt: (4.3)

�à¥¨¬ãé¥áâ¢® (4.3) á®áâ®¨â ¢ ¢®§¬®¦­®áâ¨ ¯à¨¬¥­¨âì â®¦¤¥áâ¢® �« ­-
è¥à¥«ï. �¥©áâ¢¨â¥«ì­®, dG�

b;!(�) = e�ib(��!)e��(��!)
2

: �®íâ®¬ã

(��b f)(!) =
1
2�

R
R
bf(�)eib(��!)e��(��!)2 d� =

= e�ib!

2
p
��

R
R(e

ib� bf(�))g1=4�(� � !) d� = e�ib!

2
p
��

(�1=4�
!

bf)(�b):
� ª¨¬ ®¡à §®¬, ¯à¥®¡à §®¢ ­¨¥ � ¡®à  äã­ªæ¨¨ f á ®ª®­­®© äã­ªæ¨¥©
g� ¢ â®çª¥ t = b á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï á®¢¯ ¤ ¥â á ¯à¥®¡à §®¢ ­¨¥¬
� ¡®à  äã­ªæ¨¨ bf á ®ª®­­®© äã­ªæ¨¥© g1=4� ¢ â®çª¥ � = !: �à®¨§¢¥¤¥-
­¨¥ è¨à¨­ë ®ª­  g� ­  è¨à¨­ã ®ª­  g1=4� à ¢­® 2: �¥ª àâ®¢® ¯à®¨§-
¢¥¤¥­¨¥ [b �p�; b +p

�] � [! � 1
2
p
�
; ! + 1

2
p
�
] íâ¨å ¤¢ãå ®ª®­ ­ §ë¢ îâ

¯àï¬®ã£®«ì­ë¬ ¢à¥¬ï-ç áâ®â­ë¬ ®ª­®¬. �¨à¨­  2
p
� ¢à¥¬¥­­®£® ®ª­ 

­ §ë¢ ¥âáï è¨à¨­®© ¢à¥¬ï-ç áâ®â­®£® ®ª­ ,   è¨à¨­  1=
p
� ç áâ®â­®£®

®ª­  ­ §ë¢ ¥âáï ¢ëá®â®© ¢à¥¬ï-ç áâ®â­®£® ®ª­ . �â¬¥â¨¬, çâ® è¨à¨-
­  ¢à¥¬ï-ç áâ®â­®£® ®ª­  ¢ ¯à¥®¡à §®¢ ­¨¨ � ¡®à  ­¥ ¨§¬¥­ï¥âáï ¯à¨
­ ¡«î¤¥­¨¨ á¯¥ªâà  ­  ¢á¥å ç áâ®â å.

6

-

!

!1

!2

tt1 t2

p p p p p p p p p

p

p

p

p

p

p

p

p

p

p p p p p p p p p p p p p p p p p p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

�¨á.4. �ª­  � ¡®à .
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5 �ª®­­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥

�à¥®¡à §®¢ ­¨¥ � ¡®à  ¬®¦­® ®¡®¡é¨âì. �ãáâì

w 2 L2(R) ¨ tw(t) 2 L2(R): (5.1)

�ª®­­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ ­ §ë¢ ¥âáï

(f�b)(!) := Z
R
(e�i!tf(t))w(t� b) dt:

�®« £ ï
Wb;!(t) := ei!tw(t� b);

Vb;!(�) :=
1
2�
cWb;!(�) =

eib!

2�
e�ib� bw(� � !);

¨¬¥¥¬
(f�b)(!) := Z

R
f(t)Wb;!(t) dt =

Z
R

bf (�)Vb;!(�) d�:
� ª¨¬ ®¡à §®¬, ®ª®­­®¥ ¯à¥®¡à §®¢ ­¨¥ ¤ ¥â «®ª «ì­ãî ¨­ä®à¬ æ¨î
®¡ f ¢® ¢à¥¬¥­­®¬ ®ª­¥ [t� + b � �w; t

� + b + �w] ¨ «®ª «ì­ãî ¨­-
ä®à¬ æ¨î ®¡ bf ¢ ç áâ®â­®¬ ®ª­¥ [!� + ! � �bw; !� + ! + �bw]; £¤¥ !�
- æ¥­âà bw. �á«¨ ¨ w, ¨ bw ã¤®¢«¥â¢®àïîâ (5.1), â® ¢à¥¬ï-ç áâ®â­®¥ ®ª­®
[t�+ b��w; t

� + b+�w]� [!� + ! ��bw; !� + ! +�bw] ¨¬¥¥â ¯®áâ®ï­­ãî
è¨à¨­ã 2�w ¨ ¯®áâ®ï­­ãî ¯«®é ¤ì 4�w�bw:

�à®¨§¢¥¤¥­¨¥ �w �bw å à ªâ¥à¨§ã¥â ¢à¥¬ï-ç áâ®â­ãî «®ª «¨§ æ¨î
w ¨ ­ §ë¢ ¥âáï ª®­áâ ­â®© ­¥®¯à¥¤¥«¥­­®áâ¨ w: � ¯®¬­¨¬ ¯à¨­æ¨¯ ­¥-
®¯à¥¤¥«¥­­®áâ¨ (á¬., ­ ¯à¨¬¥à, [La]).

�¥®à¥¬  5.1 �ãáâì w 2 L2(R) ã¤®¢«¥â¢®àï¥â (5.1) ¢¬¥áâ¥ á bw: �®£¤ 
�w�bw � 1

2
: �®«¥¥ â®£®, à ¢¥­áâ¢® ¤®áâ¨£ ¥âáï â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  w(t) = ceiatg�(t� b); £¤¥ c 6= 0; � > 0; a; b 2 R:
� ª¨¬ ®¡à §®¬, ¯à¥®¡à §®¢ ­¨¥ � ¡®à  ¨¬¥¥â ­ ¨¬¥­ìè¥¥ ¢à¥¬ï-

ç áâ®â­®¥ ®ª­®. � ­¥ª®â®àëå ¯à¨«®¦¥­¨ïå ¯à¨å®¤¨âáï ¨á¯®«ì§®¢ âì
¡®«ìè¨¥ ®ª­  ¤«ï ¯®«ãç¥­¨ï ¤®¯®«­¨â¥«ì­ëå á¢®©áâ¢, ­ ¯à¨¬¥à «¥£ª®-
áâ¨ ¢ëç¨á«¥­¨©.

�à¨¢¥¤¥¬ ä®à¬ã«ã ®¡à é¥­¨ï ¤«ï ®ª®­­ëå ¯à¥®¡à §®¢ ­¨© �ãàì¥.

�¥®à¥¬  5.2 �ãáâì w 2 L2(R); kwk2 = 1; w ¨ bw ã¤®¢«¥â¢®àïîâ (5.1).
�®£¤  Z

R

Z
R
hf;Wb;!ihg;Wb;!i db d! = 2�hf; gi:
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�á«¨ x - â®çª  ­¥¯à¥àë¢­®áâ¨ f , â®

f(x) =
1

2�

Z
R

Z
R
[ei!x(f�bf)(!)]w(x� b) d! db:

� ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ¢ ®ª®­­®¬ ¯à¥®¡à §®¢ ­¨¨ �ãàì¥ è¨à¨-
­  ®ª­  ­¥ ¨§¬¥­ï¥âáï ¯à¨ ¨§ãç¥­¨¨ «î¡®© ç áâ®â­®© ¯®«®áë. �¤­ ª®,
ç áâ®â  ¯àï¬® ¯à®¯®àæ¨®­ «ì­  ç¨á«ã ¯¥à¨®¤®¢ ¢ ¥¤¨­¨æã ¢à¥¬¥­¨, ¯®-
íâ®¬ã ¤«ï «®ª «¨§ æ¨¨ ¢ëá®ª®ç áâ®â­ëå ¨§¬¥­¥­¨© ¥áâ¥áâ¢¥­­® ¡à âì
¡®«¥¥ ã§ª®¥ ®ª­® ¤«ï ã¢¥«¨ç¥­¨ï â®ç­®áâ¨ ¢ëç¨á«¥­¨©,   ¤«ï ­¨§ª®ç -
áâ®â­ëå - ¡®«¥¥ è¨à®ª®¥ ¤«ï ¯®«ãç¥­¨ï ¯®«­®© ¨­ä®à¬ æ¨¨. � ª¨¬
®¡à §®¬, ®ª®­­®¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ­¥ ¯à¨¬¥­¨¬® ª ¨§ãç¥­¨î á¨£-
­ «®¢, á®¤¥à¦ é¨å ª ª ®ç¥­ì ¢ëá®ª¨¥, â ª ¨ ®ç¥­ì ­¨§ª¨¥ ç áâ®âë.

� ­­ë© ­¥¤®áâ â®ª ¨á¯à ¢«ï¥âáï ¢ ¨­â¥£à «ì­®¬ ¢á¯«¥áª®¢®¬ ¯à¥-
®¡à §®¢ ­¨¨¨, ¢à¥¬ï-ç áâ®â­®¥ ®ª­® ª®â®à®£®  ¢â®¬ â¨ç¥áª¨ áã¦ ¥âáï
¯à¨ ­ ¡«î¤¥­¨¨ ¢ëá®ª®ç áâ®â­ëå ¨§¬¥­¥­¨© ¨ à áè¨àï¥âáï ¤«ï ¨§ãç¥-
­¨ï ­¨§ª®ç áâ®â­ëå.

6 �­â¥£à «ì­®¥ ¢á¯«¥áª®¢®¥ ¯à¥®¡à §®¢ -

­¨¥

�¯à¥¤¥«¥­¨¥ 6.1 �ã­ªæ¨î  2 L2(R) ­ §ë¢ îâ ¡ §®¢ë¬ ¢á¯«¥áª®¬,
¥á«¨ ®­  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î:

C :=
Z
R

j b (!)j2
j!j d! <1:

�à¨ ¯®¬®é¨ ¡ §®¢®£® ¢á¯«¥áª  ®¯à¥¤¥«ï¥âáï ¨­â¥£à «ì­®¥ ¢á¯«¥áª®¢®¥
¯à¥®¡à §®¢ ­¨¥ (���) ­  L2(R) :

(W f)(b; a) := jaj�1=2
Z
R
f(t) 

 
t� b

a

!
dt; f 2 L2(R);

£¤¥ a; b 2 R á a 6= 0:

�®« £ ï

 b;a(t) := jaj�1=2 

 
t� b

a

!
; (6.1)
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¨¬¥¥¬
(W f)(b; a) = hf;  b;ai: (6.2)

� ¤ «ì­¥©è¥¬, ¡ã¤¥¬ áç¨â âì çâ® ¨  , ¨ b ã¤®¢«¥â¢®àïîâ (5.1). �®-
£¤ , ¥á«¨ æ¥­âà ¨ à ¤¨ãá  à ¢­ë t� ¨ � ,á®®â¢¥âáâ¢¥­­®, â® äã­ªæ¨ï
 b;a ï¢«ï¥âáï ®ª®­­®© á æ¥­âà®¬ ¢ b + at� ¨ à ¤¨ãá®¬ a� . �­ ç¨â
��� ¤ ¥â «®ª «ì­ãî ¨­ä®à¬ æ¨î ® äã­ªæ¨¨ f á ¢à¥¬¥­­ë¬ ®ª­®¬
[b+ at� � a� ; b+ at� + a� ]: �â® ®ª­® áã¦ ¥âáï ¯à¨ ¬ «ëå §­ ç¥­¨ïå
a ¨ à áè¨àï¥âáï ¯à¨ ¡®«ìè¨å.

� áá¬®âà¨¬ â¥¯¥àì

1

2�
b b;a(!) = jaj�1=2

2�

Z
R
e�i!t 

 
t� b

a

!
dt =

ajaj�1=2

2�
e�ib! b (a!); (6.3)

¨ ¯à¥¤¯®«®¦¨¬, çâ® æ¥­âà ¨ à ¤¨ãá äã­ªæ¨¨ b à ¢­ë !� ¨ �b ; á®®â-
¢¥âáâ¢¥­­®. �®« £ ï �(!) := b (! + !�); ¯®«ãç ¥¬ ®ª®­­ãî äã­ªæ¨î �
á æ¥­âà®¬ ¢ ­ã«¥ ¨ à ¤¨ãá®¬ �b : �à¨¬¥­ïï â®¦¤¥áâ¢® �« ­è¥à¥«ï ª

(6.2), ¨¬¥¥¬

(W f)(b; a) =
ajaj�1=2

2�

Z
R

bf(!)eib!�(a(! � !�

a
)) d!:

�á­®, çâ® ®ª®­­ ï äã­ªæ¨ï �(a(! � !�

a
)) = �(a! � !�) = b (a!) ¨¬¥¥â

à ¤¨ãá 1
a
�b : �®íâ®¬ã, á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï ajaj�1=2

2�
¨ «¨­¥©­®£®

ä §®¢®£® á¤¢¨£  eib!; ��� W f ¤ ¥â «®ª «ì­ãî ¨­ä®à¬ æ¨î ®¡ bf á
ç áâ®â­ë¬ ®ª­®¬ �

!�

a
� 1

a
�b ; !�a +

1

a
�b 

�
: (6.4)

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì æ¥­âà !� äã­ªæ¨¨ b ¯®«®¦¨â¥«ì­ë¬.
�®£¤  ®ª­® (6.4) ï¢«ï¥âáï ç áâ®â­®© ¯®«®á®© (¨«¨ ®ªâ ¢®©) á æ¥­âà «ì-
­®© ç áâ®â®© !�=a ¨ è¨à¨­®© ¯®«®áë 2�b =a: � ¦­®, çâ® ®â­®è¥­¨¥

æ¥­âà «ì­ ï ç áâ®â 

è¨à¨­ 
=

!�=a
2�b =a =

!�

2�b 
­¥ § ¢¨á¨â ®â ¬ áèâ ¡  a.
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�â ª, ¤«ï ��� ¨¬¥¥¬ ¯àï¬®ã£®«ì­®¥ ¢à¥¬ï-ç áâ®â­®¥ ®ª­®

[b+ at� � a� ; b+ at� + a� ]� [
!�

a
� 1

a
�b ; !�a +

1

a
�b ]

�â¬¥â¨¬ ¥é¥ à §, çâ® ®ª­® áã¦ ¥âáï ¤«ï ¢ëï¢«¥­¨ï ¢ëá®ª®ç áâ®â­ëå
ï¢«¥­¨© ¨ à áè¨àï¥âáï ¤«ï ¨áá«¥¤®¢ ­¨ï ­¨§ª®ç áâ®â­ëå.

6

-

!

!�

a2

!�

a1

tb+ a1t
� b+ a2t

�

p p p p p p p p p p p p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p

p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

p

p

p

p

p

p

p

p

�¨á.1. �ª­  ���.

�«¥¤ãîé¨© à¥§ã«ìâ â ¯®ª §ë¢ ¥â, ª ª ¢®ááâ ­®¢¨âì äã­ªæ¨î ¯® ¥¥
���.

�¥®à¥¬  6.1 �ãáâì  - ¡ §®¢ë© ¢á¯«¥áª. �®£¤  ¤«ï «î¡ëå
f; g 2 L2(R) Z

R

Z
R
[(W f)(b; a)(W g)(b; a)]

da

a2
db = C hf; gi:

�®«¥¥ â®£®, ¤«ï «î¡®© f 2 L2(R) ¨ «î¡®© â®çª¨ x; ¢ ª®â®à®© f ­¥¯à¥-
àë¢­ ,

f(x) =
1

C 

Z
R

Z
R
[(W f)(b; a)] b;a(x)

da

a2
db;

£¤¥  b;a ®¯à¥¤¥«¥­ë ¢ (6.1).

�®ª § â¥«ìáâ¢®. � á¨«ã (6.3) ¨ â®¦¤¥áâ¢  �« ­è¥à¥«ï

(W f)(b; a) = hf;  b;ai = 1

2�

Z
R

bf (!)ajaj�1=2e�ib! b (a!) d! =
1

2�
bFa(b);
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£¤¥ Fa(!) := ajaj�1=2 bf(!) b (a!): �®íâ®¬ã, ®¯ïâì ¨á¯®«ì§ãï â®¦¤¥áâ¢®
�« ­è¥à¥«ï, ¨¬¥¥¬R

R

R
R[(W f)(b; a)(W g)(b; a)]

da
a2
db =

= 1
4�2

R
R

R
R
bFa(b) bGa(b)db

da
a2

= 1
2�

R
R

� bf(!)bg(!) RR jb (a!)j2
jaj da

�
d! =

= 1
2�
C h bf ; bgi = C hf; gi:

�â®à®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ ¯¥à¢®£®, ¥á«¨ ¢§ïâì ¢ ª ç¥-
áâ¢¥ äã­ªæ¨© g £ ãáá®¢áª¨¥ äã­ªæ¨¨ g�(� � x) (á¬. (4.1)) ¨ ãáâà¥¬¨âì �
ª ­ã«î. 2

� ¬¥ç ­¨¥ 6.1 �® ¢á¯«¥áª®¢ëå ¯à¥®¡à §®¢ ­¨ïå ®á­®¢­ãî à®«ì ¨£à ¥â
ª®¬¬ãâ â¨¢­ ï «®ª «ì­® ª®¬¯ ªâ­ ï £àã¯¯  ®â®¡à ¦¥­¨© R 7! R

¢¨¤  g(x) = ax + b; a 2 Rnf0g; b 2 R; x 2 R á ¬¥à®© �  à  a�2da db:
�.�.�ãª è¥­ª® [Lu] ®¡®¡é¨« â¥®à¥¬ã 6.1 ­  ¯à®¨§¢®«ì­ãî ª®¬¬ãâ -
â¨¢­ãî «®ª «ì­® ª®¬¯ ªâ­ãî £àã¯¯ã.

�à¨  ­ «¨§¥ ä¨§¨ç¥áª¨å á¨£­ «®¢ à áá¬ âà¨¢ îâáï â®«ìª® ¯®«®-
¦¨â¥«ì­ë¥ ç áâ®âë. � ª ª ª ç áâ®â  ®¡à â­® ¯à®¯®àæ¨®­ «ì­  ¯ à -
¬¥âàã á¦ â¨ï a: ! = !�=a; â® ¢ íâ®¬ á«ãç ¥ ­¥®¡å®¤¨¬® à áá¬ âà¨-
¢ âì â®«ìª® ¯®«®¦¨â¥«ì­ë¥ a ¨ ¢®ááâ ­ ¢«¨¢ âì á¨£­ « ¯® §­ ç¥­¨ï¬
(W f)(b; a); a > 0: �«ï íâ®£® ­  ¡ §®¢ë© ¢á¯«¥áª ­ ¤® ­ «®¦¨âì ¤®¯®«-
­¨â¥«ì­®¥ âà¥¡®¢ ­¨¥:

Z 1

0

j b (!)j2
!

d! =
Z 1

0

j b (w)j2
!

d! =
1

2
C <1: (6.5)

�¥®à¥¬  6.2 �ãáâì ¡ §®¢ë© ¢á¯«¥áª  ã¤®¢«¥â¢®àï¥â (6.5). �®£¤  ¤«ï
«î¡ëå f; g 2 L2(R)Z 1

0

�Z 1

�1
(W f)(b; a)(W g)(b; a) db

�
da

a2
=

1

2
C hf; gi:

�®«¥¥ â®£®, ¤«ï «î¡®© f 2 L2(R) ¨ «î¡®© â®çª¨ x; ¢ ª®â®à®© f ­¥¯à¥-
àë¢­ ,

f(x) =
2

C 

Z 1

0

�Z
R
(W f)(b; a) b;a(x) db

�
da

a2
;

£¤¥  b;a ®¯à¥¤¥«¥­ë ¢ (6.1).
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7 �¢®¨ç­ë¥ ¢á¯«¥áª¨ ¨ ä®à¬ã«ë ®¡à é¥-

­¨ï

�à¨  ­ «¨§¥ á¨£­ «®¢ ç áâ®â­ãî ®áì ç áâ® à §¡¨¢ îâ ­  ¤¨§êî­ªâ-
­ë¥ ç áâ®â­ë¥ ¯®«®áë (¨«¨ ®ªâ ¢ë). � áá¬®âà¨¬ ¤¢®¨ç­®¥ à §¡¨¥­¨¥:
(0;1) =

S1
j=�1(2j�b ; 2j+1�b )]; £¤¥ �b > 0 - à ¤¨ãá ¯à¥®¡à §®¢ ­¨ï �ã-

àì¥ b ¡ §®¢®£® ¢á¯«¥áª   :�ë, ª ª ®¡ëç­®, ¯à¥¤¯®« £ ¥¬, çâ® b ã¤®¢«¥-
â¢®àï¥â (5.1). � ¬¥â¨¬, çâ®, ­¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì
!� = 3�b (¤®áâ â®ç­® ¯à¨¬¥­¨âì ª  á®®â¢¥âáâ¢ãîé¨© ä §®¢ë© á¤¢¨£:

 0(t) := ei�t (t)). �®£¤  ¯à¨ aj := 2�j ¨¬¥¥¬

(
!�

aj
� 1

aj
�b ; !�aj +

1

aj
�b ] = (2j+1�b ; 2j+2�b ]:

�¥­âà «ì­ ï ç áâ®â  íâ®© ¯®«®áë à ¢­  !j :=
!�

aj
= 3 � 2j�b :

�à¨ ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨ïå ­  ¡ §®¢ë© ¢á¯«¥áª  ®ª -
§ë¢ ¥âáï ¢®§¬®¦­ë¬ ¢®ááâ ­®¢¨âì äã­ªæ¨î, ¨á¯®«ì§ãï §­ ç¥­¨ï ���
(W f)(b; a) â®«ìª® ­  ¤¨áªà¥â­®¬ ¬­®¦¥áâ¢¥ ç áâ®â
f!j = 3 � 2j�b gj2Z (â.¥. a = aj; j 2 Z).

�¯à¥¤¥«¥­¨¥ 7.1 �ã­ªæ¨ï  2 L2(R) ­ §ë¢ ¥âáï ¤¢®¨ç­ë¬ ¢á¯«¥-
áª®¬, ¥á«¨ áãé¥áâ¢ãîâ ¤¢¥ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë A ¨ B;
0 < A � B <1; â ª¨¥, çâ® ¯®çâ¨ ¢áî¤ã (¯.¢.)

A �X
j2Z

j b (2�j!)j2 � B: (7.1)

�á«®¢¨¥ (7.1) ­ §ë¢ îâ ãá«®¢¨¥¬ ãáâ®©ç¨¢®áâ¨.

�ãáâì f�(x) := f(�x): �¯à¥¤¥«¨¬ ­®à¬¨à®¢ ­­®¥ ���

(W  
j f)(b) := 2j=2(W f)(b; 2

�j) = 2j(f �  �(2j �))(b):
�á¯®«ì§ãï â®¦¤¥áâ¢® �« ­è¥à¥«ï, «¥£ª® ¯®ª § âì, çâ® (7.1) íª¢¨¢ -
«¥­â­®

Akfk22 �
X
j2Z

kW  
j fk22 � Bkfk22; f 2 L2(R):

�«¥¤ãîé¨© à¥§ã«ìâ â ¯®ª §ë¢ ¥â, çâ® ¤¢®¨ç­ë© ¢á¯«¥áª ¢á¥£¤  ï¢-
«ï¥âáï ¡ §®¢ë¬.
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�¥®à¥¬  7.1 �ãáâì  ã¤®¢«¥â¢®àï¥â (7.1). �®£¤   ï¢«ï¥âáï ¡ §®¢ë¬
¢á¯«¥áª®¬ ¨

A ln 2 �
Z 1

0

j b (!)j2
!

d!;
Z 1

0

j b (�!)j2
!

� B ln 2:

�®«¥¥ â®£®, ¥á«¨ A = B; â®

C :=
Z
R

j b (!)j2
j!j d! = 2A ln 2:

�«ï ¢®ááâ ­®¢«¥­¨ï f 2 L2(R) ¯® §­ ç¥­¨ï¬ ��� (W f)(b; 2�j);
j 2 Z; «¥£ç¥ ¢á¥£® ¨á¯®«ì§®¢ âì ¤àã£®© ¤¢®¨ç­ë© ¢á¯«¥áª  �; ®¯à¥¤¥-
«ï¥¬ë© ¢ ®¡à § å �ãàì¥ á«¥¤ãîé¨¬ ®¡à §®¬:

b �(!) := b (!)P
k2Z j b (2�k!)j2 :

�®£¤  P
j2Z

R
R(W

 
j f)(b)f2j �(2j(x� b))g db =

=
P
j2Z

1
2�

R
R

d
(W  

j f)(!)
b �(2�j!)eix! d! =

=
P
j2Z

1
2�

R
R
bf(!) b (2�j!) b �(2�j!)eix! d! =

= 1
2�

R
R
bf(!)eix! d! = f(x):

(7.2)

�¯à¥¤¥«¥­¨¥ 7.2 �ã­ªæ¨ï e 2 L2(R) ­ §ë¢ ¥âáï ¤¢®¨ç­®-¤¢®©áâ¢¥­­®©
ª ¤¢®¨ç­®¬ã ¢á¯«¥áªã  ; ¥á«¨ ª ¦¤ ï äã­ªæ¨ï f 2 L2(R) ¬®¦¥â ¡ëâì
¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥

f(x) =
P
j2Z

R
R(W

 
j f)(b)f2j e (2j(x� b))g db =

=
P
j2Z 23j=2

R
R(W f)(b;

1
2j )

e (2j(x� b)) db:

� á¨«ã (7.2) äã­ªæ¨ï  � ï¢«ï¥âáï ¤¢®¨ç­®-¤¢®©áâ¢¥­­®© ª  : �à®¬¥
â®£®,  � ï¢«ï¥âáï ¤¢®¨ç­ë¬ ¢á¯«¥áª®¬:

1

B
�X

j2Z
j b �(2�j!)j2 � 1

A
:

�â¬¥â¨¬, çâ® ¤¢®¨ç­®-¤¢®©áâ¢¥­­ë© ¢á¯«¥áª ª ¤ ­­®¬ã ¢á¯«¥áªã  
­¥ ¥¤¨­áâ¢¥­¥­.
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�¥®à¥¬  7.2 �ãáâì  - ¤¢®¨ç­ë© ¢á¯«¥áª ¨ e - ¯à®¨§¢®«ì­ ï äã­ªæ¨ï
¨§ L2(R); ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

ess sup
x2R

X
j2Z

jbe (2�jx)j2 <1:

�ã­ªæ¨ï e ï¢«ï¥âáï ¤¢®¨ç­®-¤¢®©áâ¢¥­­®© ª  â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  X

j2Z
b (2�j!)be (2�j!) = 1; ¯.¢.

8 �à¥©¬ë

�«ï ¢ëç¨á«¨â¥«ì­®© íää¥ªâ¨¢­®áâ¨ ¬®¦­® ¤¨áªà¥â¨§¨à®¢ âì ¨ ¯ à -
¬¥âà á¤¢¨£  b; à áá¬ âà¨¢ ï â®«ìª® ¤¨áªà¥â­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨©:
bj;k := k

2j
b0; j; k;2 Z; £¤¥ b0 > 0 - ä¨ªá¨à®¢ ­­ ï ª®­áâ ­â , ­ §ë¢ ¥-

¬ ï â¥¬¯®¬ ¨§¬¥à¥­¨©. �¡®§­ ç¨¬

 b0;j;k(t) :=  bj;k;aj(t) = 2
j
2 (2jt� kb0):

�ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® á«¥¤ãîé¨¥ §­ ç¥­¨ï ���:

(W f)(bj;k; aj) = hf;  b0;j;ki; j; k 2 Z: (8.1)

�á«¨ áãé¥áâ¢ãîâ ª®­áâ ­âë A ¨ B, 0 < A � B <1; â ª¨¥, çâ®

Akfk22 �
X
j;k2Z

jhf;  b0;j;kij2 � Bkfk22; f 2 L2(R); (8.2)

â® äã­ªæ¨î f 2 L2(R) ¬®¦­® ¢®ááâ ­®¢¨âì ¯® §­ ç¥­¨ï¬ ��� ¨§ (8.1).

�¯à¥¤¥«¥­¨¥ 8.1 �®¢®àïâ, çâ® äã­ªæ¨ï  2 L2(R) ¯®à®¦¤ ¥â
äà¥©¬ ¢ L2(R) á â¥¬¯®¬ ¨§¬¥à¥­¨© b0 > 0; ¥á«¨ ¢ë¯®«­ï¥âáï (8.2)
á ª®­áâ ­â ¬¨ A ¨ B, ª®â®àë¥ ­ §ë¢ îâáï £à ­¨æ ¬¨ äà¥©¬ . �á«¨
A = B; â® äà¥©¬ ­ §ë¢ îâ ¦¥áâª¨¬ (¥áâ¥áâ¢¥­­® ­ §ë¢ âì ¦¥áâ-
ª¨© äà¥©¬ ®¡®¡é¥­­®© á¨áâ¥¬®© � àá¥¢ «ï).

� áá¬®âà¨¬ «¨­¥©­ë© ®¯¥à â®à T ­  L2(R):

Tf :=
X
j;k2Z

hf;  b0;j;k;i b0;j;k; f 2 L2(R):
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�§ (8.2) á«¥¤ã¥â, çâ® T ï¢«ï¥âáï ¢§ ¨¬­®-®¤­®§­ ç­ë¬. �¥©áâ¢¨-
â¥«ì­®,

hTf; fi = X
j;k2Z

jhf;  b0;j;kij2:

�®íâ®¬ã ¤«ï g = Tf ¨¬¥¥¬

AkT�1gk22 = Akfk22 � hTf; fi = hg; T�1gi � kgk2kT�1gk2:

�âªã¤  kT�1gk2 � 1
A
kgk2 ¨«¨ kT�1k � A�1:

� ª¨¬ ®¡à §®¬, «î¡ãî äã­ªæ¨î f 2 L2(R) ¬®¦­® ¢®ááâ ­®¢¨âì ¯®
§­ ç¥­¨ï¬ ��� ¨§ (8.1), ¯à¨¬¥­ïï ä®à¬ã«ã

f = T�1Tf =
X
j;k2Z

hf;  b0;j;kiT�1 b0;j;k: (8.3)

�®« £ ï  j;kb0 := T�1 b0;j;k; j; k 2 Z; ¬®¦­® ¯¥à¥¯¨á âì ä®à¬ã«ã (8.3)
á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï «î¡ëå f; g 2 L2(R)

hf; gi =P
j;k2Zhf;  b0;j;kih j;kb0 ; gi;

f =
P
j;k2Zhf;  b0;j;ki j;kb0 :

�áâ¥áâ¢¥­­® ­ §ë¢ âì f j;kb0 g ¤¢®©áâ¢¥­­ë¬ äà¥©¬®¬ ª äà¥©¬ã
f b0;j;kg:

�¯à¥¤¥«¥­¨¥ 8.2 �®¢®àïâ, çâ® äã­ªæ¨ï  2 L2(R) ¯®à®¦¤ ¥â ¡ §¨á
�¨áá  (¨«¨ ¡¥§ãá«®¢­ë© ¡ §¨á) f b0;j;kg á â¥¬¯®¬ ¨§¬¥à¥­¨© b0, ¥á«¨
¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ¤¢  ãá«®¢¨ï:

(i) «¨­¥©­ ï ®¡®«®çª  f b0;j;kgj;k2Z ¯«®â­  ¢ L2(R);
(ii) áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë A ¨ B;

0 < A � B <1; â ª¨¥, çâ® ¤«ï «î¡ëå fcj;kg 2 l2(Z2)

Akfcj;kgk2l2 �







X
j;k2Z

cj;k b0;j;k








2

2

� Bkfcj;kgk2l2:

�®­áâ ­âë A ¨ B ­ §ë¢ îâ ª®­áâ ­â ¬¨ �¨áá  ¤«ï f b0;j;kg: �á«¨
b0 = 1; â® äã­ªæ¨ï  ­ §ë¢ ¥âáï R-äã­ªæ¨¥©.
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� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥

 j;k(x) :=  1;j;k(x) = 2j=2 (2jx� k);

ª®â®à®¥ ­¥ ­ ¤® ¯ãâ âì á  b;a ¨§ (6.1).
�«¥¤ãîé¨© à¥§ã«ìâ â ¯®ª §ë¢ ¥â à §­¨æã ¬¥¦¤ã äà¥©¬®¬ ¨ ¡ §¨-

á®¬ �¨áá .

�¥®à¥¬  8.1 �ãáâì  2 L2(R) ¨ b0 > 0: �®£¤  á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥-
­¨ï íª¢¨¢ «¥­â­ë:

(i) f b0;j;kg - ¡ §¨á �¨áá  ¢ L2(R);
(ii) f b0;j;kg - äà¥©¬ ¢ L2(R) ¨ l2-«¨­¥©­® ­¥§ ¢¨á¨¬®¥ á¥¬¥©áâ¢®,

â.¥. ¥á«¨
P
cj;k b0;j;k = 0 ¨ fcj;kg 2 l2; â® cj;k = 0:

�®«¥¥ â®£®, ª®­áâ ­âë �¨áá  á®¢¯ ¤ îâ á £à ­¨æ ¬¨ äà¥©¬ .

�ã­ªæ¨ï, ¯®à®¦¤ îé ï äà¥©¬, ¢á¥£¤  ï¢«ï¥âáï ¤¢®¨ç­ë¬ ¢á¯«¥-
áª®¬.

�¥®à¥¬  8.2 �ãáâì  2 L2(R) ¯®à®¦¤ ¥â äà¥©¬ f b0;j;kg ¢ L2(R) á
£à ­¨æ ¬¨ A;B ¨ â¥¬¯®¬ ¨§¬¥à¥­¨© b0 > 0: �®£¤ 

b0A �
X
j2Z

j b (2�j!)j2 � b0B; ¯.¢.

9 �á¯«¥áª®¢ë¥ àï¤ë

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì â¥¬¯ ¨§¬¥à¥­¨© b0 = 1: �ãáâì
 - R-äã­ªæ¨ï, f j;kg - ¡ §¨á �¨áá , f j;k = T�1 j;kg - ¤¢®©áâ¢¥­­ë©
äà¥©¬ (á¬.(8.3)).

� ª« áá¥ R-äã­ªæ¨© ¢ë¤¥«ïîâ ¤¢  ¢ ¦­ëå ¯®¤¬­®¦¥áâ¢ .

�¯à¥¤¥«¥­¨¥ 9.1 �ãáâì  2 L2(R) - R-äã­ªæ¨ï. �®£¤ 
(i)  ­ §ë¢ îâ ®àâ®£®­ «ì­ë¬ ¢á¯«¥áª®¬, ¥á«¨  j;k ã¤®¢«¥â¢®àïîâ

ãá«®¢¨î ®àâ®£®­ «ì­®áâ¨:

h j;k;  l;mi = �j;l�k;m; j; k; l;m 2 Z;
(ii)  ­ §ë¢ îâ ¯®«ã®àâ®£®­ «ì­ë¬ ¢á¯«¥áª®¬, ¥á«¨  j;k ã¤®¢«¥â¢®-

àïîâ ãá«®¢¨î:

h j;k l;mi = 0; j 6= l; j; k; l;m 2 Z:
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�ç¥¢¨¤­®, çâ® ®àâ®£®­ «ì­ë¥ ¢á¯«¥áª¨ ï¢«ïîâáï á ¬®¤¢®©áâ¢¥­­ë-
¬¨:  j;k =  j;k; j; k 2 Z:

�«ï â®£®, çâ®¡ë ãª § âì ¤¢®©áâ¢¥­­ë© äà¥©¬ ¢ ¯®«ã®àâ®£®­ «ì­®¬
á«ãç ¥, ¯à¨¢¥¤¥¬ á«¥¤ãîé¨© ªà¨â¥à¨© ®àâ®£®­ «ì­®áâ¨.

�¥®à¥¬  9.1 �«ï «î¡®© äã­ªæ¨¨ � 2 L2(R) á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï
íª¢¨¢ «¥­â­ë:

(i) f�(x� k) : k 2 Zg - ®àâ®­®à¬¨à®¢ ­­®¥ á¥¬¥©áâ¢®:

h�(� � k); �(� � l)i = �k;l; k; l 2 Z:

(ii) ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ b� ã¤®¢«¥â¢®àï¥â ãá«®¢¨î:

1

2�

Z
R
e�ijxj b�(x)j2 dx = �j;0; j 2 Z:

(iii) �«ï ¯®çâ¨ ¢á¥å xX
j2Z

j b�(x+ 2�k)j2 = 1:

�®«¥¥ á« ¡ë¬, ç¥¬ ãá«®¢¨¥ ®àâ®£®­ «ì­®áâ¨, ï¢«ï¥âáï ãá«®¢¨¥ �¨áá 
¨«¨ ãá«®¢¨¥ ¡¥§ãá«®¢­®áâ¨.

�¥®à¥¬  9.2 �«ï «î¡®© äã­ªæ¨¨ � ¨ ª®­áâ ­â 0 < A � B < 1 á«¥-
¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

(i) f�(� � k) : k 2 Zg ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨áá  á ª®­áâ ­â ¬¨
A ¨ B, â.¥. ¤«ï «î¡ëå fckg 2 l2

Akfckgk2l2 �







X
k2Z

ck�(� � k)








2

2

� Bkfckgk2l2:

(ii) ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ b� ã¤®¢«¥â¢®àï¥â ¯.¢. ãá«®¢¨î

A � X
k2Z

j b�(x+ 2�k)j2 � B:
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�¥®à¥¬  9.3 �ãáâì  2 L2(R) - ¯®«ã®àâ®£®­ «ì­ë© ¢á¯«¥áª. �¯à¥¤¥-
«¨¬ e ¢ ®¡à § å �ãàì¥

be (!) := b (!)P
k2Z j b (! + 2�k)j2 :

�®£¤  äã­ªæ¨ï e ¤¢®©áâ¢¥­­  ª  ; â.¥.

h j;k; e l;mi = �j;l�k;m; j; k; l;m 2 Z; (9.1)

£¤¥ e l;m(x) := 2l=2 e (2lx � m): � ª¨¬ ®¡à §®¬, ¤¢®©áâ¢¥­­ë© äà¥©¬ ª

f j;kg - íâ® f j;k = e j;kg:
�â  â¥®à¥¬  ãª §ë¢ ¥â, ª ª ¨á¯à ¢¨âì ¯®«ã®àâ®£®­ «ì­ë© ¢á¯«¥áª

¢ ®àâ®£®­ «ì­ë©. �¥©áâ¢¨â¥«ì­®, ¯®« £ ï

d ?(!) := b (!)
(
P
k2Z j b (! + 2�k)j2)1=2 ; (9.2)

¯®«ãç ¥¬, çâ®

dg ?(!) = d ?(!)P
k2Z jd ?(! + 2�k)j2

= d ?(!):
� ª¨¬ ®¡à §®¬, g ? =  ?; â.¥.  ? - á ¬®¤¢®©áâ¢¥­¥­.

�ãé¥áâ¢ãîâ R-äã­ªæ¨¨, ã ª®â®àëå ­¥â ¤¢®©áâ¢¥­­ëå, â.¥. ¤¢®©-
áâ¢¥­­ë© ¡ §¨á f j;kg ª ¡ §¨áã �¨áá  f j;kg ­¥ ¨¬¥¥â ¢¨¤  f e j;kg ­¨ ¤«ï
ª ª®© äã­ªæ¨¨ e 2 L2(R):

�¯à¥¤¥«¥­¨¥ 9.2 R-äã­ªæ¨ï  2 L2(R) ­ §ë¢ ¥âáï ¢á¯«¥áª®¬, ¥á«¨
áãé¥áâ¢ã¥â ¤¢®©áâ¢¥­­ ï äã­ªæ¨ï e 2 L2(R), â ª ï çâ® f j;kg ¨

f e j;kg, ã¤®¢«¥â¢®àïîâ (9.1).

�ç¥¢¨¤­®, çâ® e - â®¦¥ ¢á¯«¥áª á ¤¢®©áâ¢¥­­ë¬  :
�á«¨  - ¢á¯«¥áª á ¤¢®©áâ¢¥­­ë¬ e , â® «î¡ãî äã­ªæ¨î f 2 L2(R)

¬®¦­® à §«®¦¨âì ¢ àï¤ë:

f(x) =
X
j;k2Z

cj;k j;k =
X
j;k2Z

dj;k e j;k: (9.3)

�¡  íâ¨å àï¤  ­ §ë¢ îâáï ¢á¯«¥áª®¢ë¬¨. � á¨«ã (9.1)

cj;k = hf; e j;ki; dj;k = hf;  j;ki:
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�¥®à¥¬  9.4 �ãáâì  - ¢á¯«¥áª á ¤¢®©áâ¢¥­­ë¬ e : �«ï ¯à®¨§¢®«ì­®©
äã­ªæ¨¨ f 2 L2(R) ¢ëç¨á«¨¬ ��� á  ¨ e ¢ â®çª å
(b; a) = ( k

2j ;
1
2j ); j; k 2 Z :

dj;k = hf;  j;ki = (W f)(
k
2j
; 1
2j
); cj;k = hf; e j;ki = (We f)( k2j ; 1

2j
):

�®£¤  f ¬®¦­® ¢®ááâ ­®¢¨âì ¨«¨ ¯® fdj;kg, ¨«¨ ¯® fcj;kg; ¨á¯®«ì§ãï
àï¤ë (9.3). �®«¥¥ â®£®, áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ «î¡ëå ¤¢ãå äã­ªæ¨©
¨§ L2(R) ¬®¦­® â ª¦¥ ¢ëç¨á«¨âì ¯à¨ ¯®¬®é¨ ¤¨áªà¥â­ëå §­ ç¥­¨©
���:

hf; gi =X
j;k

hf;  j;kih e j;k; gi:
10 �¨áâ¥¬  �  à  ­  ¯àï¬®©

�¨áâ¥¬  �  à  ­  ¢á¥© ¯àï¬®© ï¢«ï¥âáï á ¬ë¬ ¯à®áâë¬, ­® ¢¬¥áâ¥ á
â¥¬ ¨ ®¤­¨¬ ¨§ á ¬ëå ¬®¤¥«ì­ëå ¯à¨¬¥à®¢ ®àâ®£®­ «ì­ëå ¢á¯«¥áª®¢.
�ë à ááª ¦¥¬ ® ­¥© á á®¢à¥¬¥­­ëå ¯®§¨æ¨© â¥®à¨¨ ¢á¯«¥áª®¢, ¯®¤£®â -
¢«¨¢ ï ç¨â â¥«¥© ª ¯®­¨¬ ­¨î ®¡é¥© áå¥¬ë ¯®áâà®¥­¨ï ¢á¯«¥áª®¢, â ª
­ §ë¢ ¥¬®¬ã ªà â­®¬ áèâ ¡­®¬ã  ­ «¨§ã (multiresolution analysis).

�ãáâì 'H(t) = �[0;1](t) (¢ á®¢à¥¬¥­­®© â¥à¬¨­®«®£¨¨, íâ® - ¬ áèâ -
¡¨àãîé ï äã­ªæ¨ï �  à ). � áá¬®âà¨¬ § ¬ëª ­¨¥ ¯® ­®à¬¥ L2(R)
«¨­¥©­®© ®¡®«®çª¨ æ¥«®ç¨á«¥­­ëå á¤¢¨£®¢ äã­ªæ¨¨ 'H :

V0 := ['H0k(�) := 'H(� � k)]k2Z = fX
k2Z

c0k'
H
0k :

X
k2Z

j c0k j2<1g:

�áâ¥áâ¢¥­­® ­ §¢ âì íâ® ¯®¤¯à®áâà ­áâ¢® ¯®¤¯à®áâà ­áâ¢®¬ äã­ªæ¨©
¬ áèâ ¡  1. �«ï  ­ «¨§  äã­ªæ¨© ¨§ L2(R) ­ã¦­ë ¯®¤¯à®áâà ­áâ¢ 
äã­ªæ¨© á à §«¨ç­ë¬¨ ¬ áèâ ¡ ¬¨. �¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì
¯®¤¯à®áâà ­áâ¢ fVjgj2Z : Vj := ['Hjk(t) := 2j=2'H(2jt� k)]k2Z (Vj - ¯®¤¯à®-
áâà ­áâ¢® äã­ªæ¨© ¬ áèâ ¡  2�j). �â¬¥â¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì
f'Hjkgk2Z ®¡à §ã¥â ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ Vj . �ç¥¢¨¤­®, çâ®\

j2Z
Vj = f0g (10.1)

¨ [
j2Z

Vj = L2(R): (10.2)
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�¤¥áì X ®¡®§­ ç ¥â § ¬ëª ­¨¥ ¯®¤¯à®áâà ­áâ¢  X ¯® ­®à¬¥ L2(R):
�®á«¥¤­¥¥ á¢®©áâ¢® ­ â «ª¨¢ ¥â ­  ¬ëá«ì ¯®«ãç¨âì ®àâ®­®à¬¨à®-

¢ ­­ë© ¡ §¨á ¢ L2(R), ¨á¯®«ì§ãï á®¢®ªã¯­®áâì ®àâ®­®à¬¨à®¢ ­­ëå ¡ -
§¨á®¢ ¢ Vj . �  íâ®¬ ¯ãâ¨ ¥áâì ­¥¡®«ìè®¥ ¯à¥¯ïâáâ¢¨¥. �¥á¬®âàï ­  ¢«®-
¦¥­¨¥ Vj � Vj+1; ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á f'Hjkgk2Z ¢ Vj ­¥ ï¢«ï¥âáï
ç áâìî ®àâ®­®à¬¨à®¢ ­­®£® ¡ §¨á  f'Hj+1;kgk2Z ¢ Vj+1: �®íâ®¬ã ­¥®¡å®-
¤¨¬® à ááã¦¤ âì á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì W0 - íâ® ®àâ®£®­ «ì­®¥
¤®¯®«­¥­¨¥ V0 ¤® V1: V0 �W0 = V1: � §¨á ¯à®áâà ­áâ¢  V0 á®áâ®¨â ¨§
æ¥«®ç¨á«¥­­ëå á¤¢¨£®¢ äã­ªæ¨¨ 'H00: � §¨á ¯à®áâà ­áâ¢  V1 á®áâ®¨â ¨§
á¤¢¨£®¢ ­  k=2 (k 2 Z) äã­ªæ¨¨ 'H1 (t) =

p
2'(2t) : 'H1;k(t) = 'H1 (t� k=2):

� á¨«ã íâ¨å ä ªâ®¢ ¥áâ¥áâ¢¥­­® ¯®¯ëâ âìáï ­ ©â¨ äã­ªæ¨î  ; æ¥«®-
ç¨á«¥­­ë¥ á¤¢¨£¨ ª®â®à®© ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ W0:
� ª¨¬ á¢®©áâ¢®¬ ®¡« ¤ ¥â äã­ªæ¨ï

 H(t) =

8><>:
1; t 2 (0; 1=2);

�1; t 2 (1=2; 1);
0; ¢ ®áâ «ì­ëå á«ãç ïå.

�â® ¨ ¥áâì ¢á¯«¥áª �  à .
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0 1
p

p

p

p

p

p

p
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�¨á.1. � áèâ ¡¨àãîé ï
äã­ªæ¨ï �  à .
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p

p

p

p

�¨á.2. �á¯«¥áª �  à .

�â ª, W0 = [ H0k(�) :=  H(� � k)]k2Z: �á«¨ ®¯à¥¤¥«¨âì

Wj := [ Hjk(t) := 2j=2 H(2jt� k)]k2Z; â® ®ç¥¢¨¤­®

Vj �Wj = Vj+1: (10.3)

�§ (10.1), (10.2), (10.3) á«¥¤ã¥â, çâ®

L2(R) = �1
j=�1Wj : (10.4)

�®áª®«ìªã ¯à®áâà ­áâ¢  Wj ¢§ ¨¬­® ®àâ®£®­ «ì­ë, â®, ®¡ê¥¤¨­ïï ¢á¥
®àâ®­®à¬¨à®¢ ­­ë¥ ¡ §¨áë ¢ Wj, ¬ë ¯®«ãç¨¬ ®àâ®­®à¬¨à®¢ ­­ë© ¡ -
§¨á ¢ L2(R): f Hjkgj2Z;k2Z: �â¬¥â¨¬ áà §ã, çâ® ¢ ¯à¨«®¦¥­¨ïå ç é¥ ¢á¥-

£® ã¤®¡­¥¥ § ¬¥­¨âì ¢ (10.4) ��1
j=�1Wj ­  V0: V0 � f�1

j=0Wjg = L2(R):
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� íâ®¬ á«ãç ¥ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ L2(R) á®áâ®¨â ¨§ f'H0kgk2Z ¨
f Hjkgj2Z;k2Z;j�0:

� ª¨¬ ®¡à §®¬, «î¡ãî äã­ªæ¨î ¨§ L2(R) ¬®¦­® à §«®¦¨âì ¢ àï¤

f =
X
j2Z

X
k2Z

djk 
H
jk =

X
k2Z

c0k'
H
0k +

1X
j=0

X
k2Z

djk 
H
jk:

�®á«¥¤­¨© àï¤ ã¤®¡¥­, ¢ ç áâ­®áâ¨, ¯®â®¬ã, çâ® «¥£ª® ¯¥à¥­®á¨âáï á®
¢á¥© ¯àï¬®© ­  ®âà¥§®ª [0; 1]: �«ï f 2 L2[0; 1] ¨¬¥¥¬

f = c0 +
1X
j=0

2j�1X
k=0

djk 
H
jk: (10.5)

�¬¥­­® ¢ â ª®¬ ¢¨¤¥ á¨áâ¥¬ã ®¯à¥¤¥«¨« �.�  à [H].
�¥à¥ç¨á«¨¬ ¯à¥¨¬ãé¥áâ¢  (10.5) ¯® áà ¢­¥­¨î á ª« áá¨ç¥áª¨¬ àï-

¤®¬ �ãàì¥ ¯® âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬¥

f(t) =
1

2
a0 +

1X
l=1

(al cos lt+ bl sin lt): (10.6)

�¥à¢®¥ ¯à¥¨¬ãé¥áâ¢® á®áâ®¨â ¢ â®¬, çâ® àï¤ �  à  ï¢«ï¥âáï å®à®è® «®-
ª «¨§®¢ ­­ë¬. �á«¨ ¬ë ¨­â¥à¥áã¥¬áï ¯®¢¥¤¥­¨¥¬ äã­ªæ¨¨ f ­  ¯®¤¨­-
â¥à¢ «¥ [a; b]; â® ¢ à §«®¦¥­¨¨ (10.5) ­ ¬ ­ã¦­ë â®«ìª® â¥ ¨­¤¥ªáë j ¨ k;
¤«ï ª®â®àëå supp  Hjk = [k2�j ; (k+1)2�j ] ¯¥à¥á¥ª ¥âáï á [a; b]; â®£¤  ª ª
¢ à §«®¦¥­¨¨ (10.6) ­ ¬ ¯®âà¥¡ãîâáï ¢á¥ ª®íää¨æ¨¥­âë. �â®à®¥ ®â«¨-
ç¨¥ á®áâ®¨â ¢ â®¬, çâ® ç áâ¨ç­ ï áã¬¬  àï¤  �  à  ¯® j = 0; 1; 2; :::; N
ï¢«ï¥âáï ¯à¨¡«¨¦¥­¨¥¬ ¨áå®¤­®© äã­ªæ¨¨ á â®ç­®áâìî ¤® ¬ áèâ ¡ 
2�N�1: �â¨ ¤¢  á¢®©áâ¢ , «®ª «¨§®¢ ­­®áâì ¨ ¬ áèâ ¡¨à®¢ ­¨¥, ï¢«ï-
îâáï å à ªâ¥à­ë¬¨ ¤«ï ¢á¥å ¢á¯«¥áª®¢ëå à §«®¦¥­¨©.

�à¥¦¤¥ ç¥¬ à ááª § âì ® ¤àã£¨å ¢á¯«¥áª å, ¨§«®¦¨¬ ­ ¨¡®«¥¥ ®¡-
é¨© ¬¥â®¤ ¯®áâà®¥­¨ï ¢á¯«¥áª®¢, â ª ­ §ë¢ ¥¬ë© ªà â­®¬ áèâ ¡­ë©
 ­ «¨§.

26



11 �à â­®¬ áèâ ¡­ë©  ­ «¨§ ¢ L2(R)

�¯à¥¤¥«¥­¨¥ 11.1 �à â­®¬ áèâ ¡­ë©  ­ «¨§ (���) - íâ® ¯®á«¥-
¤®¢ â¥«ì­®áâì fVjgj2Z § ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ L2(R); ã¤®¢«¥â¢®-
àïîé ï á«¥¤ãîé¨¬ á¢®©áâ¢ ¬:

Vj � Vj+1; (11.1)

[j2ZVj = L2(R); (11.2)

\j2ZVj = f0g; (11.3)

f 2 Vj , f(2�j �) 2 V0; (11.4)

f 2 V0 , f(� � k) 2 V0 ¤«ï «î¡®£® k 2 Z; (11.5)

áãé¥áâ¢ã¥â äã­ªæ¨ï ' 2 V0 â ª ï, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì
f'(� � k)gk2Z ®¡à §ã¥â ¡ §¨á �¨áá  ¢ V0: (11.6)

�â® ¯®­ïâ¨¥ ¢¢¥¤¥­® ¨ ¨áá«¥¤®¢ ­® ¢ [Ma].
�á«¨ ®¡®§­ ç¨âì ç¥à¥§ Pj ®àâ®£®­ «ì­ë© ¯à®¥ªâ®à ­  Vj; â® ¨§ ãá«®-

¢¨ï (11.2) á«¥¤ã¥â, çâ® limj!1 Pjf = f ¤«ï «î¡®© äã­ªæ¨¨ f 2 L2(R):
�á«®¢¨¥ (11.4) ®§­ ç ¥â, çâ® ¢á¥ ¯®¤¯à®áâà ­áâ¢  Vj ®¤­®§­ ç­® ®¯à¥¤¥-
«ïîâáï ¨§ æ¥­âà «ì­®£® ¯®¤¯à®áâà ­áâ¢  V0 ¯à¨ ¯®¬®é¨ á®®â¢¥âáâ¢ãî-
é¥© § ¬¥­ë ¯¥à¥¬¥­­ëå (á®®â¢¥âáâ¢ãîé¥£® ¨§¬¥­¥­¨ï ¬ áèâ ¡ ). �§
(11.4) ¨ (11.5) á«¥¤ã¥â, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f 2 Vj äã­ªæ¨ï f(� �
2�jk) â ª¦¥ ¯à¨­ ¤«¥¦¨â Vj ¯à¨ «î¡®¬ k 2 Z: �ãáâì
'jk(t) := 2j=2'(2jt � k); j; k 2 Z: �§ (11.4) ¨ (11.6) á«¥¤ã¥â, çâ® ¯®á«¥-
¤®¢ â¥«ì­®áâì f'jkgk2Z ï¢«ï¥âáï ¡ §¨á®¬ �¨áá  ¢ Vj ¤«ï «î¡®£® j 2 Z:
�¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® f'(� � k)gZ - ��� ¢ V0
(íâ®£® ¢á¥£¤  ¬®¦­® ¤®áâ¨çì §  áç¥â ®àâ®£®­ «¨§ æ¨¨ (9.2)).

�á­®¢­ë¬ á¢®©áâ¢®¬ ��� ï¢«ï¥âáï ¢®§¬®¦­®áâì ¯®áâà®¥­¨ï ®àâ®-
­®à¬¨à®¢ ­­®£® ¢á¯«¥áª®£® ¡ §¨á  f jkgj; k2Z;  jk(t) = 2j=2 (2jt � k);
â ª®£®, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f ¨§ L2(R)

Pj+1f = Pjf +
X
k2Z
hf;  jki jk: (11.7)

�¯¨è¥¬ ¯à®æ¥áá ¯®áâà®¥­¨ï â ª®£® ¡ §¨á . �ãáâì Wj - íâ® ®àâ®£®-
­ «ì­®¥ ¤®¯®«­¥­¨¥ Vj ¤® Vj+1 : Wj � Vj = Vj+1: � á¨«ã (11.1)

Wj ?Wj1 ¯à¨ j 6= j1; (11.8)
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¨ ¯à¨ «î¡ëå j0 < j
Vj = Vj0 �

�
�j�1
l=j0

Wl

�
: (11.9)

�§ (11.2) ¨ (11.3) á«¥¤ã¥â, çâ®

L2(R) = �j2ZWj : (11.10)

�®á«¥¤®¢ â¥«ì­®áâì fWjgj2Z ­ á«¥¤ã¥â ®â Vj á¢®©áâ¢® (11.4):

f 2 Wj , f(2�j �) 2 W0: (11.11)

�®à¬ã«  (11.7) íª¢¨¢ «¥­â­  â®¬ã, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ j ¯®á«¥¤®-
¢ â¥«ì­®áâì f jkgk2Z ®¡à §ã¥â ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ Wj: � á¨«ã
(11.10) ¯®á«¥¤­¥¥ ®§­ ç ¥â, çâ® f jkgj; k2Z - ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢
L2(R): � ¬¥â¨¬ â¥¯¥àì, çâ® á¢®©áâ¢® (11.11) £ à ­â¨àã¥â, çâ® f jkgk2Z
¡ã¤¥â ¡ §¨á®¬ ¢ Wj; ¥á«¨ f 0kgk2Z ï¢«ï¥âáï ¡ §¨á®¬ ¢ W0: � ª¨¬ ®¡à -
§®¬, § ¤ ç  ¯®áâà®¥­¨ï ¢á¯«¥áª®£® ¡ §¨á  á® á¢®©áâ¢®¬ (11.7) á¢®¤¨âáï
ª ­ å®¦¤¥­¨î äã­ªæ¨¨  â ª®©, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì f (� � k)gk2Z
®¡à §ã¥â ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ W0:

�«ï ¯®áâà®¥­¨ï äã­ªæ¨¨  ­ ¬ ¯®âà¥¡ãîâáï ­¥ª®â®àë¥ á¢®©áâ¢  '
¨ W0: � ª ª ª ' 2 V0 � V1 ¨ f'1kgk2Z - ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ V1;
â®

' =
X
k2Z

hk '1k; (11.12)

£¤¥
hk := h'; '1ki;

X
k2Z

jhkj2 = 1: (11.13)

�¥à¥å®¤ï ª ®¡à § ¬ �ãàì¥, ¨¬¥¥¬

b'(!) = m(!=2) b'(!=2); (11.14)

£¤¥ m(!) = 1p
2

P
k2Z hke�ik!: �ã­ªæ¨î ' ­ §ë¢ îâ ¬ áèâ ¡¨àãîé¥©

(scaling), à ¢¥­áâ¢® (11.12) - ¬ áèâ ¡­ë¬, à ¢¥­áâ¢® (11.14) - ãâ®ç­ï-
îé¨¬ (re�nement), äã­ªæ¨î m - ãâ®ç­ïîé¥© ¬ áª®© (re�nement mask)
¨«¨ ¬ áèâ ¡¨àãîé¨¬ ä¨«ìâà®¬ (scaling �lter).

� á¨«ã â¥®à¥¬ë 9.1 X
l2Z
j b'(! + 2�l)j2 = 1 (11.15)
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¤«ï ¯®çâ¨ ¢á¥å !: �á«¨ ¯®¤áâ ¢¨âì (11.14) ¢ (11.15), â® ¯®«ãç¨¬, çâ®P
l2Z jm(!=2+ �l) b'(!=2+�l)j2 = 1: � §¡¨¢ ï áã¬¬ã ­  ¤¢¥ (¯® ç¥â­ë¬ ¨

¯® ­¥ç¥â­ë¬ l) ¨ ãç¨âë¢ ï 2�-¯¥à¨®¤¨ç­®áâì m; ¨¬¥¥¬X
l2Z
jm(!=2+2�l) b'(!=2+2�l)j2+X

l2Z
jm(!=2+2�l+�) b'(!=2+2�l+�)j2 =

= jm(!=2)j2 + jm(!=2 + �)j2 = 1: (11.16)

�å à ªâ¥à¨§ã¥¬ ¯®¤¯à®áâà ­áâ¢® W0 ¢ â¥à¬¨­ å ®¡à §®¢ �ãàì¥. �î¡ ï
äã­ªæ¨ï f ¨§ W0 ¯à¨­ ¤«¥¦¨â V1 ¨ ®àâ®£®­ «ì­  V0: �¥à¢®¥ á¢®©áâ¢®
®§­ ç ¥â, çâ® f =

P
k2Z fk'1k £¤¥ fk = hf; '1ki: � ®¡à § å �ãàì¥ ¨¬¥¥¬bf (!) = mf(!=2) b'(!=2); (11.17)

£¤¥mf =
1p
2

P
k2Z fk e�ik! { 2�-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï ¨§ L2[0; 2�]:�á«®-

¢¨¥ ®àâ®£®­ «ì­®áâ¨ f ª V0 íª¢¨¢ «¥­â­® â®¬ã, çâ® f ? '0k ¤«ï «î¡®£®
k 2 Z; â.¥. RR bf(!) b'(!) eik! d! = 0: � ¬¥â¨¬,çâ®Z

R

bf (!) b'(!) eik! d! =
Z 2�

0
eik!

X
l2Z

bf (! + 2�l) b'(! + 2�l) d! = 0: (11.18)

� ª ª ª à ¢¥­áâ¢® (11.18) ¨¬¥¥â ¬¥áâ® ¤«ï «î¡®£® k 2 Z; â®X
l2Z

bf (! + 2�l) b'(! + 2�l) = 0: (11.19)

�ï¤ ¢ (11.19) áå®¤¨âáï  ¡á®«îâ­® ¢ L1([0; 2�]): �®¤áâ ¢«ïï (11.14) ¨
(11.17) ¢ (11.19) ¨ £àã¯¯¨àãï áã¬¬ë á ç¥â­ë¬¨ ¨ ­¥ç¥â­ë¬¨ l; ¯®«ã-
ç¨¬, ãç¨âë¢ ï (11.15), çâ®P

l2Z bf(! + 2�l) b'(! + 2�l) =
= mf (!=2)m(!=2) +mf(!=2 + �)m(!=2 + �) = 0:

� á¨«ã (11.16) m(!) ¨m(!+�) ­¥ ¬®£ãâ ®¡à â¨âìáï ¢ ­®«ì ®¤­®¢à¥¬¥­­®,
¯®íâ®¬ã áãé¥áâ¢ã¥â 2�-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï �(!) â ª ï, çâ®

mf(!) = �(!)m(! + �) :: (11.20)

¨ �(!)+�(!+�) = 0:�®á«¥¤­¥¥ à ¢¥­áâ¢® ¬®¦­® ¯¥à¥¯¨á âì, ª ª �(!) =
e�i!�(2!); £¤¥ � - ­¥ª®â®à ï 2�-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï. � ª¨¬ ®¡à §®¬,
¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¯à®¨§¢®«ì­®© äã­ªæ¨¨ ¨§ W0 ¨¬¥¥â ¢¨¤bf(!) = e�i!=2m(!=2 + �) �(!) b'(!=2); (11.21)
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£¤¥ � { ­¥ª®â®à ï 2�-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï. �à®¬¥ â®£®,

kfkL2(R) =
1
2�
k bfkL2(R) =

= 1
2�

R 2�
0 j�j2Pl2Z jm(!=2 + �l+ �) b'(!=2 + �l)j2 d! =

= k�kL2([0;2�]):
� ª¨¬ ®¡à §®¬, 2�-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï � ï¢«ï¥âáï ª¢ ¤à â¨ç­®
áã¬¬¨àã¥¬®©.

�¬¥ï ®¯¨á ­¨¥ (11.21) ¯à®áâà ­áâ¢  W0 «¥£ª® ­ ©â¨ äã­ªæ¨î
 2 W0; æ¥«ë¥ á¤¢¨£¨ ª®â®à®© f (� � k)gk2Z ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­-
­ë© ¡ §¨á ¢ W0: �ãáâì  - ¨áª®¬ ï äã­ªæ¨ï. �®£¤ b (!) = e�i!=2m(!=2 + �)� (!) b'(!=2): �®¤áâ ¢«ïï íâ® ¢ëà ¦¥­¨¥ ¢
(11.15), ¯®«ãç ¥¬, ¨á¯®«ì§ãï (11.16), çâ®

j� (!)j2 � 1 ¯.¢. (11.22)

�à®é¥ ¢á¥£® ¯®«®¦¨âì � (!) � 1: � á¨«ã (11.21) æ¥«ë¥ á¤¢¨£¨ äã­ªæ¨¨
 ; ®¯à¥¤¥«ï¥¬®© à ¢¥­áâ¢®¬

b (!) = e�i!=2m(!=2 + �) b'(!=2); (11.23)

¡ã¤ãâ ¡ §¨á®¬ ¢ W0: �¥©áâ¢¨â¥«ì­®, ¥á«¨ �(!) =
P
k2Z �k e�ik!; â®bf(!) = �P

k2Z �k e
�ik!

� b (!) ¨«¨ f(�) = P
k2Z �k  (� � k):

� ¬¥â¨¬, çâ® ¢ á¨«ã (11.22) ®¡à § �ãàì¥ «î¡®© äã­ªæ¨¨, æ¥«ë¥
á¤¢¨£¨ ª®â®à®© ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ W0; ®â«¨ç ¥âáï
®â ®¡à §  �ãàì¥ äã­ªæ¨¨  ¨§ (11.23) «¨èì ­¥ª®â®àë¬ 2�-¯¥à¨®¤¨ç¥á-
ª¨¬ ¬­®¦¨â¥«¥¬ ¯® ¬®¤ã«î à ¢­ë¬ 1.

� ª¨¬ ®¡à §®¬, ¨¬¥ï ªà â­®¬ áèâ ¡­ë©  ­ «¨§ fVjgj2Z; ¯®à®¦¤ ¥-
¬ë© ¬ áèâ ¡¨àãîé¥© äã­ªæ¨¥© '; ¢á¥£¤  ¬®¦­® ¯®áâà®¨âì ®àâ®­®à¬¨-
à®¢ ­­ë© ¢á¯«¥áª®¢ë© ¡ §¨á f jkgj; k2Z ¢ L2(R); ®¡« ¤ îé¨© á¢®©áâ¢®¬
(11.7).

�§ ä®à¬ã«ë (11.23) á«¥¤ã¥â, çâ®

 (t) =
X
k2Z

(�1)k�1h�k+1'1k(t): (11.24)

� «¨â¥à âãà¥ ¤«ï á®ªà é¥­¨ï § ¯¨á¥© ç é¥ ¢á¥£® ¨á¯®«ì§ãîâ

 (t) =
X
k2Z

(�1)kh�k+1'1k(t): (11.25)
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� § ª«îç¥­¨¥ íâ®£® ¯ à £à ä  ¯à® ­ «¨§¨àã¥¬, ¡®«¥¥ ¯®¤à®¡­®, á¢®©-
áâ¢  (11.2) ¨ (11.3). �à¨¢®¤¨¬ë¥ ­¨¦¥ à¥§ã«ìâ âë ¤®ª § ­ë ¢ [BDR].

�ãáâì bV := f bf : f 2 V g: �§ â®¦¤¥áâ¢  �« ­è¥à¥«ï ¨ á¢®©áâ¢
(11.4-11.6) á«¥¤ã¥â, çâ® f 2 Vj â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

bf(!) = m(�2�j) b'(!2�j); bf (!) 2 L2(R); (11.26)

£¤¥ m - ­¥ª®â®à ï 2�-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï.

�¥¬¬  11.1 �§ á¢®©áâ¢ (11.4) ¨ (11.5) á«¥¤ã¥â, çâ® ¯à®áâà ­áâ¢®
[j2ZVj ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® á¤¢¨£®¢.

�®ª § â¥«ìáâ¢®. � á¨«ã (11.4-11.5) ¨§ f 2 [j2ZVj á«¥¤ã¥â, çâ®
f(� + t) 2 [j2ZVj ¤«ï «î¡®£® ¤¢®¨ç­®-à æ¨®­ «ì­®£® t = 2�j l; l; k 2 Z.
� ª ª ª á¤¢¨£ ï¢«ï¥âáï ­¥¯à¥àë¢­®© ®¯¥à æ¨¥© ¢ L2(R), â®
f(�+ t) 2 [j2ZVj ¤«ï «î¡®£® t 2 R: �á«¨ â¥¯¥àì g 2 [j2ZVj , â®, ¯à¨¡«¨-
¦ ï g äã­ªæ¨ï¬¨ f 2 [j2ZVj ; ¨, § ¬¥ç ï, çâ® kf(�+ t)� g(�+ t)kL2(R) =
= kg � fkL2(R); ¯®«ãç ¥¬ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë. 2

�®à®è® ¨§¢¥áâ­®, çâ® § ¬ª­ãâ®¥ ¯®¤¯à®áâà ­áâ¢® X ¢ L2(R) ï¢«ï-
¥âáï ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® á¤¢¨£®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ cX = L2(
) ¤«ï ­¥ª®â®à®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  
:

� ¤ «ì­¥©è¥¬ à ¢¥­áâ¢  ¬¥¦¤ã ¬­®¦¥áâ¢ ¬¨ ¯®­¨¬ îâáï á â®ç­®-
áâìî ¤® ¬­®¦¥áâ¢ ­ã«¥¢®© ¬¥àë.

�¥®à¥¬  11.1 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì fVj ; gj2Z ã¤®¢«¥â¢®àï¥â
á¢®©áâ¢ ¬ (11.4-11.6). �®£¤  [j2ZVj = L2(R) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  
0 := [j2Z supp b'(2�j �) = R:

�®ª § â¥«ìáâ¢®. �ãáâì X := [j2ZVj: �®£¤  cX = L2(
): � ª¨¬
®¡à §®¬, X = L2(R) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  
 = R: � ª ª ª
'(2j �) 2 Vj ; j 2 Z; â® supp b'(2�j �) � 
: �®íâ®¬ã 
0 � 
: �à¥¤¯®«®¦¨¬
â¥¯¥àì, çâ® 
n
0 á®¤¥à¦¨â ¬­®¦¥áâ¢® ¯®«®¦¨â¥«ì­®© ¬¥àë 
1: � á¨«ã
(11.26) ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ «î¡®£® í«¥¬¥­â  ¨§ Vj ®¡­ã«ï¥âáï ­  
1:
�«¥¤®¢ â¥«ì­®, â®¦¥ á ¬®¥ ¢¥à­® ¤«ï «î¡®£® í«¥¬¥­â  ¨§ [j2ZVj; �¥à¥-
å®¤ï ª ¯à¥¤¥«ã, ¯®«ãç ¥¬, çâ® ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ «î¡®£® í«¥¬¥­â 
¨§ X ®¡­ã«ï¥âáï ­  
1; çâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® cX � L2(
1): 2
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�«¥¤áâ¢¨¥ 11.1 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì fVj; gj2Z ã¤®¢«¥â¢®àï¥â
á¢®©áâ¢ ¬ (11.4-11.6) ¨ b' ­¥ à ¢­® ­ã«î ¯®çâ¨ ¢áî¤ã ­  ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ ­ã«ï. �®£¤  [j2ZVj = L2(R):

�®ª ¦¥¬ â¥¯¥àì, çâ® ãá«®¢¨¥ (11.3) á«¥¤ã¥â ¨§ á¢®©áâ¢ (11.4-11.6)
ªà â­®¬ áèâ ¡­®£®  ­ «¨§ . �«ï ¤®ª § â¥«ìáâ¢  ­ ¬ ¯®âà¥¡ãîâáï ¤¢¥
«¥¬¬ë, ¯¥à¢ ï ¨§ ª®â®àëå å®à®è® ¨§¢¥áâ­ .

�¥¬¬  11.2 �ãáâì 
 - ¨§¬¥à¨¬®¥ ¯®¤¬­®¦¥áâ¢® R; ¯à¨ç¥¬ 
+�t =

 ¤«ï ­¥ª®â®à®£® ¤¥©áâ¢¨â¥«ì­®£® ç¨á«  � 6= 0 ¨ ¤«ï «î¡®£® ¤¢®¨ç­®-
à æ¨®­ «ì­®£® ç¨á«  t 2 R: �®£¤  
 = R ¨«¨ 
 = ;:

�à®¬¥ â®£®, ¥á«¨ f - ­¥ª®â®à ï ¨§¬¥à¨¬ ï äã­ªæ¨ï ­  R; ã¤®¢«¥â-
¢®àïîé ï ãá«®¢¨î f(�+ �t) = f(�) ¤«ï «î¡®£® ¤¢®¨ç­®-à æ¨®­ «ì­®£® t;
â® f = const ¯®çâ¨ ¢áî¤ã.

�®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë ®á­®¢ ­® ­  á¢®©áâ¢ å â®ç¥ª �¥¡¥£  ¨§-
¬¥à¨¬®© äã­ªæ¨¨.

�¥¬¬  11.3 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì fVj ; gj2Z § ¬ª­ãâëå ¯®¤¯à®-
áâà ­áâ¢ L2(R) ã¤®¢«¥â¢®àï¥â á¢®©áâ¢ ¬ (11.4-11.6) ªà â­®¬ áèâ ¡­®£®
 ­ «¨§ . �®£¤  Y = \j2ZVj ¨¬¥¥â à §¬¥à­®áâì � 1:

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® Y 6= f0g: �®ª ¦¥¬, çâ® ¢ íâ®¬
á«ãç ¥ dimY = 1: �ãáâì f; g - ¤¢¥ ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¨§ Y: � áá¬®-
âà¨¬ ®â®¡à ¦¥­¨¥ F : R! C2:

F (!) =

8>>><>>>:
0; ¥á«¨ bf(!) = bg(!) = 0;
(bf(!);bg(!))bf(!) ; ¥á«¨ bf(!) 6= 0; bg(!) = 0;

(bf(!);bg(!))bg(!) ; ¥á«¨ bg(!) 6= 0:

�®ª ¦¥¬, çâ® ®â®¡à ¦¥­¨¥ F ¯®áâ®ï­­® ­  á¢®¥¬ ­®á¨â¥«¥. �«ï íâ®-
£® à áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥ ¨§¬¥à¨¬®¥ ¯®¤¬­®¦¥áâ¢® K � C2nf0g:
�à¥¤¯®«®¦¨¬, çâ® A := F�1(K) ¨¬¥¥â ¯®«®¦¨â¥«ì­ãî ¬¥àã. �ãáâì
D - íâ® ¬­®¦¥áâ¢® â®ç¥ª ¢¨¤  2jk�; k 2 Z; j 2 Z: � áá¬®âà¨¬ ! 2 A ¨
t = 2j+1k� 2 D: � á¨«ã (11.26) áãé¥áâ¢ãîâ 2�-¯¥à¨®¤¨ç¥áª¨¥ äã­ªæ¨¨
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� ¨ � â ª¨¥, çâ® bf(!) = � (!2�j) b'(!2�j); bg(!) = �(!2�j ) b'(!2�j) ¯.¢.
� ª ª ª 0 62 K; â® F (!) 6= 0; ¨ §­ ç¨â b'(!2�j) 6= 0: �®íâ®¬ã

( bf(! + t); bg(! + t)) = b'(2�j(! + t))(� (2�j! + 2k�); �(2�j! + 2k�)) =

= b'(2�j(! + t))(� (2�j!); �(2�j!)) = b'(2�j(!+t))b'(2�j!) ( bf (!); bg(!)):
�®«ãç¥­­®¥ à ¢¥­áâ¢® ®§­ ç ¥â, çâ® «¨¡® F (! + t) = 0; «¨¡®
F (! + t) = F (!): �®íâ®¬ã F (A + D) � K [ f0g: � á¨«ã «¥¬¬ë 11.2
A+D = R; â ª ª ª A ¨¬¥¥â ¯®«®¦¨â¥«ì­ãî ¬¥àã. � ª¨¬ ®¡à §®¬, ¢á¥
­¥­ã«¥¢ë¥ §­ ç¥­¨ï F ¯à¨­ ¤«¥¦ â K: �®áª®«ìªã K ¬®¦­® ¢ë¡à âì
áª®«ì ã£®¤­® ¬ «ë¬, ®â®¡à ¦¥­¨¥ F ¯®áâ®ï­­® ­  á¢®¥¬ ­®á¨â¥«¥. �®-
á«¥¤­¥¥ ®§­ ç ¥â, çâ® äã­ªæ¨¨ f ¨ g «¨­¥©­® § ¢¨á¨¬ë. 2

�¥®à¥¬  11.2 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì fVj; gj2Z § ¬ª­ãâëå ¯®¤-
¯à®áâà ­áâ¢ L2(R) ã¤®¢«¥â¢®àï¥â á¢®©áâ¢ ¬ (11.4-11.6) ���. �®£¤ 
Y := \j2ZVj = f0g:

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥: ¯ãáâì f 2 Y ¨ f 6= 0: �
á¨«ã (11.4) Vj ï¢«ï¥âáï á¦ â¨¥¬ ¢ ¤¢  à §  Vj�1; ¯®íâ®¬ã ¯®¤¯à®áâà ­-
áâ¢® Y ¨­¢ à¨ ­â® ®â­®á¨â¥«ì­® á¦ â¨ï ¢ 2 à § . � ¤àã£®© áâ®à®­ë, ¢
á¨«ã «¥¬¬ë 11.3 dimY � 1; ¯®íâ®¬ã áãé¥áâ¢ã¥â ª®­áâ ­â  �; â ª ï, çâ®

f(2�) = �f(�) ¯.¢. ­  R: (11.27)

�®ª ¦¥¬, çâ® (11.27) ¯à®â¨¢®à¥ç¨â f 2 L2(R)nf0g: �¥©áâ¢¨â¥«ì­®, ¤«ï
«î¡®£® C > 0 ¬­®¦¥áâ¢  Fj := ft : 2j � jtj < 2j+1 ¨ jf(t)j > Cj�jjg
¨¬¥îâ á«¥¤ãîé¨¥ á¢®©áâ¢ : Fj = 2Fj�1; jFjj = 2jFj�1j; j 2 Z: �á«¨
f 6= 0; â® áãé¥áâ¢ã¥â C > 0; â ª®¥, çâ® jF0j 6= 0: �§ (11.27) á«¥¤ã¥â, çâ®
jf(t)j > Cj�jk ¤«ï t 2 2kF0: �®íâ®¬ã,

R
R jf(t)j2 dt � jF0jPk2Z(2j�j2)k; çâ®

¯à®â¨¢®à¥ç¨â f 2 L2(R): 2

12 �¨áâ¥¬ 

�¨ââ ª¥à -�¥­­®­ -�®â¥«ì­¨ª®¢ 

�àã£¨¬ ¯à®áâ¥©è¨¬ ¯à¨¬¥à®¬ ®àâ®£®­ «ì­ëå ¢á¯«¥áª®¢ ï¢«ï¥âáï á¨-
áâ¥¬  �¨ââ ª¥à -�¥­­®­ -�®â¥«ì­¨ª®¢  (á¬., ­ ¯à¨¬¥à, [W]). � áá¬®-
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âà¨¬ äã­ªæ¨î 'S; ¨¬¥îéãî ®¡à § �ãàì¥

b'S(!) := �[��; �](!) =

(
1; ¥á«¨ j!j � �;
0; ¢ ®áâ «ì­ëå á«ãç ïå.

�á­®, çâ® 'S(t) = sin �t
�t

:�ç¥¢¨¤­®, çâ® b'S ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (11.15),
§­ ç¨â äã­ªæ¨¨ 'S0k(�) := 'S(� � k) ®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á
¢ V0 := ['S0k]k2Z: �¥£ª® ¢¨¤¥âì, çâ® cV0 := f bf : f 2 V0g = L2([��; �]):
�à®¬¥ â®£®, ¥á«¨ f 2 V0; â®

f(t) =
X
k2Z

f(k)'S(t� k): (12.1)

�¥«® ¢ â®¬, çâ® hf; 'S0ki = 1
2� h bf; b'S0ki = 1

2�

R �
��

bf(!)eik! dt = f(k): �á«¨
â¥¯¥àì ®¯à¥¤¥«¨âì ¤«ï «î¡®£® æ¥«®£® j Vj := ['Sjk]k2Z; â® «¥£ª® ¢¨¤¥âì,
çâ® fVjgj2Z ®¡à §ãîâ ���. �®áâà®¨¬ á®®â¢¥âáâ¢ãîé¨© ¢á¯«¥áª®¢ë©
¡ §¨á. � ¬¥â¨¬, çâ® b'S(!) = mS(!=2) b'S(!=2); £¤¥ 2�-¯¥à¨®¤¨ç¥áª ï
ãâ®ç­ïîé ï ¬ áª  mS à ¢­ 

mS(!) =

(
1; ¥á«¨ j!j � �=2;
0; ¥á«¨ �

2 � j!j � �:

�®íää¨æ¨¥­âë fhkgk2Z ¨§ (11.12) ¬®¦­® ­ ©â¨, ¯®«ì§ãïáì ä®à¬ã«®©
(12.1) (â®ç­¥¥ ¥¥  ­ «®£®¬ ¤«ï äã­ªæ¨© ¨§ V1):

'S(t) =
X
k2Z

'S(k=2)'S(2t� k): (12.2)

�­ ç¨â

hSk =

8><>:
1; ¥á«¨ k = 0;p

2
k�

(�1)(k�1)=2; ¥á«¨ k - ­¥ç¥â­®¥;
0; ¥á«¨ k - ç¥â­®¥.

� á®®â¢¥âáâ¢¨¥ á ®¡é¥© áå¥¬®© ¢á¯«¥áª �¨ââ ª¥p -�¥­­®­ -�®â¥«ì­¨-
ª®¢  ¨¬¥¥â ®¡p § �ãpì¥, p ¢­ë©

b S = e�i!=2mS(!=2 + �) b'S(!=2) = e�i!=2�[�2�; �][[�; 2�](!) =
= e�i!=2( b'S(!=2) � b'S(!)):

�âªã¤   S(t) = 2'S(2t� 1)� 'S(t� 1=2):

34



�¨á.1. �à ä¨ª 'S(t): �¨á.2. �à ä¨ª  S(t):

13 �®­áâ ­âë ­¥®¯à¥¤¥«¥­­®áâ¨

�á¯«¥áª¨ �  à  ¨ �¨ââ ª¥à -�¥­­®­ -�®â¥«ì­¨ª®¢  ¯à¥¤áâ ¢«ïîâ á®-
¡®©, ãá«®¢­® £®¢®àï, ¤¢  ¯®«îá  ¢ èª «¥ ¢á¯«¥áª®¢. �á¯«¥áª¨ �  -
à  ¨¬¥îâ ¯à¥ªà á­ãî ¢à¥¬¥­­ãî «®ª «¨§®¢ ­­®áâì (ª®¬¯ ªâ­ë© ­®-
á¨â¥«ì), ®¤­ ª® ¯«®å® «®ª «¨§®¢ ­ë ¯® ç áâ®â¥ (¯à¥®¡à §®¢ ­¨¥ �ã-
àì¥ ¢á¯«¥áª  �  à  ã¡ë¢ ¥â ­  ¡¥áª®­¥ç­®áâ¨ ª ª j!j�1). �á¯«¥áª¨ ¦¥
�¨ââ ª¥à -�¥­­®­ -�®â¥«ì­¨ª®¢  ­ ®¡®à®â ¨¬¥îâ ª®¬¯ ªâ­ë© á¯¥ªâà
(­®á¨â¥«ì ¯à¥®¡à §®¢ ­¨ï �ãàì¥), ­® ã¡ë¢ îâ ­  ¡¥áª®­¥ç­®áâ¨ ª ª
jtj�1:

� ¬¥â¨¬, çâ® � jk = 2�j � ; �b jk = 2j �b ; j; k 2 Z: � ª¨¬ ®¡à §®¬,

ª®­áâ ­â  ­¥®¯à¥¤¥«¥­­®áâ¨ (á¬. á. 12) ¤«ï ¢á¥å í«¥¬¥­â®¢ ¢á¯«¥áª®-
¢®£® ¡ §¨á  ®¤­  ¨ â ¦¥. �«ï ¢á¯«¥áª®¢ �  à  ¨ �¨â ªª¥à -�¥­­®­ -
�®â¥«ì­¨ª®¢  ª®­áâ ­â  ­¥®¯à¥¤¥«¥­­®áâ¨ à ¢­  ¡¥áª®­¥ç­®áâ¨:
�b H = 1; � S = 1: �à¨¬¥à ¬¨ ¢á¯«¥áª®¢ëå ¡ §¨á®¢ á ª®­¥ç­®©
ª®­áâ ­â®© ­¥®¯à¥¤¥«¥­­®áâ¨ ï¢«ïîâáï ¢á¯«¥áª¨ �¥©¥à , �âà¥¬¡¥à£ ,
�¥¬ à¨-�íâ«  ¨ �®¡¥è¨.

14 �á¯«¥áª¨ �¥©¥à 

�á¯«¥áª¨ �¥©¥à  ï¢«ïîâáï á£« ¦¥­­ë¬ ¢ à¨ ­â®¬ ¢á¯«¥áª®¢ �¨ââ ª¥-
à -�¥­­®­ -�®â¥«ì­¨ª®¢ . � áèâ ¡¨àãîé ï äã­ªæ¨ï �¥©¥à  'M ®¯-
à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì �(!) - ­¥ç¥â­ ï ¡¥áª®­¥ç­® ¤¨ä-
ä¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, à ¢­ ï �=4 ¯à¨ ! > �=3 ¨ ��=4 ¯à¨ ! < ��=3:
�¯à¥¤¥«¨¬ ç¥â­ãî äã­ªæ¨î �(!) ä®à¬ã«®©

�(!) =

8><>:
�=4 + �(! � �); ¥á«¨ ! 2 [2�=3; 4�=3];
�=4� �(!

2 � �); ¥á«¨ ! 2 [4�=3; 8�=3];
0; ¥á«¨ ! 2 [0; 2�=3) [ (8�=3; 1]:
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�à¥®¡à §®¢ ­¨¥ �ãàì¥ ¬ áèâ ¡¨àãîé¥© äã­ªæ¨¨ �¥©¥à  à ¢­®

b'M(!) =

(
cos(�(!)); ¥á«¨ j!j � 4�=3;
0; ¥á«¨ j!j > 4�=3:

�âªã¤  'M (t) = 1
2�

R
R cos (t!) cos (�(!)) d!: �¥£ª® ¯à®¢¥à¨âì, çâ® b'M

ã¤®¢«¥â¢®àï¥â (iii) ¨§ â¥®à¥¬ë 9.1. �à®¬¥ â®£®,b'M(!) = mM(!=2) b'M(!=2); £¤¥ 2�-¯¥à¨®¤¨ç¥áª ï ãâ®ç­ïîé ï ¬ áª 
mM(!) à ¢­ 

P
l2Z b'M(2! + 4l�). �®íâ®¬ã, ¬ áèâ ¡¨àãîé ï äã­ªæ¨ï

'M ¯®à®¦¤ ¥â ªà â­®¬ áèâ ¡­ë©  ­ «¨§, ¨, §­ ç¨â, áãé¥áâ¢ã¥â á®®â-
¢¥âáâ¢ãîé¨© ¢á¯«¥áª®¢ë© ¡ §¨á f Mjkgj;k2Z; £¤¥b M(!) := e�i!=2m(!=2 + �) b'M(!=2) = e�i!=2 sin (�(!)) ¨«¨

 M(t) =
1

2�

Z
R
cos((t� 1=2)!) sin (�(!)) d!: (14.1)

�¨á.1. �à ä¨ª 'M (t): �¨á.2. �à ä¨ª  M(t):
�â¬¥â¨¬, çâ® ¬ áèâ ¡¨àãîé ï äã­ªæ¨ï �¥©¥à , â ª¦¥ ª ª ¨ ¬ á-

èâ ¡¨àãîé ï äã­ªæ¨ï �¥­­®­  (á¬. (12.2)), ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã
'M(t) =

P
k2Z '

M (k=2)'M (2t � k): �¥©áâ¢¨â¥«ì­®, h'M ; 'M (2 � �k)i =

= 1
4�

R
R
b'M (!) b'M(!=2)e�ik!=2 d! = 1

4�

R
R
b'M (!)e�ik!=2 d! = 1

2'
M(k=2):

15 �á¯«¥áª¨ �¥¬ à¨-�íâ«  ¨ �âà¥¬¡¥à£ 

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ­ âãà «ì­®¥ ç¨á«® m: � áá¬®âà¨¬ ¤«ï «î-
¡®£® æ¥«®£® j ¯®¤¯à®áâà ­áâ¢® V m

j ; á®áâ®ïé¥¥ ¨§ (m�2) à §  ­¥¯à¥àë¢­®
¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© ¨§ L2(R); ª®â®àë¥ ­  «î¡®¬ ¨­â¥à¢ «¥ ¢¨-
¤  [k2�j ; (k + 1)2�j ]; k 2 Z; á®¢¯ ¤ îâ á ­¥ª®â®àë¬ ¯®«¨­®¬®¬ áâ¥¯¥­¨
­¥ ¢ëè¥ m� 1: �®¢¥àè¥­­® ®ç¥¢¨¤­®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fV m

j gj2Z
ã¤®¢«¥â¢®àï¥â á¢®©áâ¢ ¬ ªà â­®¬ áèâ ¡­®£®  ­ «¨§ .

� ª ç¥áâ¢¥ ¬ áèâ ¡¨àãîé¥© äã­ªæ¨¨ ¬®¦­® ¢§ïâì B-á¯« ©­

Nm(x) := (Nm�1 �N1)(x) =
Z 1

0
Nm�1(x� t) dt; m � 2; (15.1)
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£¤¥ N1 = �[0;1): �á­®, çâ® æ¥«ë¥ á¤¢¨£¨ N
m ­¥ ®àâ®£®­ «ì­ë ¤àã£ ¤àã£ã

¯à¨ m > 1. � ¯à¨¬¥à, ¯à¨ m = 2

N2(t) =

8><>:
t; ¥á«¨ t 2 [0; 1];

2 � t; ¥á«¨ t 2 (1; 2];
0; ¥á«¨ t =2 [0; 2];

¨ äã­ªæ¨¨ N2(�) ¨ N2(� � 1) ­¥ ®àâ®£®­ «ì­ë ¤àã£ ¤àã£ã.
�§ (15.1) á«¥¤ã¥â, çâ®

dNm(!) =
�
1�e�i!
i!

�m
; jdNm(!)j =

��� sin (!=2)
!=2

���m;
P
l2Z jdNm(! + 2l�)j2 = P

l2Z
���sin (!=2+l�)

!=2+l�

���2m:
�®íâ®¬ã, ¢ á¨«ã â¥®à¥¬ë 9.2 fNm(� � k)gk2Z - ¡ §¨á �¨áá  ¢ V m

0 :
�«ï ¯®áâà®¥­¨ï ®àâ®£®­ «ì­ëå á¯« ©­-¢á¯«¥áª®¢ ®¯à¥¤¥«¨¬ á­ ç -

«  ®àâ®£®­ «ì­ãî ¬ áèâ ¡¨àãîéãî äã­ªæ¨î (á¬. â¥®à¥¬ã 9.1)

b'B;m(!) = dNm(!)
�X
l2Z
jcNm(! + 2l�)j2

��1=2
: (15.2)

(�¥àå­¨© ¨­¤¥ªá B - ¯¥à¢ ï ¡ãª¢  ä ¬¨«¨¨ �.�íâ« , ¢á¯«¥áª¨ ª®â®à®-
£® ¯®«ãç âáï ¯à¨ â ª®¬ ¢ë¡®à¥ ®àâ®£®­ «ì­®© ¬ áèâ ¡¨àãîé¥© äã­ª-
æ¨¨.)

� áá¬®âà¨¬ ¤¢  á«ãç ï. �ãáâì m - ç¥â­®¥, m = 2s; s 2 N: �®£¤ dNm(!) = ((sin!=2)=(!=2))2s e�i!s: �«ï ã¯à®é¥­¨ï ¢ëª« ¤®ª § ¬¥­¨¬
Nm(t) ­  Nm(t + s): �®£¤  dNm(!) = ((sin!=2)=(!=2))2s : �«ï ®àâ®£®-
­ «¨§ æ¨¨ ­ ¤® ¯®áç¨â âì0@X

l2Z
jdNm(! + 2l�)j2

1A1=2

= (sin !=2)2s(
X
l2Z

(!=2 + l�)�4s)1=2:

�â® ¬®¦­® á¤¥« âì, ¤¨ää¥à¥­æ¨àãï â®¦¤¥áâ¢®
P
l2Z(! + l�)�1 = ctg!:

�à®¤¨ää¥à¥­æ¨à®¢ ¢ (q � 1) à §, ¯®«ãç¨¬

X
l2Z

1

(! + l�)q
=
Pq(cos!)

(sin!)q
; (15.3)
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£¤¥ Pq - ¯®«¨­®¬ áâ¥¯¥­¨ q� 2: �«ï ç¥â­ëå q ®ç¥¢¨¤­®, çâ® Pq(t) áâà®£®
¯®«®¦¨â¥«¥­ ­  [0; 1]: �ª®­ç â¥«ì­® ¨¬¥¥¬

b'B;m(!) = ((sin!=2)=(!=2))m (P2m(cos!=2))
�1=2:

�ã­ªæ¨ï 'B;m ¤¥©áâ¢¨â¥«ì­®§­ ç­  ¨ á¨¬¬¥âà¨ç­  ®â­®á¨â¥«ì­® t = 0:
�á«¨ m - ­¥ç¥â­®, â®  ­ «®£¨ç­ë¥ ¢ëª« ¤ª¨ ¯®ª §ë¢ îâ, çâ®

b'B;m(!) = e�i!=2 ((sin!=2)=(!=2))m (P2m(cos!=2))
�1=2:

� íâ®¬ á«ãç ¥, äã­ªæ¨ï 'B;m ¤¥©áâ¢¨â¥«ì­®§­ ç­  ¨ á¨¬¬¥âà¨ç­  ®â-
­®á¨â¥«ì­® t = 1=2:

� á®®â¢¥âáâ¢¨¨ á ®¡é¥© áå¥¬®©, ��� á ¬ áèâ ¡¨àãîé¥© äã­ªæ¨-
¥© 'B;m ¯®§¢®«ï¥â ¯®áâà®¨âì ¢á¯«¥áª®¢ë© ¡ §¨á f B;mjk gj;k2Z: �â®â ¡ §¨á
¡ë« ¯®áâà®¥­ (¡¥§ ¨á¯®«ì§®¢ ­¨ï ���) ¢ à ¡®â å: [B], [L].

�¨á.1. �à ä¨ª 'B;2(t): �¨á.2. �à ä¨ª  B;2(t):
�àâ®£®­ «¨§®¢ âì B-á¯« ©­ Nm ¬®¦­® çãâì-çãâì ¯®-¤àã£®¬ã. �§

(15.3) á«¥¤ã¥â, çâ® X
l2Z
jdNm(! + 2l�)j2 = P2m(cos !=2): (15.4)

�®íää¨æ¨¥­âë ¯®«¨­®¬  P2m(cos !=2) ­¥âàã¤­® ­ ©â¨ ¨§ á«¥¤ãîé¨å
á®®¡à ¦¥­¨©. �ç¥¢¨¤­®, çâ®

supp Nm = [0; m]: (15.5)

�áâ ¥âáï § ¬¥â¨âì, çâ® ¯® ä®à¬ã«¥ �« ­è¥à¥«ï

1
2�

R 2�
0 eik!

P
l2Z jdNm(! + 2l�)j2 d! = 1

2�

R
R e

ik!jdNm(!)j2 d! =
=
R
RN

m(t)Nm(t+ k) dt:
(15.6)

�à®¬¥ â®£®, hNm
0k; N

m
00i = hNm

0;�k; N
m
00i:

� ¯®¬­¨¬ å®à®è® ¨§¢¥áâ­ãî «¥¬¬ã �¨áá  [R, � ¤ ç  40].
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�¥¬¬  15.1 �ãáâì A(�) =
PT

�T 
ke
ik� - âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬,

¯®«®¦¨â¥«ì­ë© ¨«¨ à ¢­ë© ­ã«î ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨. �®£¤  áã-
é¥áâ¢ã¥â âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬ h(�) =

PT
0 �ke

ik�; â ª®©, çâ®
jh(�)j2 = A(�): �®«¥¥ â®£®, ¥á«¨ ª®íää¨æ¨¥­âë 
k ¤¥©áâ¢¨â¥«ì­ë, â®
h(�) ¬®¦­® â®¦¥ ¢ë¡à âì á ¤¥©áâ¢¨â¥«ì­ë¬¨ �k:

�§ íâ®© «¥¬¬ë á«¥¤ã¥â, çâ®

P2m(cos !=2) = amj(1 + z1 e
i!) � � � (1 + zm�1 e

i!)j2;

£¤¥ fzlgm�1
l=1 ¢á¥£¤  ¬®¦­® ¢ë¡à âì ¢­ãâà¨ ¥¤¨­¨ç­®£® ªàã£ : jzlj < 1:

�®«¥¥ â®£®, ¨§ à¥§ã«ìâ â®¢ �.�®­¡¥à£  (I.J.Shoenberg) [Sh] á«¥¤ã¥â, çâ®
fzlgm�1

l=1 ¯®«®¦¨â¥«ì­ë¥ ç¨á« . �¡®§­ ç¨¬ ¨å sm�1 < � � � < s1: �ãáâì

Am(w) :=
p
am(1 + s1 e

iw) � � � (1 + sm�1 e
iw):

�®£¤  äã­ªæ¨ï 'St;m; ®¯à¥¤¥«ï¥¬ ï

d'St;m(!) = cNm(!)

Am(!)
; (15.7)

â ª¦¥ ª ª ¨ 'B;m, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (iii) ¨§ â¥®à¥¬ë 9.1 ¨, á«¥¤®-
¢ â¥«ì­®, ï¢«ï¥âáï ®àâ®£®­ «ì­®© ¬ áèâ ¡¨àãîé¥© ¤«ï fV m

j gj2Z: � ª
ª ª (1+s eiw)�1 =

P1
l=0(�s eiw)l; à ¢¥­áâ¢® (15.7) ®§­ ç ¥â, çâ® 'St;m à §-

« £ ¥âáï ¢ àï¤ ¯® æ¥«ë¬ á¤¢¨£ ¬ ¢«¥¢® B-á¯« ©­  Nm; ¯à¨ç¥¬ ª®íää¨-
æ¨¥­âë à §«®¦¥­¨ï ã¡ë¢ îâ ª ª £¥®¬¥âà¨ç¥áª ï ¯à®£à¥áá¨ï. �­ ç¨â,
supp 'St;m = (�1; m] ¨ 'St;m(t) ã¡ë¢ ¥â íªá¯®­¥­æ¨ «ì­® ¯à¨ t! �1:
��� á â ª®© ¬ áèâ ¡¨àãîé¥© äã­ªæ¨¥© ¯®à®¦¤ ¥â ¢á¯«¥áª®¢ë© ¡ §¨á
f St;mjk gj;k2Z; ¯®áâà®¥­­ë© (¡¥§ ¨á¯®«ì§®¢ ­¨ï ���) ¢ [St].

�¨á.1. �à ä¨ª 'St;2(t): �¨á.2. �à ä¨ª  St;2(t):
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16 �àâ®£®­ «ì­ë¥ ¢á¯«¥áª¨ á ª®¬¯ ªâ­ë¬

­®á¨â¥«¥¬

�à®áâ¥©è¨© á¯®á®¡ ¯®áâà®¥­¨ï ®àâ®£®­ «ì­ëå ¢á¯«¥áª®¢ á ª®¬¯ ªâ­ë¬
­®á¨â¥«¥¬ ®á­®¢ ­ ­  ¨á¯®«ì§®¢ ­¨¨ ®àâ®£®­ «ì­ëå ¬ áèâ ¡¨àãîé¨å
äã­ªæ¨© á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬. � íâ®¬ á«ãç ¥, ¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨
hn :=

p
2
R
R '(x)'(2x� n) dx; n 2 N; ¨§ (11.12) â®«ìª® ª®­¥ç­®¥ ç¨á«®

hn ®â«¨ç­® ®â ­ã«ï, ¨ ¯®íâ®¬ã á®®â¢¥âáâ¢ãîé¨© ¢á¯«¥áª  (á¬.(11.25))
ï¢«ï¥âáï ª®­¥ç­®© «¨­¥©­®© ª®¬¡¨­ æ¨¥© äã­ªæ¨© á ª®¬¯ ªâ­ë¬ ­®-
á¨â¥«¥¬, â.¥. á ¬ ¨¬¥¥â ª®¬¯ ªâ­ë© ­®á¨â¥«ì. �â®ç­ïîé¨© ä¨«ìâà m0

¡ã¤¥â âà¨£®­®¬¥âà¨ç¥áª¨¬ ¯®«¨­®¬®¬ m0(!) =
1p
2

P
n2Z hne�in!: � á¨«ã

(11.16) jm0(!=2)j2 + jm0(!=2 + �)j2 � 1:
�áâ¥áâ¢¥­­® áâ à âìáï ¯®áâà®¨âì ' ¨  ¤®áâ â®ç­® à¥£ã«ïà­ë¬¨. �â-

¬¥â¨¬ §¤¥áì á«¥¤ãîé¥¥ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ [D].

�¥®à¥¬  16.1 �ãáâì f 2 L2(R) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬
hfj;k; fl;mi = �j;l�k;m; £¤¥ fj;k(x) = 2j=2f(2jx � k): �à¥¤¯®«®¦¨¬, çâ® f
¨¬¥¥â ª®¬¯ ªâ­ë© ­®á¨â¥«ì, f 2 Cm(R) ¨ f (l) ®£à ­¨ç¥­ë ¯à¨ l � m:
�®£¤  Z

R
xlf(x) dx = 0 ¤«ï l = 0; 1; :::;m: (16.1)

�¢®©áâ¢® (16.1) íª¢¨¢ «¥­â­® â®¬ã, çâ® b (l)(0) = 0 ¯à¨ l = 0; 1; :::;m:
� ª ª ª b (!) = e�i!=2m0(!=2 + �) b'(!=2) ¨ b'(0) = 1, â® ¨§  2 Cm(R)
á«¥¤ã¥â, çâ® m0 ¨¬¥¥â ­®«ì ªà â­®áâ¨ m + 1 ¢ � ¨«¨
m0(!) = (1+e

i!

2 )m+1L(!); £¤¥ L - ­¥ª®â®àë© âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨-
­®¬.

�â ª, ¡ã¤¥¬ ¨áª âì à¥è¥­¨ï (11.16) ¢ ¢¨¤¥ m0(!) = (1+e
i!

2 )NL(!): � -

¬¥â¨¬, çâ® jm0(!)j2 =
�
cos2 !

2

�N jL(!)j2 = �
cos2 !

2

�N
P (sin2 !

2 ); £¤¥ P (sin
2 !

2 ) :=

jL(!)j2: �®¤áâ ¢«ïï íâ® ¢ëà ¦¥­¨¥ ¢ (11.16), ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ­  P :

xNP (1� x) + (1� x)NP (x) = 1: (16.2)

� ª ª ª xN ¨ (1 � x)N - ¢§ ¨¬­®-¯à®áâë¥ ¯®«¨­®¬ë áâ¥¯¥­¨ N; â® ¯®
â¥®à¥¬¥ �¥§ã áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ¯®«¨­®¬ PN�1 áâ¥¯¥­¨ N�1; ã¤®-
¢«¥â¢®àïîé¨© (16.2): PN�1(x) =

PN�1
k=0

�
N�1+k

k

�
xk: �ç¥¢¨¤­®, çâ®

PN�1(x) > 0: �ãé¥áâ¢ãîâ à¥è¥­¨ï (16.2) ¡®«¥¥ ¢ëá®ª®© áâ¥¯¥­¨
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P (x) = PN�1(x) + xNR(x � 1
2
); £¤¥ R - ¯à®¨§¢®«ì­ë© ­¥ç¥â­ë© ¯®«¨-

­®¬. �«ï ¯à®áâ®âë à áá¬®âà¨¬ §¤¥áì â®«ìª® á«ãç © R = 0:
�­ ï P; ¯®«¨­®¬ m0 ­ å®¤¨âáï ¯à¨ ¯®¬®é¨ «¥¬¬ë 15.1.
�â ª, ¯ãáâì N 2 N. �¨«ìâà ¬¨ �®¡¥è¨ ­ §ë¢ îâ âà¨£®­®¬¥âà¨-

ç¥áª¨¥ ¯®«¨­®¬ë dN (!) = 2�1=2
2N�1P
l=0

hN (l)eil!; hN(l) 2 R; ã¤®¢«¥â¢®-

àïîé¨¥ à ¢¥­áâ¢ ¬ jdN(!)j2 =
�
cos2 !

2

�N
PN�1(sin

2 !
2
): � [D1] ¤®ª § ­ 

á«¥¤ãîé ï

�¥®à¥¬  16.2 �ã­ªæ¨ï 'D;N , ®¯à¥¤¥«¥­­ ï ¢ ®¡à § å �ãàì¥ ª ªd'D;N(!) :=
Q1
l=1 dN (!2

�l); ï¢«ï¥âáï ®àâ®£®­ «ì­®© ¬ áèâ ¡¨àãîé¥©
äã­ªæ¨¥©. �®®â¢¥âáâ¢ãîé¨© ¢á¯«¥áª  D;N ; ®¯à¥¤¥«ï¥¬ë© ä®à¬ã«®©d D;N(!) = e�i!=2dN (!=2 + �) d'D;N (!=2); ¯®à®¦¤ ¥â ®àâ®­®à¬¨à®¢ ­­ë©
¡ §¨á ¢ L2(R) : f D;Njk (�) := 2j=2 D;N(2j � �k)gj2Z;k2Z: �®«¥¥ â®£®,
supp D;N = [�(N � 1); N ], ¨ áãé¥áâ¢ã¥â � > 0; â ª ï, çâ®
 D;N 2 C�N; £¤¥ C� := ff :

R
R f̂(!)(1 + j!j)�d! <1g; � > 0:

�¨á.1. �à ä¨ª 'D;2(t): �¨á.2. �à ä¨ª  D;2(t):

�¨á.1. �à ä¨ª 'D;4(t): �¨á.2. �à ä¨ª  D;4(t):
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17 �ëáâàë¥  «£®à¨â¬ë

�à â­®¬ áèâ ¡­ë©  ­ «¨§ ¯®§¢®«ï¥â ¡ëáâà® ¢ëç¨á«ïâì ¢á¯«¥áª®¢ë¥
ª®íää¨æ¨¥­âë § ¤ ­­®© äã­ªæ¨¨. �à¥¤¯®«®¦¨¬, çâ® ­ ¬ ¨§¢¥áâ­ë
áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï f á f'jkgk2Z ¤«ï ­¥ª®â®à®£® j: �¥ ®£à ­¨ç¨¢ ï
®¡é­®áâ¨, ¬®¦­® áç¨â âì j = 0 (ª íâ®¬ã á«ãç î ¢á¥£¤  ¬®¦­® ¯¥à¥©â¨
á®®â¢¥âáâ¢ãîé¥© § ¬¥­®© ¯¥à¥¬¥­­ëå). �­ ï hf; '0ki; k 2 Z; «¥£ª®
¯®¤áç¨â âì hf;  jki ¤«ï j < 0: �¥©áâ¢¨â¥«ì­®,  =

P
k2Z gk '1k; £¤¥ gk =

(�1)kh1�k (á¬.(11.25)). �«¥¤®¢ â¥«ì­®,

 jk(t) = 2j=2 (2jt� k) = 2j=2
P
l2Z'(2

jt� 2k � l) =
=
P
l2Z gl 'j+1;2k+l(t) =

P
l2Z gl�2k 'j+1;l(t):

(17.1)

�­ ç¨â hf;  �1;ki = P
l2Z gl�2khf; �0li; â.¥. fhf;  �1;kigk2Z ¯®«ãç ¥âáï á¢¥àâ-

ª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fhf; '0ligl2Z á fg�lgl2Z á ¯®á«¥¤ãîé¨¬ ¢ë¡®à®¬
â®«ìª® ç¥â­ëå í«¥¬¥­â®¢. �­ «®£¨ç­® ¢ë¯®«­ï¥âáï ¯¥à¥å®¤ ®â á«®ï j
ª j � 1

hf;  j�1;ki =
X
l2Z

gl�2khf; 'j;li; (17.2)

¯à ¢¤  ¯à¨ íâ®¬ ­ã¦­® ¯à¥¤¢ à¨â¥«ì­® ¢ëç¨á«¨âì fhf; 'j;kigk2Z: �®, ¢
á¨«ã ¬ áèâ ¡­®£® à ¢¥­áâ¢ 

'j;k =
X
l2Z

hl�2k'j+1;l: (17.3)

�®íâ®¬ã,
hf; 'j;ki =

X
l2Z

hl�2khf; 'j+1;li: (17.4)

�â ª, ­ ç¨­ ï á fhf; '0;kigk2Z; ¬®¦­® ¢ëç¨á«¨âì fhf;  �1;kigk2Z ¯® (17.2)
¨ fhf; '�1;kigk2Z ¯® (17.4). � â¥¬ ¬ë ¬®¦¥¬ ¯à¨¬¥­¨âì (17.2) ¨ (17.4)
á­®¢  ¨ ¯®«ãç¨âì fhf;  �2;kigk2Z ¨ fhf; '�2;kigk2Z; ¨á¯®«ì§ãï
fhf; '�1;kigk2Z: � ª¨¬ ®¡à §®¬, ­  ª ¦¤®¬ è £¥ ¢ëç¨á«ïîâáï ­¥ â®«ìª®
¢á¯«¥áª®¢ë¥ ª®íää¨æ¨¥­âë j - £® á«®ï, ­® ¨ ¢á¯®¬®£ â¥«ì­ë¥ ª®íää¨-
æ¨¥­âë fhf; 'j;kigk2Z ª®â®àë¥ ¯®âà¥¡ãîâáï ¤«ï ­ å®¦¤¥­¨ï ¢á¯«¥áª®-
¢ëå ª®íää¨æ¨¥­â®¢ ¢ (j � 1)-®¬ á«®¥.

� æ¥«®¬ ¢¥áì ¯à®æ¥áá ¬®¦­® à áá¬ âà¨¢ âì ª ª ¯®á«¥¤®¢ â¥«ì­®¥
¢ëç¨á«¥­¨¥ ¡®«¥¥ £àã¡ëå ¯à¨¡«¨¦¥­¨© äã­ªæ¨¨ f ¢¬¥áâ¥ á ä¨ªá æ¨-
¥© ¤¥â «¥©, ­¥®¡å®¤¨¬ëå ¤«ï ¯®«ãç¥­¨ï ¡®«¥¥ â®ç­®£® ¯à¨¡«¨¦¥­¨ï
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¨§ ¡®«¥¥ £àã¡®£®. � íâ®© â®çª¨ §à¥­¨ï, ¬ë ­ ç¨­ ¥¬ á ¯à¨¡«¨¦¥­¨ï
f0 = P0f (­ ¯®¬¨­ ¥¬, çâ® Pj - íâ® ®àâ®£®­ «ì­ë© ¯à®¥ªâ®à ­  Vj ; ç¥-
à¥§ Qj ¬ë ¡ã¤¥¬ ®¡®§­ ç âì ¯à®¥ªâ®à ­  Wj). � «¥¥ ¬ë à §« £ ¥¬
f0 2 V0 = V�1�W�1 ­  f�1 ¨ ��1 : f0 = f�1+��1; £¤¥ f�1 = P�1f

0 = P�1f
- ¡®«¥¥ £àã¡®¥ ¯à¨¡«¨¦¥­¨¥ f ¢ èª «¥ ªà â­®¬ áèâ ¡­®£®  ­ «¨§  ,  
��1 = f0 � f�1 = Q�1f

0 = Q�1f - íâ® "¯®â¥àï" ¢ ¨­ä®à¬ æ¨¨ ¯à¨
®â®¡à ¦¥­¨¨ f0 ! f�1: � ª ¦¤®¬ ¨§ ¯à®áâà ­áâ¢ Vj ¨ Wj ¥áâì ®àâ®­®à-
¬¨à®¢ ­­ë© ¡ §¨á f'j;kgk2Z ¨ f j;kgk2Z; ¯®íâ®¬ã

f0 =
X
k2Z

s0k '0k; f�1 =
X
k2Z

s�1
k '�1;k; ��1 =

X
k2Z

d�1
k  �1;k:

� ª¨¬ ®¡à §®¬, ä®à¬ã«ë (17.2), (17.4) § ¤ îâ ¯à¥®¡à §®¢ ­¨¥ ª®íä-
ä¨æ¨¥­â®¢ ¯à¨ ¯¥à¥å®¤¥ ®â ®àâ®­®à¬¨à®¢ ­­®£® ¡ §¨á  f'0kgk2Z ¢ V0 ª
®àâ®­®à¬¨à®¢ ­­®¬ã ¡ §¨áã f'�1;kgk2ZSf �1;kgk2Z :

s�1
k =

X
l2Z

hl�2k s
0
k; d�1

k =
X
l2Z

gl�2k s
0
k: (17.5)

�á«¨ ®¡®§­ ç¨âì a := falgl2Z; A := fa�lgl2Z ¨ (Ab)k =
P
l2ZA2k�l bl; â®

(17.5) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ s�1 = Hs0; d�1 = Gs0:
�à¨¡«¨¦¥­¨¥ f�1 2 V�1 = V�2 �W�2 ¬®¦¥â ¡ëâì á­®¢  à §«®¦¥­®:

f�1 = f�2 + ��2; f�2 2 V�2; ��2 2 W�2;
f�2 =

P
k2Z s

�2
k '�2;k; ��2 =

P
k2Z d

�2
k  �2;k:

�¯ïâì s�2 = Hs�1; d�2 = Gs�1: �å¥¬ â¨ç­®, ¢¥áì ¯à®æ¥áá ¬®¦­® ¨§®-
¡à §¨âì â ª:

s0
H�! s�1 H�! s�2 � � � sj

H�! sj�1

G& G& G&
d�1 d�2 � � � dj dj�1

�  ¯à ªâ¨ª¥, ¯®á«¥ ¢ë¯®«­¥­¨ï ª®­¥ç­®£® ç¨á«  è £®¢ ¯à®æ¥áá ¯à¥-
ªà é ¥âáï, çâ® ®§­ ç ¥â, çâ® ¨áå®¤­ ï ¨­ä®à¬ æ¨ï fhf; '0kigk2Z = s0

¯à¥®¡à §®¢ ­  ¢ d�1; d�2; � � � ; d�j0 ¨ s�j0 ; â.¥. ¢ fhf;  �j;kigj=1;���j0; k2Z
¨ fhf; '�j0;kigk2Z: � ª ª ª ¯à¥®¡à §®¢ ­¨ï ¢ë¯®«­ï«¨áì ¯à¨ ¯®¬®é¨
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¨§¬¥­¥­¨ï ®àâ®£®­ «ì­ëå ¡ §¨á®¢, ®¡à â­ ï ®¯¥à æ¨ï § ¤ ¥âáï á®¯àï-
¦¥­­®© ¬ âà¨æ¥©. �®ç­¥¥: f j+1 = f j + �j =

P
k2Z s

j
k 'jk +

P
k2Z d

j
k  jk;

�«¥¤®¢ â¥«ì­® (á¬. (17.1), (17.3))

sj+1
k = hf j+1; 'j+1;ki =
=
P
l2Z s

j
l h'jl; 'j+1;ki +P

l2Z d
j
l h jl;  j+1;ki =

=
P
l2Z hk�2l s

j
l +

P
l2Z gk�2l d

j
l :

(17.6)

�á«¨ ®¡®§­ ç¨âì (~ab)k :=
P
l2Z ak�2l bl; â® sj+1 = ~hsj + ~gdj ¨ áå¥¬ â¨ç­®

¯à®æ¥áá ¢®ááâ ­®¢«¥­¨ï ¢ë£«ï¤¨â â ª:

sj
~h�! sj+1

~h�! sj+2 � � � s�1
~h�! s0

~g

%
~g

%
~g

%
dj dj+1 dj+2 � � � d�1

� ¦­¥©è¥© ç¥àâ®© ¨§«®¦¥­­®£®  «£®à¨â¬  à §«®¦¥­¨ï ¨ ¢®ááâ ­®-
¢«¥­¨ï ï¢«ï¥âáï ¥£® ¡ëáâà®â . � ¯à¨¬¥à, ¤«ï á¨áâ¥¬ë �  à  ¨¬¥¥¬
á«¥¤ãîé¥¥. �ãáâì ¨áå®¤­ ï ¨­ä®à¬ æ¨ï á®áâ®ï«  ¨§ 2N ç¨á¥« fs0kg2

N�1
k=0 :

�®£¤ , ­  ¯¥à¢®¬ è £¥ ¢ëç¨á«ï¥âáï 2N�1 ¢á¯®¬®£ â¥«ì­ëå ç¨á¥«
fs�1

k g2
N�1�1
k=0 : s�1

k = (s02k + s02k+1)=
p
2 ¨ 2N�1 ª®íää¨æ¨¥­â®¢ fd�1

k g2
N�1�1
k=0 :

d�1
k = (s02k � s02k+1)

p
2: �  ª ¦¤®¬ á«¥¤ãîé¥¬ è £¥ ª®«¨ç¥áâ¢® ¢á¯®¬®-

£ â¥«ì­ëå ç¨á¥« ¨ ª®íää¨æ¨¥­â®¢ ã¬¥­ìè ¥âáï ¢ ¤¢  à § . �®«¨ç¥áâ¢®
®¯¥à æ¨© ¢® ¢á¥¬  «£®à¨â¬¥ à §«®¦¥­¨ï à ¢­® 2 �2N (1

2
+ 1

4
+ � � �) = 2 �2N :

�«ï ¡®«¥¥ á«®¦­ëå ¢á¯«¥áª®¢ëå ¡ §¨á®¢ ¢ëç¨á«¥­¨ï ¢á¯®¬®£ â¥«ì­ëå
ç¨á¥« (ãá«®¢­® £®¢®àï, "áà¥¤­¨å") ¨ ª®íää¨æ¨¥­â®¢ ("à §­®áâ¥©") âà¥-
¡ãîâ ¡®«¥¥ ç¥¬ ¤¢  ¯à¥¤ë¤ãé¨å ç¨á« , ­® à ááã¦¤¥­¨ï ® ª®«¨ç¥áâ¢¥
ª®íää¨æ¨¥­â®¢ ­  ª ¦¤®¬ á«®¥ ®áâ îâáï ¢ á¨«¥. �á«¨ "®¡®¡é¥­­ë¥
áà¥¤­¨¥" ¨ "à §­®áâ¨" ¨á¯®«ì§ãîâ K ¯à¥¤ë¤ãé¨å ç¨á¥«, â® ®¡é¥¥ ç¨-
á«® ®¯¥à æ¨© à ¢­® 2KN (KN - ã¬­®¦¥­¨©, KN - á«®¦¥­¨©).

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¡ëáâàë©  «£®à¨â¬ à §«®¦¥­¨ï ¨ ¢®ááâ ­®¢«¥-
­¨ï ¯® ¢á¯«¥áª®¢®¬ã ¡ §¨áã (ª®à®âª®, ¡ëáâà®¥ ¢á¯«¥áª®¢®¥ ¯à¥®¡à §®-
¢ ­¨¥ (���)) ¡ë« ¨§¢¥áâ¥­ ¢ æ¨äà®¢®© ®¡à ¡®âª¥ á¨£­ «®¢ ¯®¤ ­ §¢ ­¨-
¥¬ ¯®«®á®¢ ï ä¨«ìâà æ¨ï á â®ç­ë¬ ¢®ááâ ­®¢«¥­¨¥¬ (subband �ltering
scheme with exact reconstruction). �â  áå¥¬  ¡ë«  ¯à¥¤«®¦¥­  ¤® ¯®-
ï¢«¥­¨ï â¥®à¨¨ ¢á¯«¥áª®¢ ¢ à ¡®â å: [Sm], [Mi], [V].
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18 �®«ã®àâ®£®­ «ì­ë¥ á¯« ©­-¢á¯«¥áª¨ á

ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬

�ãáâì ' - ¬ áèâ ¡¨àãîé ï äã­ªæ¨ï á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬, ¯®à®-
¦¤ îé ï ��� fVjgj2Z ¢ L2(R): � íâ®¬ á«ãç ¥ ¬®¦­® ¯®áâà®¨âì á®®â-
¢¥âáâ¢ãîé¨© ¯®«ã®àâ®£®­ «ì­ë© ¢á¯«¥áª  á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬.
� íâ®¬ ¯ à £à ä¥ ¬ë ­¥ ¯à¥¤¯®« £ ¥¬ ®àâ®­®à¬¨à®¢ ­­®áâì ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ f'(� � k)gk2Z (¤¥«® ¢ â®¬, çâ® ®àâ®£®­ «¨§ æ¨ï (9.2) ¬ áèâ -
¡¨àãîé¥© äã­ªæ¨¨ á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬ ¯à¨¢®¤¨â ª ¯®â¥à¥ ª®¬-
¯ ªâ­®£® ­®á¨â¥«ï).

�ãáâì supp' = [0;M ]; M 2 N: �®£¤  ' =
P2M�1

�M+1 hk'1k: �«ï ã¤®¡-
áâ¢  ¡ã¤¥¬ à áá¬ âà¨¢ âì ¤¥©áâ¢¨â¥«ì­®§­ ç­ë¥ ': �ç¥¢¨¤­®, çâ®  ¢-
â®ª®àà¥«ïæ¨®­­ ï äã­ªæ¨ï �(t) :=

R
R '(x � t)'(x)dx ï¢«ï¥âáï ç¥â­®©

äã­ªæ¨¥© ¨ supp� = [�M;M ]: �ãáâì n' - ­ ¨¡®«ìè¥¥ æ¥«®¥, ¤«ï ª®-
â®à®£® �(n') 6= 0: � ª ª ª � - ­¥¯à¥àë¢­ ï äã­ªæ¨ï, â® �(M) = 0 ¨
0 � n' � M � 1: �­ «®£¨ç­® (15.6) ¯®«ãç ¥¬, çâ®P
l2Z j b'(!+2l�)j2 = E'(e�i!); £¤¥ E'(z) :=

Pn'
k=�n' �(k)zk: �®«¨­®¬ P'(z)

­ §ë¢ îâ ¯®«¨­®¬®¬ �©«¥à -�à®¡¥­¨ãá  ¤«ï ¬ áèâ ¡¨àãîé¥© äã­ª-
æ¨¨ ':

�®áâà®¥­¨¥ ¯®«ã®àâ®£®­ «ì­®£® ¢á¯«¥áª®¢®£® ¡ §¨á   ­ «®£¨ç­® ¯®-
áâà®¥­¨î ®àâ®£®­ «ì­®£® (á¬. ¯ à £à ä 11). �à¥¦¤¥ ¢á¥£® ®å à ª-
â¥à¨§ã¥¬ äã­ªæ¨¨  2 W0; £¤¥ V0 � W0 = V1; W0 ? V0: � ª ª ª
W0 � V1; â®  =

P
k rk'1k: � ®¡à § å �ãàì¥ ¨¬¥¥¬b (!) = R(e�i!=2) b'(!=2); £¤¥ R(z) = 1p

2

P
k2Z rk z

k { 2�-¯¥à¨®¤¨ç¥áª ï

äã­ªæ¨ï ¨§ L2[0; 2�]: �­ «®£¨ç­® ¤«ï ' : ' =
P
k pk'1k;b'(!) = P (e�i!=2) b'(!=2); P (z) = 1p

2

P
k2Z pk zk: �ãáâì z = e�i!=2: �à¨-

¬¥­ïï â®¦¤¥áâ¢® �« ­è¥à¥«ï, ¨¬¥¥¬

h'(� � l);  (�)i = 1
2�

R
R
b'(!)e�il! b (!)d! =

= 1
2�

R
R j b'(!=2)j2P (z)R(z)e�il!d! =

= 1
2�

R 4�
0 fPk2Z j b'(!=2 + 2�k)j2gP (z)R(z)e�il!d! =

= 1
2�

R 4�
0 E'(z)P (z)R(z)e�il!d! =

= 1
2�

R 2�
0 fE'(z)P (z)R(z) + E'(�z)P (�z)R(�z)ge�il!d!:
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�âªã¤  á«¥¤ã¥â, çâ®  2 W0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

E'(z)P (z)R(z) + E'(�z)P (�z)R(�z) = 0; jzj = 1: (18.1)

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ª®íää¨æ¨¥­âë R ¤¥©áâ¢¨â¥«ì­ë, â® ­¥âàã¤­®
ãª § âì ®¡é¥¥ à¥è¥­¨¥ (18.1):

R(z) = zK(z2)P (�1

z
)E'(�z); jzj = 1; (18.2)

£¤¥ K(z) - ¯à®¨§¢®«ì­ ï ª¢ ¤à â¨ç­®-áã¬¬¨àã¥¬ ï äã­ªæ¨ï ­  ¥¤¨­¨ç-
­®© ®ªàã¦­®áâ¨ jzj = 1: �¤¥áì ¨á¯®«ì§®¢ ­® â®, çâ® E'(z�1) = E'(z) ¯à¨
jzj = 1; â ª ª ª �(�k) = �(k):

�á«¨ ' ¨¬¥¥â ª®¬¯ ªâ­ë© ­®á¨â¥«ì, â® P ¨ E' ï¢«ïîâáï ¯®«¨­®¬ ¬¨
�®à ­ . �§ (18.2) á«¥¤ã¥â, çâ® R ¡ã¤¥â â®¦¥ ¯®«¨­®¬®¬ �®à ­ , ¥á«¨
K - ¯®«¨­®¬ �®à ­ .

�¥®à¥¬  18.1 �®«ã®àâ®£®­ «ì­ë© ¢á¯«¥áª á ¬¨­¨¬ «ì­ë¬ ª®¬¯ ªâ-
­ë¬ ­®á¨â¥«¥¬, á®®â¢¥âáâ¢ãîé¨© '; ®¯à¥¤¥«ï¥âáï ¤¢ãå-¬ áèâ ¡­ë¬
á®®â­®è¥­¨¥¬

 :=
X
k

qk'1;k

¨«¨, ¢ ®¡à § å �ãàì¥,

b (!) := Q(e�i!=2) b'(!=2);
£¤¥ Q(z) := 1p

2
qkz

k = cz2N+1P (�1
z
)E'(�z): �¤¥áì N - ¯à®¨§¢®«ì­®¥ æ¥«®¥,

c - ¯à®¨§¢®«ì­ ï ­¥­ã«¥¢ ï ª®­áâ ­â . � ç áâ­®áâ¨, ¥á«¨ ¯®«®¦¨âì
N à ¢­ë¬ æ¥«®© ç áâ¨ (M + n')=2; â® Q ¡ã¤¥â  «£¥¡à ¨ç¥áª¨¬ ¯®«¨-

­®¬®¬ ¨  :=
PM+2n'
k=0 qk'1;k:

�®á«¥¤®¢ â¥«ì­®áâì f (��k)gk2Z ®¡à §ã¥â ¡ §¨á �¨áá  ¢W0;   f j;k(t) :=
2j=2 (2t� k)gj;k2Z { ¯®«ã®àâ®£®­ «ì­ë© ¡ §¨á ¢ L2(R):

�à¨¬¥­¨¬ íâã â¥®à¥¬ã ª B-á¯« ©­ã ' = Nm; m 2 N: � íâ®¬ á«ãç ¥
M = m; n' = m� 1: �®« £ ï N = m� 1; c = �1; ¨¬¥¥¬

Qm(z) = �z2m�1P (�1
z
)E(�z) =

= �z2m�1
�
z�1
2z

�mPm�1
k=�m+1(�1)kN2m(m+ k)zk =

=
�
1�z
2

�mP2m�2
k=0 (�1)kN2m(k + 1)zk = 1p

2

P3m�2
k=0 qm;kz

k;
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£¤¥ qm;k =
(�1)k

2m�
1
2

Pm
l=0N

2m(k � l + 1); k = 0; : : : ; 3m� 2: �¤¥áì ¨á¯®«ì§®-
¢ ­ë «¥£ª® ¯à®¢¥àï¥¬ë¥ á®®â­®è¥­¨ï:
Nm(t) =

Pm
k=0 2

�m+1
�
m
k

�
Nm(2t � k); ENm(z) =

Pm�1
�m+1N

2m(m + k)zk:
�ª®­ç â¥«ì­®, ¯®«ã®àâ®£®­ «ì­ë© á¯« ©­-¢á¯«¥áª ¯®àï¤ª  m à ¢¥­
 m(t) =

P3m�2
k=0

p
2qm;kNm(2t� k); supp m = [0; 2m� 1]:

�¨á.1. �à ä¨ª  2(t): �¨á.2. �à ä¨ª  3(t):

19 �¥£ã«ïà­ë¥ ��� ¢ L2(Rn)

�¥à¥©¤¥¬ ®â à áá¬®âà¥­¨ï ®¤­®¬¥à­ëå ��� ª ¬­®£®¬¥à­ë¬. �«¥¤ãî-
é¥¥ ®¯à¥¤¥«¥­¨¥ ®¡®¡é ¥â ®¯à¥¤¥«¥­¨¥ 11.1

�¯à¥¤¥«¥­¨¥ 19.1 �à â­®¬ áèâ ¡­ë©  ­ «¨§ (���) - íâ® ¯®á«¥¤®-
¢ â¥«ì­®áâì fVjgj2Z § ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ L2(Rn); ã¤®¢«¥â¢®-
àïîé ï á«¥¤ãîé¨¬ á¢®©áâ¢ ¬:

Vj � Vj+1; (19.1)S
j2Z Vj = L2(Rn); (19.2)T
j2Z Vj = f0g; (19.3)

f 2 Vj , f(2�j �) 2 V0; (19.4)

f 2 V0 , f(� � k) 2 V0 ¤«ï «î¡®£® k 2 Zn; (19.5)

áãé¥áâ¢ã¥â äã­ªæ¨ï g 2 V0 â ª ï, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì
fg(� � k)gk2Zn ®¡à §ã¥â ¡ §¨á �¨áá  ¢ V0: (19.6)

� ¯®¬­¨¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fg0k(�) := g(� � k)gk2Zn ï¢«ï¥âáï
¡ §¨á®¬ �¨áá  ¢ V0, ¥á«¨ [g0k]k2Zn = V0 ¨ áãé¥áâ¢ãîâ ¤¢¥ ª®­áâ ­âë
A > 0; B > 0 â ª¨¥, çâ®

A(
X
k2Zn

jckj2)1=2 � kX
k2Z

ck g0kkL2(R) � B(
X
k2Zn

jckj2)1=2

¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç¨á¥« fckgk2Zn:
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�ää¥ªâ¨¢­®áâì ¨á¯®«ì§®¢ ­¨ï ¢á¯«¥áª®¢ëå ¡ §¨á®¢ ¢ äã­ªæ¨®­ «ì-
­ëå ¯à®áâà ­áâ¢ å, ®â«¨ç­ëå ®â L2(Rn); § ¢¨á¨â ®â à¥£ã«ïà­®áâ¨ á®®â-
¢¥âáâ¢ãîé¥£® ���.

�¯à¥¤¥«¥­¨¥ 19.2 ��� fVjgj2Zn ­ §ë¢ ¥âáï r-à¥£ã«ïà­ë¬ (r 2 N);
¥á«¨ äã­ªæ¨ï g(x) ¢ (19.6) ¬®¦¥â ¡ëâì ¢ë¡à ­  â ª, çâ®

j@� g(x)j � Cm (1 + jxj)�m (19.7)

¤«ï «î¡®£® æ¥«®£® m 2 N ¨ ¤«ï «î¡®£® ¬ã«ìâ¨-¨­¤¥ªá  � = (�1; :::; �n);
ã¤®¢«¥â¢®àïîé¥£® j�j � r:

�«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â, ª ª ¯¥à¥©â¨ ®â ¡ §¨á  �¨áá  ª ª ­®-
­¨ç¥áª®¬ã ®àâ®­®à¬¨à®¢ ­­®¬ã ¡ §¨áã (á¬. ¤«ï áà ¢­¥­¨ï ®¤­®¬¥à­ë©
á«ãç © ¢ â¥®à¥¬ å 9.1, 9.2, 9.3).

�¥®à¥¬  19.1 �ãáâì fVjgj2Z { ��� ¢ L2(Rn): �®£¤  áãé¥áâ¢ãîâ ¤¢¥
ª®­áâ ­âë c2 � c1 > 0; â ª¨¥, çâ® ¤«ï ¯®çâ¨ ¢á¥å ! 2 Rn ¨¬¥¥¬

c1 �
0@ X
k2Zn

jbg(! + 2k�)j2
1A1=2

� c2: (19.8)

� «¥¥, ¥á«¨ ' 2 L2(Rn) ®¯à¥¤¥«¥­  ¢ ®¡à § å �ãàì¥

b'(!) = bg(!)
0@X
k2Zn

jbg(! + 2k�j2
1A�1=2

; (19.9)

â® f'(x� k)gk2Zn ï¢«ï¥âáï ��� ¢ V0:
� ª®­¥æ, ¯ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì ff(x�k)gk2Zn ®àâ®­®à¬¨à®¢ -

­ , £¤¥ äã­ªæ¨ï f 2 V0. �®£¤  íâ  ¯®á«¥¤®¢ â¥«ì­®áâì ï¢«ï¥âáï ���
¢ V0 ¨ bf(!) = �(!) b'(!); £¤¥ �(!) 2 C1(Rn); j�(!)j = 1 ¯®çâ¨ ¢áî¤ã, ¨
�(! + 2k�) = �(!) ¤«ï «î¡®£® k 2 Zn:

�«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® ®àâ®£®­ «¨§ æ¨ï (19.9) á®åà -
­ï¥â à¥£ã«ïà­®áâì ���.
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�¥®à¥¬  19.2 �ãáâì fVjgj2Z { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn): �®£¤ 
äã­ªæ¨ï ' 2 V0; ®¯à¥¤¥«¥­­ ï ¢ (19.9), ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

j@�'(x)j � Cm(1 + jxj)�m; (19.10)

¤«ï «î¡®£® æ¥«®£® m 2 N ¨ ¤«ï «î¡®£® ¬ã«ìâ¨-¨­¤¥ªá  � 2 Nn; ã¤®¢«¥-
â¢®àïîé¥£® j�j � r:

�®ª ¦¥¬, ª ª ¯®«ãç¨âì ��� ¢ L2(R2); ¨á¯®«ì§ãï ®¤­®¬¥à­ë© ���
fVjgj2Z ¢ L2(R): �¯à¥¤¥«¨¬ Vj � L2(R2) ª ª § ¬ëª ­¨¥ ¢ L2(R2)�­®à-
¬¥  «£¥¡à ¨ç¥áª®£® â¥­§®à­®£® ¯à®¨§¢¥¤¥­¨ï Vj
Vj: �®«ãç¥­­ë© ���
­ §ë¢ îâ á¥¯ à ¡¥«ì­ë¬. �á«¨ ¬­®£®¬¥à­ë© ��� ­¥«ì§ï ¯®«ãç¨âì
®¯¨á ­­ë¬ á¯®á®¡®¬, â® ¥£® ­ §ë¢ îâ ­¥á¥¯ à ¡¥«ì­ë¬.

� á¥¯ à ¡¥«ì­®¬ á«ãç ¥ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ V0 á®áâ®¨â ¨§
¯à®¨§¢¥¤¥­¨© '(x � k)'(y � k); (k; l) 2 Z2: �àã£¨¬¨ á«®¢ ¬¨, ¯®« £ ï
'(x; y) := '(x)'(y); ¯®«ãç ¥¬, çâ® ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ V0 ï¢«ï-
¥âáï ®à¡¨â®© äã­ªæ¨¨ ' ¯®¤ ¤¥©áâ¢¨¥¬ Z2:

�ãáâì W0 - ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ V0 ¤® V1: �®£¤ 

V1 = V0 � V0 
W0 �W0 
V0 �W0 
W0:

�¥©áâ¢¨â¥«ì­®, V1 = (V0 �W0)
 (V0 �W0); ¨ ¤®áâ â®ç­® ¢®á¯®«ì§®-
¢ âìáï ¤¨áâà¨¡ãâ¨¢­®áâìî â¥­§®à­®£® ¯à®¨§¢¥¤¥­¨¥ ¯® ®â­®è¥­¨î ª á«®-
¦¥­¨î. �ãáâì W0 ®¡®§­ ç ¥â ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ V0 ¤® V1: �®-
£¤  W0 = W0;1 � W1;0 � W1;1; £¤¥ W0;1 = V0 
W0; W1;0 = W0 
 V0;
W1;1 =W0 
W0:

�«ï ¯®«ãç¥­¨ï ®àâ®­®à¬¨à®¢ ­­®£® ¡ §¨á  ¢ W0 ­ ¤® ¢§ïâì ®¡ê¥¤¨-
­¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¥© '(x � k) (y � l);  (x � k)'(y � l); ¨
 (x � k) (y � l); k; l 2 Z2; ª®â®àë¥ ï¢«ïîâáï ®àâ®­®à¬¨à®¢ ­­ë¬¨ ¡ -
§¨á ¬¨ ¢ W0;1;W1;0 ¨ W1;1:

�à®¡«¥¬  ¯®áâà®¥­¨ï ¢á¯«¥áª®¢®£® ¡ §¨á  ­  ®á­®¢¥ ��� ¢ L2(Rn)
¢ ®¡é¥¬ á«ãç ¥ ï¢«ï¥âáï ¡®«¥¥ á«®¦­®©. �¤­ ª® ¢ [Gr] ¤®ª § ­ 

�¥®à¥¬  19.3 �ãáâì fVjgj2Z { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn): Wj - ®àâ®-
£®­ «ì­®¥ ¤®¯®«­¥­¨¥ Vj ¤® Vj+1: �®£¤  áãé¥áâ¢ãîâ q := 2n�1 äã­ªæ¨©
 1; :::;  q ¨§ V1 á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

j@� l(x)j � CN(1 + jxj)�N (19.11)
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¤«ï «î¡®£® ¬ã«ìâ¨-¨­¤¥ªá  � 2 Nn á j�j � r; «î¡®£® x 2 Rn ¨ «î¡®£®
N � 1;

f l(x� k); 1 � l � q; k 2 Zng ï¢«ï¥âáï ��� ¢ W0:

�«¥¤áâ¢¨¥ 19.1 �ã­ªæ¨¨ 2nj=2 l(2jx � k); 1 � l � q; k 2 Zn; j 2 Z;
®¡à §ãîâ ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ L2(Rn):

� ¬¥ç ­¨¥ 19.1 �¥ ¨§¢¥áâ¥­ ¬¥â®¤ ¯®áâà®¥­¨ï ­¥á¥¯ à ¡¥«ì­®£®
¬­®£®¬¥à­®£® ��� fVjgj2Z ¢ L2(Rn), ã ª®â®à®£® ¢á¯«¥áª®¢ë© ¡ §¨á á®-
áâ®¨â ¨§ ª®¬¯ ªâ­ëå äã­ªæ¨©. �¥«® ¢ â®¬, çâ®  «£®à¨â¬ �.�à®-
è¥­¨£  (K.Gr�ochenig) ¤ ¦¥ ¯à¨ ¯à¨¬¥­¥­¨¨ ª ª®¬¯ ªâ­®© ¬ áèâ ¡¨-
àãîé¥© äã­ªæ¨¨ ' ­¥ ¤ ¥â ¢á¯«¥áª®¢ á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬. �ç¥-
¢¨¤­®, çâ® á¥¯ à ¡¥«ì­ë¥ ¬­®£®¬¥à­ë¥ ¢á¯«¥áª¨, ¯®«ãç¥­­ë¥ ­  ®á­®¢¥
¢á¯«¥áª®¢ �®¡¥è¨, ¨¬¥îâ ª®¬¯ ªâ­ë© ­®á¨â¥«ì.

20 �¥à ¢¥­áâ¢  �¥à­èâ¥©­ 

�¥£ã«ïà­®áâì ¬ áèâ ¡¨àãîé¥© äã­ªæ¨¨ (19.7) ¯®§¢®«ï¥â à áá¬ âà¨-
¢ âì ��� fVjgj2Z ­¥ â®«ìª® ¢ L2(Rn), ­® ¨ ¢ ¤àã£¨å äã­ªæ¨®­ «ì­ëå
¯à®áâà ­áâ¢ å, ­ ¯à¨¬¥à, ¢ Lp(Rn); p 2 [1;1]:

�¥¬¬  20.1 �ãáâì ®àâ®£®­ «ì­ ï ¬ áèâ ¡¨àãîé ï äã­ªæ¨ï ' ã¤®-
¢«¥â¢®àï¥â (19.7). �®£¤  áãé¥áâ¢ãîâ ¤¢¥ ª®­áâ ­âë c2 > c1 > 0 â -
ª¨¥, çâ® ¤«ï «î¡®£® p 2 [1;1] ¨ «î¡®© ª®­¥ç­®© áã¬¬ë
f(x) =

P
k �(k)'(x� k) ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

c1kfkp � (
X
k

j�(k)jp)1=p � c2kfkp: (20.1)

�®ª § â¥«ìáâ¢®. � ç­¥¬ á ªà ©­¨å á«ãç ¥¢. �à¨ p =1
jf(x)j �X

k

j�(k)jj'(x� k)j � sup
k
j�(k)jC(');

£¤¥ C(') := supx2Rn

P
k2Z j'(x � k)j: � ¤àã£ãî áâ®à®­ã ¢®á¯®«ì§ã¥¬áï

â¥¬, çâ® �(k) =
R
Rn f(x)'(x� k)dx; ¯®íâ®¬ã j�(k)j � kfk1k'k1:

�«ãç © p = 1 à §¡¨à ¥âáï â ª¦¥:R
Rn jf(x)jdx � R

Rn

P
k j�(k)jj'(x� k)jdx � P

k j�(k)jk'k1;P
k j�(k)j �

R
Rn jf(x)jPk j'(x� k)jdx � C(')kfk1:
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� áá¬®âà¨¬ ®¡é¨© á«ãç ©. �ãáâì q { á®¯àï¦¥­­ë© ¯®ª § â¥«ì ª p;
â.¥. 1=p+1=q = 1: � ¯¨è¥¬ j'(x�k)j = j'(x�k)j1=pj'(x�k)j1=q; çâ® ¤ ¥â

jf(x)j � P
k j�(k)jj'(x� k)j �

� (
P
k j�(k)jpj'(x� k)j)1=p(Pk j'(x� k)j)1=q � C(')(

P
k j�(k)jp)1=p;

®âªã¤  á«¥¤ã¥â «¥¢ ï ç áâì ­¥à ¢¥­áâ¢  (20.1). �«ï ¤®ª § â¥«ìáâ¢ 
¯à ¢®© ç áâ¨ ¨á¯®«ì§ã¥¬ â®, çâ® �(k) =

R
Rn f(x)'(x � k)dx; ¯®íâ®¬ã

j�(k)j � (
R
Rn jf(x)jpj'(x� k)jdx)1=pk'k1=q1 :2

�¯à¥¤¥«¨¬ V0(p) ª ª ¯¥à¥á¥ç¥­¨¥ V0 \ Lp(Rn) ¤«ï 1 � p � 2; ¨
ª ª § ¬ëª ­¨¥ V0 ¯® Lp(Rn)-­®à¬¥ ¤«ï 2 � p < 1. �® «¥¬¬¥ 20.1
f 2 V0(p) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f(x) =

P
k2Zn �(k)'(x � k); £¤¥

�(k) 2 lp(Zn):
�¯à¥¤¥«¨¬ V0(1) ª ª ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢®, çì¨ í«¥¬¥­âë ¬®£ãâ

¡ëâì § ¯¨á ­ë ª ª f(x) = limfm(x); £¤¥ ¯à¥¤¥« ï¢«ï¥âáï à ¢­®¬¥à-
­ë¬ ­  ª®¬¯ ªâ å ¨ £¤¥ fm 2 V0 ¨ supm�0 kfmk1 < 1: �àã£¨¬¨ á«®¢ -
¬¨, f 2 V0(1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f(x) =

P
k2Zn �(k)'(x � k);

£¤¥ �(k) 2 l1(Zn):
� ª®­¥æ, ®¯à¥¤¥«¨¬ Vj(p): f(�) 2 Vj(p) , f(2�j �) 2 V0(p): �ç¥¢¨¤­®,

çâ® Vj(p) ¢«®¦¥­® ¢ L
p(Rn):

�¥®à¥¬  20.1 [M, á.32] �ãáâì Vj; j 2 Z { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn):
�®£¤  áãé¥áâ¢ã¥â ª®­áâ ­â  C â ª ï, çâ® ¤«ï 1 � p � 1; j 2 Z;
f 2 Vj(p) ¨ j�j � r ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

k@�fkp � C2j�jjkfkp: (20.2)

�®ª § â¥«ìáâ¢®. � ¬¥­®© ¯¥à¥¬¥­­®© ¢á¥ á¢®¤¨âáï ª á«ãç î j = 0:
�ãáâì f(x) =

P
k �(k)'(x � k): �®£¤  j@�f(x)j � P

k j�(k)jj@�'(x � k)j:
�®¢â®à¥­¨¥ à ááã¦¤¥­¨© ¤®ª § â¥«ìáâ¢  «¥¢®© ç áâ¨ (20.1) ¤ ¥â
k@�fkp � C(

P
k j�(k)jp)1=p; çâ® ¬®¦­® ®æ¥­¨âì, ¨á¯®«ì§ãï ¯à ¢ãî ç áâì

(20.1). 2
� ¯®¬­¨¬, çâ® ª« áá¨ç¥áª®¥ ­¥à ¢¥­áâ¢® �¥à­èâ¥©­  ãâ¢¥à¦¤ ¥â,

çâ® ¤«ï «î¡®£® � 2 Nn k@�fkp � Rj�jkfkp: £¤¥ f { ¯à®¨§¢®«ì­ ï äã­ª-
æ¨ï ¨§ Lp(Rn); 1 � p � 1; çì¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¨¬¥¥â ­®á¨â¥«ì ¢
è à¥ j!j � R:
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� ª¨¬ ®¡à §®¬, â¥®à¥¬  20.1 ¯®ª §ë¢ ¥â, çâ® ¯® á¢®¨¬ ¤¨ää¥à¥­æ¨-
 «ì­ë¬ á¢®©áâ¢ ¬ í«¥¬¥­âë Vj ¡«¨§ª¨ ª æ¥«ë¬ äã­ªæ¨ï¬ íªá¯®­¥­-
æ¨ «ì­®£® â¨¯  2j , ¨å ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ á®áà¥¤®â®ç¥­® ¢ ¯®«®á¥
[�2j; 2j]:

21 �¥£ã«ïà­ë¥ ��� ¨ ¯®«¨­®¬ë

�ãáâì fVjgj2Z { r-à¥£ã«ïà­ë© ªà â­®¬ áèâ ¡­ë©  ­ «¨§ ¢ L2(Rn);
fPj : L2(R)! Vjgj2Z { ®àâ®£®­ «ì­ë¥ ¯à®¥ªâ®àë. �ç¥¢¨¤­®, çâ®

P0f(x) =
Z
Rn
E(x; y)f(y)dy; (21.1)

£¤¥ E(x; y) :=
P
k2Z '(x� k)'(y� k); ' { ®àâ®£®­ «ì­ ï ¬ áèâ ¡¨àãî-

é ï äã­ªæ¨ï. �«ï ¯à®¨§¢®«ì­®£® j 2 Z

Pjf(x) =
Z
Rn
Ej(x; y)f(y)dy;

£¤¥ Ej(x; y) := 2njE(2jx; 2jy): �¥à¥ç¨á«¨¬ ¯à®áâ¥©è¨¥ á¢®©áâ¢  ï¤¥à.

�¥¬¬  21.1

j@�x@�yE(x; y)j � Cm(1 + jx� yj)�m; (21.2)

¤«ï «î¡ëå m 2 N; j�j � r; j�j � r;

E(x+ k; y + k) = E(x; y); k 2 Zn; (21.3)

lim
j!1

kPjf � fkL2(R) = 0:

�«ï ¤®ª § â¥«ìáâ¢  ¯®á«¥¤­¥£® á¢®©áâ¢  ¢ äã­ªæ¨®­ «ì­ëå ¯à®áâ-
à ­áâ¢, ®â«¨ç­ëå ®â L2(Rn), ­ ¬ ¯®âà¥¡ã¥âáï á«¥¤ãîé¨© äã­¤ ¬¥­-
â «ì­ë© à¥§ã«ìâ â, ¯®ª §ë¢ îé¨©, çâ® ¯®«¨­®¬ë áâ¥¯¥­¨ ­¥ ¢ëè¥ r
¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® ¯à®¥ªâ®à®¢ Pj r-à¥£ã«ïà­®£® ��� (â®ç­ ï
ä®à¬ã«¨à®¢ª  ¢ á«¥¤áâ¢¨¨ 21.2 ­¨¦¥).

�¥®à¥¬  21.1 [M, c.33] �«ï «î¡®£® ¬ã«ìâ¨¨­¤¥ªá  � 2 Nn á ¯®àï¤ª®¬
j�j � r ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®Z

Rn
E(x; y)y�dy = x�: (21.4)
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�å¥¬  ¤®ª § â¥«ìáâ¢ . � ¤®ª § â¥«ìáâ¢¥ áãé¥áâ¢¥­­ãî à®«ì ¨£à ¥â
¢«®¦¥­¨¥ V0 � Vj; j 2 N; ª®â®à®¥ ­  ï§ëª¥ ¯à®¥ªâ®à®¢ ¯à¥¢à é ¥âáï ¢
à ¢¥­áâ¢® P0 = PjP0 ¨«¨ ¢ â¥à¬¨­ å ï¤¥à:

E(x; y) = 2nj
Z
Rn
E(2jx; 2ju)E(u; y)du: (21.5)

� áá¬®âà¨¬ á­ ç «  á«ãç © r = 0: � ¤® ¤®ª § âì, çâ®Z
Rn
E(x; y)dy = 1 8x 2 Rn: (21.6)

�¢®©áâ¢® (21.2) ¨¬¥¥â ¢¨¤:

jE(x; y)j � Cm(1 + jx� yj�m); 8m 2 N: (21.7)

�ãáâì �0(x) :=
R
Rn E(x; y)dy:� á¨«ã (21.3) �0 ï¢«ï¥âáï Zn-¯¥à¨®¤¨ç¥áª®©

äã­ªæ¨¥©
�0(x+ k) = �0(x) 8k 2 Zn: (21.8)

� ¢¥­áâ¢® (21.6) ¯®«ãç ¥âáï ¯à¥¤¥«ì­ë¬ ¯¥à¥å®¤®¬ ¨§ (21.5) ¯à¨ ¯®-
¬®é¨ á«¥¤ãîé¥£® à¥§ã«ìâ â .

�¥¬¬  21.2 [M, c.34] �«ï «î¡®£® y 2 Rn ¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 Rn

¨¬¥¥¬

lim
j!1

�
2nj

Z
Rn
E(2jx; 2ju)E(u; y)du� �0(2

jx)E(x; y)
�
= 0: (21.9)

�®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë ®á­®¢ ­® ­  á¢®©áâ¢ å â®ç¥ª �¥¡¥£ .
�§ (21.9) á ¯®¬®éìî (21.5) ¯®«ãç ¥¬, çâ® ¤«ï ¯®çâ¨ ¢á¥å x 2 Rn

lim
j!1

(1� �0(2
jx))E(x; y) = 0 8y 2 Rn: (21.10)

�¬­®¦ ï (21.10) ­  f 2 V0 ¨ ¨­â¥£à¨àãï, ¨¬¥¥¬

lim
j!1

�0(2
jx)f(x) = f(x) 8f 2 V0: (21.11)

� ¬¥­®© ¯¥à¥¬¥­­ëå ¯®«ãç ¥¬ â®¦¥ á ¬®¥ ¤«ï f 2 Vj0 ; j0 � 0: � ª ª ª
�0 ¯à¨­ ¤«¥¦¨â L1(Rn); áå®¤¨¬®áâì ¢ (21.11) ¨¬¥¥â ¬¥áâ® ¢ L2(Rn):
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�§ (19.2) á«¥¤ã¥â, çâ® (21.11) ¨¬¥¥â ¬¥áâ® ¤«ï «î¡®© f 2 L2(Rn): �
ç áâ­®áâ¨, ¯®« £ ï f = �[0;1]n ¨ ¨á¯®«ì§ãï ¯¥à¨®¤¨ç­®áâì �0 (á¬.(21.8)),
¨¬¥¥¬ Z

[0;1]n
j1 � �0(x)j2dx =

Z
[0;1]n

j1� �0(2
jx)j2dx! 0 ¯à¨ j !1:

�âªã¤  á«¥¤ã¥â, çâ® �0(x) = 1:
�«ï r = 0 à¥§ã«ìâ â ¬®¦­® ¤®ª § âì ¯à®é¥, ®¤­ ª® ¯à¨¢¥¤¥­­®¥

¤®ª § â¥«ìáâ¢® ¡¥§ ¡®«ìè¨å ¨§¬¥­¥­¨© ¯¥à¥­®á¨âáï ­  r � 1: � §«®-
¦¨¬ E(u; y) ¢ àï¤ �¥©«®à  ¯® áâ¥¯¥­ï¬ u� x ¤«ï â®£®, çâ®¡ë ®æ¥­¨âì
2nj

R
E(2jx; 2ju)E(u; y)du: �¬¥¥¬

E(u; y) =
X

0�j�j<r

(u� x)�

�!
@�xE(x; y) +R(u; x; y); (21.12)

£¤¥
R(u; x; y) :=

P
j�j=r

(u�x)�
�!

S�(u; x; y);

S�(u; x; y) := r
R 1
0 @

�
xE(tu+ (1� t)x; y)(1� t)r�1dt:

�¤¥« ¥¬ § ¬¥­ã u = x+ 2�js; ª®â®à ï ¯à¥¢à é ¥â S�(u; x; y) ¢

S(j)
� (s; x; y) = r

Z 1

0
@�xE(x+ t2�js; y)(1� t)r�1dt: (21.13)

�¡®§­ ç¨¬

��(x) :=
1

�!

Z
Rn
E(x; u)(u� x)�du: (21.14)

�ã­ªæ¨ï ��(x) ï¢«ï¥âáï ­¥¯à¥àë¢­®© ¨ Zn-¯¥à¨®¤¨ç¥áª®© (á¬. (21.8)).
�®¤áâ ¢«ïï (21.13-21.14) ¢ (21.12) ¨ ¢ (21.5), ¯®«ãç¨¬, çâ®

2nj
R
Rn E(2jx; 2ju)E(u; y)du =

P
0��<r 2�jj�j��(2jx)@�xE(x; y)+

+r2�jr
P

j�j=r
R
Rn

R 1
0 E(2jx; 2jx+ s) s

�

�!@
�
xE(x+ t2�js; y)(1� t)r�1dtds =

= E(x; y):
(21.15)

�®ª § â¥«ìáâ¢® â®£®, çâ® ��(x) = 0 ¯à®¢®¤¨âáï ¨­¤ãªæ¨¥© ¯®
p := j�j 2 [1; r]: � §¡¥à¥¬áï á«ãç © p = 1: � (21.15) E(x; y) á®ªà é -
¥âáï, â.ª. �0(x) = 1: �®íâ®¬ãX

1�j�j�r�1

2�jj�j��(2jx)@�xE(x; y) +O(2�jr) = 0; (21.16)
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£¤¥ ®æ¥­ª  O à ¢­®¬¥à­  ¯® x ¨ y: �¬­®¦¨¬ (21.16) ­  2j ¨ ¯¥à¥©¤¥¬ ª
¯à¥¤¥«ã

lim
j!1

X
j�j=1

��(2
jx)@�xE(x; y) = 0: (21.17)

�¥¯¥àì ¬ë ¯®¢â®àï¥¬  ­ «¨§, ¯à®¤¥« ­­ë© ¤«ï á«ãç ï r = 0: �¬­®¦¨¬
(21.17) ­  f 2 V0 ¨ ¯à®¨­â¥£à¨àã¥¬:

lim
j!1

X
j�j=1

��(2
jx)@�f = 0: (21.18)

�ãáâì g { ­¥¯à¥àë¢­ ï Zn-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï. �¬­®¦¨¬ (21.18) ­ 
¯à®¨§¢¥¤¥­¨¥ g(2jx)h(x); £¤¥ h 2 D(Rn); ¨ ¯à®¨­â¥£à¨àã¥¬. �¥à¥©¤¥¬ ª
¯à¥¤¥«ã ¯® j !1 ¨ ¢®á¯®«ì§ã¥¬áï å®à®è® ¨§¢¥áâ­®© «¥¬¬®©.

�¥¬¬  21.3 �á«¨ u(x) 2 L1(Rn) ï¢«ï¥âáï Zn-¯¥à¨®¤¨ç¥áª®© äã­ªæ¨-
¥© ¨ v(x) 2 L1(Rn); â®

lim
N!1

Z
Rn
u(Nx)v(x)dx = (

Z
u)
Z
Rn
v(x)dx; (21.19)

£¤¥ Z
u =

Z 1

0
� � �

Z 1

0
u(x1; : : : ; xn)dx1 � � � dxn:

�ª®­ç â¥«ì­® ¯®«ãç¨¬, çâ®X
j�j=1

(
Z
g��)h@�f; hi = 0: (21.20)

�®« £ ï c� =
R
g��; ¨§ (21.20) ¯®«ãç ¥¬, çâ® ¢¥ªâ®à­®¥ ¯®«¥

P
j�j=1 c�@

�

 ­­ã«¨àã¥â «î¡ãî äã­ªæ¨î ¨§ V0: � ¬¥­®© ¯¥à¥¬¥­­®© ãáâ ­ ¢«¨¢ -
¥âáï, çâ®  ­­¨£¨«ïæ¨ï ¨¬¥¥â ¬¥áâ® ¤«ï «î¡®© äã­ªæ¨¨ ¨§ Vj ; j 2 N:
�ç¨âë¢ ï (19.2), ¯®«ãç ¥¬ íâ® á¢®©áâ¢® (¢ á¬ëá«¥ ®¡®¡é¥­­ëå äã­ª-
æ¨©) ¤«ï ¢á¥å f 2 L2(Rn): � ª¨¬ ®¡à §®¬, c� = 0 ¤«ï «î¡®© äã­ªæ¨¨ g;
çâ® ®§­ ç ¥â, çâ® �� = 0 ¯à¨ j�j = 1:

�«ï p = j�j < r ¤®ª § â¥«ìáâ¢® ¯à®å®¤¨â ¡¥§ ª ª¨å-«¨¡® ¨§¬¥­¥­¨©.
�ë ¯®«ãç ¥¬, çâ® �� = 0 ¯à¨ j�j < r:

�áâ ¥âáï à §®¡à âìáï á® á«ãç ¥¬ j�j = r: � ¢¥­áâ¢® (21.15) ¯à¥¢à -
é ¥âáï ¢

r
X
j�j=r

Z
Rn

Z 1

0
E(2jx; 2jx+ s)

s�

�!
@�xE(x+ t2�js; y)(1� t)r�1dtds = 0: (21.21)
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�®á¯®«ì§ã¥¬áï â¥¬, çâ® @�xE(x; y) 2 L1(dx) ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£®
y: �®çâ¨ ¢á¥ â®çª¨ x 2 Rn ï¢«ïîâáï â®çª ¬¨ �¥¡¥£  à áá¬ âà¨¢ ¥¬®©
äã­ªæ¨¨. �á«¨ x { â®çª  �¥¡¥£ , â® ¢ (21.21) @�xE(x + t2�js; y) ¬®¦­®
§ ¬¥­¨âì ­  @�xE(x; y): � ª¨¬ ®¡à §®¬, ¯à¥¤¥« ¯® j

Sj(x; y) := r
P

j�j=r
R
Rn

R 1
0 E(2jx; 2jx+ s) s

�

�!
@�xE(x; y)(1� t)r�1dtds =

= r
P
j�j=r

R
Rn E(2jx; 2jx+ s) s

�

�!
@�xE(x; y)ds

R 1
0 (1 � t)r�1dt =

=
P

j�j=r ��(2jx)@�xE(x; y)

à ¢¥­ 0 ¤«ï «î¡®£® y 2 Rn ¨ ¤«ï ¯®çâ¨ ¢á¥å x 2 Rn: �ã­ªæ¨¨ Sj(x; y)
ã¤®¢«¥â¢®àïîâ à ¢­®¬¥à­®© ®æ¥­ª¥ jSj(x; y)j � Cm(1+ jx�yj)�m: �¬­®-
¦ ï ­  f 2 V0 ¨ ¨­â¥£à¨àãï, ­ å®¤¨¬, çâ®

P
j�j=r ��(2

jx)@�f áå®¤¨âáï
ª 0 ¯®çâ¨ ¢áî¤ã ¨ ¢ L2(Rn); â ª ª ª ¬®¦­® ¯à¨¬¥­¨âì â¥®à¥¬ã �¥¡¥-
£ . � ª¦¥ ª ª ¨ ¢ á«ãç ¥ s < r; § ª«îç ¥¬, çâ® ¢á¥ ª®íää¨æ¨¥­âë ��
®¡­ã«ïîâáï ¯à¨ j�j = r:

�â ª, ¤®ª § ­®, çâ®
R
Rn E(x; y)(x � y)�dy = 0 ¤«ï 1 � j�j � r ¨R

Rn E(x; y)dy = 1: �âáî¤  á«¥¤ã¥â, çâ®
R
Rn E(x; y)y�dy = x� ¯à¨

j�j � r: �¥©áâ¢¨â¥«ì­®, § ¯¨è¥¬ y�

�!
=
P
�+
=�

(y�x)�
�!

x



!
¨, ¯®á«¥ ¨­â¥£à¨-

à®¢ ­¨ï ¯® y; ¢á¥ ç«¥­ë ¢ ¯à ¢®© ç áâ¨ ®¡­ã«ïîâáï, §  ¨áª«îç¥­¨¥¬
� = 0 ¨ 
 = �:2

�¥®à¥¬  21.1 ¬®¦¥â ¡ëâì ¯¥à¥ä®à¬ã«¨à®¢ ­ , ¥á«¨ à áè¨à¨âì
®¡« áâì ®¯à¥¤¥«¥­¨ï ¯à®¥ªâ®à®¢ Pj ­  ®¡ê¥¤¨­¥­¨¥ ¯à®áâà ­áâ¢
L2(Rn; (1 + jxj)�mdx); m 2 N: � ª®¥ à áè¨à¥­¨¥ ¢®§¬®¦­®, â.ª. ï¤à 
¯à®¥ªâ®à®¢ Pj ã¡ë¢ îâ ¡ëáâà¥¥ «î¡®© áâ¥¯¥­¨ ¯à¨ jy�xj áâà¥¬ïé¥¬áï
ª ¡¥áª®­¥ç­®áâ¨. �à®áâà ­áâ¢® ®¡à §®¢ â¥¯¥àì ¡ã¤¥â ®â«¨ç âìáï ®â Vj;
­® ¡ã¤¥â ¯®«­ë¬ ¯® ­®à¬¥ L2(Rn; (1 + jxj)�mdx):
�«¥¤áâ¢¨¥ 21.1 �ãáâì Vj { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn) ¨ ¯ãáâì
Pj : L2(Rn) ! Vj ®àâ®£®­ «ì­ë© ¯à®¥ªâ®à ­  Vj: �®£¤  Pj(M) = M
¤«ï «î¡®£® ¯®«¨­®¬  M áâ¥¯¥­¨ ¬¥­ìè¥ ¨«¨ à ¢­®© r:

�­ ç¥­¨¥ â¥®à¥¬ë 21.1 á®áâ®¨â ¢ â®¬, çâ® ®­  ãáâ ­ ¢«¨¢ ¥â áå®¤-
áâ¢® ¯à®¥ªâ®à®¢ Pj á ®¯¥à â®à ¬¨ á¢¥àâª¨. �®á«¥¤­¨¥ ª®¬¬ãâ¨àãîâ á
®¯¥à â®à ¬¨ ç áâ¨ç­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï, â®£¤  ª ª ®¯¥à â®àë Pj
ª®¬¬ãâ¨àãîâ ¯à¨¡«¨¦¥­­® á @� ¯à¨ j�j � r:

� ä¨ªá¨àã¥¬ äã­ªæ¨î g 2 D(Rn) á ¨­â¥£à «®¬, à ¢­ë¬ 1: �¡®§­ -
ç¨¬ ç¥à¥§ gj äã­ªæ¨î 2njg(2jx) ¨ ç¥à¥§ Gj { ®¯¥à â®à á¢¥àâª¨ á gj; j 2 Z:
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�¥®à¥¬  21.1 ¯®§¢®«ï¥â áà ¢­¨âì @�Pj á Gj@
� ¤«ï ¬ã«ìâ¨¨­¤¥ªá®¢ � á

j�j � r:

�¥®à¥¬  21.2 �ãáâì Vj ; j 2 Z; { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn): �®£¤ 
¤«ï «î¡®£® ¬ã«ìâ¨¨­¤¥ªá  � á j�j � r áãé¥áâ¢ãîâ äã­ªæ¨¨
R(�;�)(x; y) 2 L1(Rn;Rn); § ¨­¤¥ªá¨à®¢ ­­ë¥ ¬ã«ìâ¨¨­¤¥ªá ¬¨
� á j�j = j�j ¨ ã¤®¢«¥â¢®àïîé¨¥ ­¥à ¢¥­áâ¢ ¬

jR(�;�)(x; y)j � Cm(1 + jx� yj)�m (21.22)

¤«ï «î¡®£® m 2 N: �â¨ äã­ªæ¨¨ ã¤®¢«¥â¢®àïîâ â ª¦¥ à ¢¥­áâ¢ãZ
Rn
R(�;�)(x; y)dy = 0 (21.23)

â®¦¤¥áâ¢¥­­® ¯® x ¨ ®¯à¥¤¥«ïîâ ¤«ï «î¡®£® j 2 Z ®¯¥à â®àë

R
(�;�)
j f(x) := 2nj

Z
Rn
R(�;�)(2jx; 2jy)f(y)dy; (21.24)

¤«ï ª®â®àëå ¢¥à­® á«¥¤ãîé¥¥ â®¦¤¥áâ¢®

@�Pj = Gj@
� +

X
j�j=j�j

R
(�;�)
j @�; (21.25)

£¤¥ @� = (@=@x1)�1 � � � (@=@xn)�n:

�®ª § â¥«ìáâ¢®. �á­®, çâ® (21.25) ¤®áâ â®ç­® ¤®ª § âì ¤«ï j = 0:
�¡é¨© á«ãç © ¯®«ãç ¥âáï § ¬¥­®© ¯¥à¥¬¥­­ëå.

� ä¨ªá¨à®¢ ¢ x; à áá¬®âà¨¬ @�xE(x; y) ª ª äã­ªæ¨î ¯® y: �® â¥®-
à¥¬¥ 21.1 ¨¬¥¥¬

R
Rn @�xE(x; y)y�dy = 0 ¯à¨ j�j � j�j ¨ � 6= �; â®£¤  ª ªR

Rn @�xE(x; y)y�dy = �!:
� ¬¥â¨¬ â¥¯¥àì, çâ® ï¤à® g(x � y) ®¯¥à â®à  G := G0 ¨¬¥¥â â -

ª¨¥ ¦¥ á¢®©áâ¢ :
R
Rn @�x g(x � y)y�dy = 0 ¯à¨ j�j � j�j ¨ � 6= �;R

Rn @�x g(x� y)y�dy = �!:
� áá¬®âà¨¬ à §­®áâì R�(x; y) := @�xE(x; y)� @�x g(x� y); ¤«ï ª®â®à®©R

Rn R�(x; y)y�dy = 0 ¯à¨ j�j � j�j: � áá¬®âà¨¬
f�(x; y) := R�(x; x + y) = @�xE(x; x + y) � @�x g(�y); ª ª äã­ªæ¨î ®â y
¯à¨ ä¨ªá¨à®¢ ­­®¬ x: �â  äã­ªæ¨ï ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã Sr(Rn);
ª®â®à®¥ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.
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�¯à¥¤¥«¥­¨¥ 21.1 Sr(Rn) { íâ® ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® äã­ªæ¨© f;
ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬ j@�f(x)j � Cm(1 + jxj)�m ¤«ï «î¡®£®
m 2 N ¨ «î¡®£® ¬ã«ìâ¨¨­¤¥ªá  � 2 Nn á j�j � r:

�¥¬¬  21.4 �ãáâì 0 � s � r: �á«¨ f ¯à¨­ ¤«¥¦¨â Sr(Rn) ¨ ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨ï¬

R
Rn f(x)x�dx = 0 ¤«ï «î¡®£® � 2 Nn á j�j � r; â®

f(x) =
X
j�j=s

@�f�(x);

£¤¥ f� 2 Sr(Rn) ¨
R
Rn f�(x)dx = 0 ¤«ï «î¡®£® � 2 Nn á j�j = s:

�®ª § â¥«ìáâ¢® «¥¬¬ë ¯à®¢®¤¨âáï ¨­¤ãªæ¨¥© ¯® à §¬¥à­®áâ¨ n. �à¨
n = 1 fs ï¢«ï¥âáï ¯¥à¢®®¡à §­®© ¤«ï f ¯®àï¤ª  s; ª®â®à ï áâà¥¬¨âáï ª
0 ­  ¡¥áª®­¥ç­®áâ¨.

�à¨¬¥­¨¬ «¥¬¬ã ª äã­ªæ¨¨ f�(x; y); ª®â®àãî ¡ã¤¥¬ à áá¬ âà¨¢ âì
ª ª äã­ªæ¨î ¯® y; § ¢¨áïéãî ®â ¯ à ¬¥âà  x: �®«ãç ¥¬, çâ®

@�xE(x; y) = (�1)j�j@�y g(x� y) +
X

j�j=j�j
@�yR

(�;�)(x; y); (21.26)

£¤¥ jR(�;�)(x; y)j � Cm(1 + jx � yj)�m ¤«ï «î¡ëå m 2 N: �®«¥¥ â®£®,R
Rn R(�;�)(x; y)dy = 0 ¤«ï «î¡®£® x:
�­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ¯®ª §ë¢ ¥â, çâ® ï¤à® ®¯¥à â®à  G0@

� á®-
¢¯ ¤ ¥â á (�1)j�j@�y g(x� y): 2

� ¬¥ç ­¨¥ 21.1 �ã­ªæ¨¨ f� ¨§ «¥¬¬ë 21.4 «¨­¥©­® ¨ ­¥¯à¥àë¢­® § -
¢¨áïâ ®â f: � ¯à¨¬¥à, ¥á«¨ f ï¢«ï¥âáï ­¥¯à¥àë¢­®© äã­ªæ¨¥© ­¥ª®â®-
àëå ¯ à ¬¥âà®¢, â® â®¦¥ ¡ã¤¥â ¢¥à­® ¤«ï äã­ªæ¨© f�: �â® ®§­ ç -
¥â, çâ® äã­ªæ¨¨ R(�;�) ¡ã¤ãâ ­¥¯à¥àë¢­ë¬¨ ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬, ¥á«¨
¬ áèâ ¡¨àãîé ï äã­ªæ¨ï ' ¯à¨­ ¤«¥¦¨â Cr(Rn):

� ¬¥ç ­¨¥ 21.2 �­ «®£¨ç­ë¬¨ à ááã¦¤¥­¨ï¬¨ ¤®ª §ë¢ ¥âáï, çâ®

Pj+1 � Pj = 2�jr
X
j�j=r

R
(�)
j @�;

£¤¥ R
(�)
j ®¯à¥¤¥«ïîâáï ï¤à ¬¨ 2njR(�)(2jx; 2jy) ¨ R(�) ã¤®¢«¥â¢®àïîâ

á¢®©áâ¢ ¬,  ­ «®£¨ç­ë¬ á¢®©áâ¢ ¬ R(�;�):
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22 ��� ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢ 

�¥®à¥¬  22.1 �ãáâì r 2 N ¨ Vj; j 2 Z; ï¢«ï¥âáï r-à¥£ã«ïà­ë¬ ��� ¢
L2(Rn): �á«¨ f ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã �®¡®«¥¢  W s

2 (R
n) ¨

�r � s � r; â® Pj(f) áå®¤¨âáï ª f ¢ W s
2 (R

n)-­®à¬¥.

� ¤®ª § â¥«ìáâ¢¥ íâ®© â¥®à¥¬ë ¨á¯®«ì§ã¥âáï á«¥¤ãîé ï «¥¬¬ .

�¥¬¬  22.1 �ãáâì K(x; y) { äã­ªæ¨ï ¨§ L1(Rn � Rn); ã¤®¢«¥â¢®àï-
îé ï ­¥à ¢¥­áâ¢ã jK(x; y)j � C(1 + jx� yj)�n�1; ¨

T� : L
p(Rn)! Lp(Rn); 1 � p � 1; � > 0;

®¯¥à â®àë á ï¤à ¬¨ �nK(�x; �y); T�f(x) = �n
R
Rn K(�x; �y)f(y)dy:

�á«¨
R
Rn K(x; y)dy = 0 â®¦¤¥áâ¢¥­­® ¯® x ¨ 1 � p <1; â®

lim
�!1

kT�(f)kp = 0 ¤«ï f 2 Lp:

�á«¨
R
Rn K(x; y)dy = 1 â®¦¤¥áâ¢¥­­® ¯® x ¨ 1 � p <1; â®

lim
�!1

kT�(f)� fkp = 0 ¤«ï f 2 Lp:

�à¨ p = 1 ¯à¥¤¯®«®¦¨¬ ¢ ¤®¯®«­¥­¨¥, çâ® f ï¢«ï¥âáï à ¢­®¬¥à­®
­¥¯à¥àë¢­®© ¨ çâ® K(x; y) ï¢«ï¥âáï ­¥¯à¥àë¢­®© äã­ªæ¨¥© ¯® x ¯à¨
ª ¦¤®¬ ä¨ªá¨à®¢ ­­®¬ y: �®£¤ , ¥á«¨

R
Rn K(x; y)dy = 1 ¨ f 2 L1(Rn);

â®
lim
�!1

kT�(f)� fk1 = 0:

�®ª § â¥«ìáâ¢®. �®-¯¥à¢ëå, § ¬¥â¨¬, çâ® ­®à¬  ®¯¥à â®à 
T� : Lp(Rn)! Lp(Rn) ï¢«ï¥âáï ª®­¥ç­®© ¨ ­¥ § ¢¨á¨â ®â �:

�á«¨ 1 � p <1; â® ¤®áâ â®ç­® à áá¬®âà¥âì ¯«®â­®¥ ¯®¤¬­®¦¥áâ¢  ¢
Lp(Rn): �ãáâì f ­¥¯à¥àë¢­ ï äã­ªæ¨ï á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬. �®£¤ 
T�f(x) ï¢«ï¥âáï O(jxj�n�1) ¯à¨ jxj ! 1 à ¢­®¬¥à­® ¯® � � 1: � ª ª ªR
Rn K(x; y)dy = 0, â®

T�f(x) = �n
Z
Rn
K(�x; �y)f(y)dy = �n

Z
Rn
K(�x; �y)(f(y)� f(x))dy;

çâ® ¬¥­ìè¥, ç¥¬ C
R
Rn(1 + jyj)�n�1w(��1jyj; f)dy =: �(�); £¤¥ w { ¬®¤ã«ì

­¥¯à¥àë¢­®áâ¨ f: �§ â¥®à¥¬ë �¥¡¥£  ® ¤®¬¨­¨àã¥¬®© áå®¤¨¬®áâ¨ á«¥-
¤ã¥â, çâ® lim�!1 �(�) = 0: � ª¨¬ ®¡à §®¬, äã­ªæ¨¨ T�f(x) áå®¤ïâáï ª 0
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à ¢­®¬¥à­® ¯® x ¨ à ¢­®¬¥à­® ¯® � ï¢«ïîâáï O(jxj�n�1) ¯à¨ jxj ! 1:
�­ ç¨â ®­¨ áå®¤ïâáï ª 0 ¢ Lp(Rn)-­®à¬¥.

�â®à®© á«ãç © «¥¬¬ë, ª®£¤ 
R
Rn K(x; y)dy = 1; ï¢«ï¥âáï á«¥¤áâ¢¨¥¬

¯¥à¢®£®. �ãáâì g { ­¥¯à¥àë¢­ ï äã­ªæ¨ï á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬, ç¥©
¨­â¥£à « à ¢¥­ 1: � ¬¥­¨¬ K(x; y) ­  R(x; y) := K(x; y) � g(x � y) ¨
¯à¨¬¥­¨¬ ¯¥à¢ë© á«ãç ©.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 22.1. �ãáâì s = r: � ¤® ¤®ª § âì, çâ® ¤«ï
f 2 W s

2 (R
n) ¨ j�j � r limj!1 k@�Pj(f) � @�fk2 = 0: �® â¥®à¥¬¥ 21.2

¨¬¥¥¬ @�Pj = Gj@
� +

P
j�j=j�jR

(�;�)
j @�; ¯®íâ®¬ã ¤®áâ â®ç­® ¯à¨¬¥­¨âì

«¥¬¬ã 22.1.
�á«¨ s ­¥ æ¥«®¥ ¨ 0 < s < r; â® § ¬¥â¨¬, çâ® ®¯¥à â®àë

Pj : W s
2 ! W s

2 à ¢­®¬¥à­® ®£à ­¨ç¥­ë. �â® á«¥¤ã¥â ¨§ ªà ©­¨å á«ã-
ç ¥¢ s = 0; s = r ¨ á«¥¤ãîé¥© ¨­â¥à¯®«ïæ¨®­­®© â¥®à¥¬ë.

�â¢¥à¦¤¥­¨¥ 22.1 �î¡®© ­¥¯à¥àë¢­ë© ®¯¥à â®à T : L2 ! L2; çì¥ áã-
¦¥­¨¥ ­  ¯à®áâà ­áâ¢® �®¡®«¥¢ W r

2 ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬ «¨­¥©­ë¬
®¯¥à â®à®¬ ¨§ W r

2 ¢ W
r
2 ; ï¢«ï¥âáï â ª¦¥ ­¥¯à¥àë¢­ë¬ ®¯¥à â®à®¬ ¨§

W s
2 ¢ W s

2 ¤«ï 0 < s < r: �á«¨ ­®à¬ë T ª ª ®¯¥à â®à  ¢ L2 ¨ W r
2 ®¡®-

§­ ç¨âì ª ª C0 ¨ C1 á®®â¢¥âáâ¢¥­­®, â® ­®à¬  T ª ª ®¯¥à â®à  ¢
W s

2 ; 0 < s < r; ­¥ ¯à¥¢®áå®¤¨â max(C0; C1):

�§ à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à®¢ Pj ¨ ¯«®â­®áâ¨ W r
2 (R

n)
¢ W s

2 (R
n) á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 22.1 ¯à¨ �r � s � 0 ­ã¦­® á­ ç « 
®¯à¥¤¥«¨âì Pj ­  W s

2 (R
n): � ¬¥â¨¬, çâ® L2(Rn) ¯«®â­® ¢ W s

2 (R
n): �á«¨

f ¨ g ¯à¨­ ¤«¥¦ â L2(Rn); â® (Pj(f); g) = (f; Pj(g)): �¥¯¥àì ¬ë ¯à¥¤-
¯®«®¦¨¬, çâ® f ¯à¨­ ¤«¥¦¨â W s

2 (R
n); £¤¥ �r � s � 0; ¨ çâ® fm { íâ®

¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© L2(Rn); áå®¤ïé ïáï ª f ¢ W s
2 (R

n)-­®à¬¥.
�®£¤ , ¤«ï t = �s ¨ g 2 W t

2(R
n); ¨¬¥¥¬

(Pj(fm); g) = (fm; Pj(g))! (f; Pj(g)) ¯à¨ m!1:

�®íâ®¬ã ¬ë ®¯à¥¤¥«ï¥¬ Pj(f) 2 W s
2 (R

n) á«¥¤ãîé¨¬ ®¡à §®¬:
(Pj(f); g) = (f; Pj(g)): � ª ª ª P 2

j = Pj ; â® (Pj(f); Pj(g)) = (Pj(f); g):
�® ¤¢®©áâ¢¥­­®áâ¨ ®¯¥à â®àë Pj : W s

2 (R
n) ! W s

2 (R
n) à ¢­®¬¥à­®

®£à ­¨ç¥­ë. �à®¬¥ â®£®, L2(Rn) ¯«®â­® ¢ W s
2 (R

n) ¨ Pj(f) áå®¤¨âáï ª
f ¤«ï f 2 L2(Rn): �§ íâ®£® á«¥¤ã¥â, çâ® Pj(f) áå®¤¨âáï ª f ¢ W s

2 (R
n)-

­®à¬¥. �â ­¤ à­ë¬ á¯®á®¡®¬ ¤®ª §ë¢ ¥âáï, çâ® limj!1 Pj(f) = f ¤«ï
à á¯à¥¤¥«¥­¨© f; ¯à¨­ ¤«¥¦ é¨å W s

2 (R
n) ¯à¨ �r � s < 0:2
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� ¬¥ç ­¨¥ 22.1 �¥®à¥¬ã 22.1 ¬®¦­® ®¡®¡é¨âì ­  ¯à®áâà ­áâ¢  W s
p

á �r � s � r ¨ 1 < p < 1: �«ï äã­ªæ¨© ¨ à á¯à¥¤¥«¥­¨© f 2 W s
p

¯à®¥ªæ¨¨ Pj(f) áå®¤ïâáï ª f ¢ W s
p -­®à¬¥.

�«ãç © p = 1 âà¥¡ã¥â ®â¤¥«ì­®£® à áá¬®âà¥­¨ï. �¯à¥¤¥«¨¬ ¯à®-
áâà ­áâ¢® Wm

1 ;m 2 N; ãá«®¢¨¥¬, çâ® @�f ¯à¨­ ¤«¥¦ â L1(Rn) ¤«ï
«î¡ëå � á j�j � m: �®£¤ , ¤«ï f 2 Wm

1 ; 0 � m � r; ¯®á«¥¤®¢ â¥«ì-
­®áâì Pj(f) à ¢­®¬¥à­® ®£à ­¨ç¥­  ¢ Wm

1 ¨ á« ¡® áå®¤¨âáï ª f; â.¥.Z
Pj(f)gdx!

Z
fgdx 8g 2 S(Rn):

�®¦­® § ¬¥­¨âì Wm
1(Rn) ­  ¯à®áâà ­áâ¢® Cm

1(Rn); ®¯à¥¤¥«ï¥¬®¥
ãá«®¢¨¥¬, çâ® ¢á¥ ¯à®¨§¢®¤­ë¥ @�f; j�j � m; ®£à ­¨ç¥­ë ¨ à ¢­®¬¥à-
­® ­¥¯à¥àë¢­ë ­  Rn: �®£¤ , ¤«ï «î¡®© äã­ªæ¨¨ f 2 Cm

1(Rn) ¯à®¥ªæ¨¨
Pj(f) áå®¤ïâáï ª f ¢ Cm

1(Rn)-­®à¬¥ ¯à¨ 0 � m < r: �á«¨ ¬ áèâ ¡¨àãî-
é ï äã­ªæ¨ï ' ¯à¨­ ¤«¥¦ «  Cm

1(Rn) ¨ ¡ëáâà® ã¡ë¢ ¥â ­  ¡¥áª®­¥ç-
­®áâ¨ ¢¬¥áâ¥ á® ¢á¥¬¨ ¯à®¨§¢®¤­ë¬¨ ¯®àï¤ª  j�j � r; â® áå®¤¨¬®áâì
¨¬¥¥â ¬¥áâ® ¨ ¯à¨ m = r:

�á«¨ ' 2 Cm(Rn) ¨ ¨¬¥¥â ª®¬¯ ªâ­ë© ­®á¨â¥«ì, â® Pj(f) áå®¤ïâ-
áï ª f 2 Cm(Rn) ¢ Cm(Rn)-­®à¬¥.

23 �¯¥à â®àë Qj = Pj+1 � Pj

�ãáâì Vj ; j 2 Z; { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn) ¨ Wj { ®àâ®£®­ «ì­®¥
¤®¯®«­¥­¨¥ Vj ¤® Vj+1: �àâ®£®­ «ì­ë© ¯à®¥ªâ®à ¨§ L2(Rn) ­  Wj à -
¢¥­ Qj = Pj+1 � Pj : �á­®, çâ® f(�) 2 W0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
f(2j �) 2 Wj: �à®¬¥ â®£®,

L2(Rn) =
1M
�1

Wj; (23.1)

â.ª. ®¡ê¥¤¨­¥­¨¥ Vj ¯«®â­® ¢ L2(Rn);   ¯¥à¥á¥ç¥­¨¥ Vj à ¢­® f0g: �î¡ãî
äã­ªæ¨î f 2 L2(Rn) ¬®¦­® à §«®¦¨âì ¢ ®àâ®£®­ «ì­ë© àï¤

f =
1X
�1

Qj(f): (23.2)

�®ª ¦¥¬, çâ® ª« áá¨ç¥áª¨¥ ­®à¬ë ¯à®áâà ­áâ¢ äã­ªæ¨© ¨ à á¯à¥¤¥«¥-
­¨© «¥£ª® ¢ëç¨á«ïîâáï á ¨á¯®«ì§®¢ ­¨¥¬ íâ®£® à §«®¦¥­¨ï.
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� á¯à®áâà ­¨¬ à §«®¦¥­¨¥ (23.1) ­  Lp(Rn); 1 � p � 1: �á«¨
1 � p � 2; â® Wj(p) ®¯à¥¤¥«¨¬ ª ª ¯¥à¥á¥ç¥­¨¥ Wj á Lp(Rn); çâ® á®£« -
á®¢ ­® á ®¯à¥¤¥«¥­¨¥¬ Vj(p) (á¬. á. 51). �®£¤  Vj+1(p) = Vj(p) +Wj(p);
£¤¥ áã¬¬  ¯àï¬ ï, ­® ­¥ ®àâ®£®­ «ì­ ï. �¯¥à â®àë Pj ¨ Qj; ¯à®¥ªâ¨àã-
îé¨¥ Vj+1(p) ­  Vj(p) ¨ Wj(p) á®®â¢¥âáâ¢¥­­®, ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨
¢ Lp(Rn) (á¬. «¥¬¬ã 22.1). �à®¬¥ â®£®, ¯à¨ 1 < p � 2 ¤«ï «î¡®© äã­ª-
æ¨¨ f 2 Lp(Rn) kPjfkp ! 0 ¯à¨ j ! �1. � ª¨¬ ®¡à §®¬, äã­ªæ¨ï
f 2 Lp(Rn) ¬®¦¥â ¡ëâì ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ § ¯¨á ­  ¢ ¢¨¤¥

f =
1X
�1

qj; £¤¥ qj 2 Wj(p); (23.3)

£¤¥ ç áâ­ë¥ áã¬¬ë áå®¤ïâáï ª f ¢ Lp(Rn) ¯à¨ 1 < p � 2.
� á«ãç ¥ 2 � p <1 ¯à®áâà áâ¢  Wj(p) ®¯à¥¤¥«ïîâáï ª ª § ¬ëª ­¨¥

Wj ¢ Lp(Rn): �®£¤  (23.3) à á¯à®áâà ­ï¥âáï ­  Lp(Rn); 2 � p <1:
�«ï p = 1 Wj(p) { íâ® § ¬ëª ­¨¥ Wj ¢ L1(Rn) á â®¯®«®£¨¥©

�(L1; L1):
�«¥¤ãîé¨© à¥§ã«ìâ â ¤®¯®«­ï¥â ¨ ãâ®ç­ï¥â ­¥à ¢¥­áâ¢  �¥à­èâ¥©-

­ .

�¥®à¥¬  23.1 �ãáâì Vj ; j 2 Z; { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn): �®£¤ 
áãé¥áâ¢ãîâ ¤¢¥ ª®­áâ ­âë C2 � C1 > 0 â ª¨¥, çâ® ¤«ï «î¡®£® æ¥«®£®
s 2 N; s 2 [0; r]; ¤«ï «î¡®£® p 2 [1;1] ¨ «î¡®© äã­ªæ¨¨ f 2 W0(p)

C1kfkp �
X
j�j=s

k@�fkp � C2kfkp: (23.4)

�á«¨ s ­¥æ¥«®¥ ¨ 0 < s < r; â®

C1kfkp � k�sfkp � C2kfkp; (23.5)

£¤¥ � = (��)1=2:

�®ª § â¥«ìáâ¢®. �à ¢ ï ç áâì (23.4) ¯®«­®áâìî á®¢¯ ¤ ¥â á (20.2).
�«ï ¤®ª § â¥«ìáâ¢  «¥¢®© ç áâ¨ ®¡®§­ ç¨¬ ç¥à¥§ Q(x; y) ï¤à® ¯à®¥ª-
â®à  Q0 = P1 � P0: �®£¤  ®ç¥¢¨¤­®, çâ® f(x) =

R
Rn Q(x; y)f(y)dy; ¥á«¨

f 2 W0: � ®¤­®© áâ®à®­ë, jQ(x; y)j � Cm(1 + jx � yj)�m ¤«ï «î¡®£®
m 2 N: � ¤àã£®©, Q(x; y) = 2nE(2x; 2y) � E(x; y); £¤¥ E(x; y) { ï¤à® P0;
á«¥¤®¢ â¥«ì­® ¯® â¥®à¥¬¥ 21.1

R
Rn Q(x; y)y�dy = 0 ¯à¨ j�j � r:
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�á¯®«ì§ãï «¥¬¬ã 21.4, ¯®«ãç¨¬, çâ® Q(x; y) =
P

j�j=s @
�
yQ�(x; y); £¤¥

äã­ªæ¨¨ Q� â ª¦¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬
jQ�(x; y)j � C 0

m(1 + jx� yj)�m ¤«ï «î¡®£® m 2 N: � ª¨¬ ®¡à §®¬

f(x) =
Z
Rn
Q(x; y)f(y)dy = (�1)s X

j�j=s

Z
Rn
Q�(x; y)@

�f(y)dy:

� ª ª ª ï¤à  Q�(x; y) ®¯à¥¤¥«ïîâ ®£à ­¨ç¥­­ë¥ ®¯¥à â®àë ¢ Lp(Rn)
¯à¨ 1 � p � 1 (á¬. ¤®ª § â¥«ìáâ¢® «¥¬¬ë 22.1), â® «¥¢ ï ç áâì (23.4)
¤®ª § ­ .

�ãáâì s { ­¥æ¥«®¥ ¨ m 2 Z â ª®¥, çâ® m < s < m+ 1: �«ï Q0 ¨¬¥îâ
¬¥áâ® ¤¢  ¯à¥¤áâ ¢«¥­¨ï Q0 =

P
j�j=mQ�@

� =
P

j�j=m+1Q�@
�; ª®â®àë¥

¯à¨¢®¤ïâ ª à ¢¥­áâ¢ã Q0 = G�s; £¤¥ G { ®¯¥à â®à, ª®â®àë© ®£à ­¨ç¥­
¢® ¢á¥å Lp(Rn); 1 � p � 1: �¥©áâ¢¨â¥«ì­®, ®¯à¥¤¥«¨¬ ®¯¥à â®à á¢¥àâª¨
U; á®®â¢¥âáâ¢ãîé¨© ¬ã«ìâ¨¯«¨ª â®àã u(�) 2 D(Rn); ª®â®àë© à ¤¨ «¥­,
à ¢¥­ 1 ¯à¨ j�j � 1=2 ¨ à ¢¥­ 0 ¯à¨ j�j � 1: �ãáâì V := I � U: �®£¤ 

Q0 = Q0U +Q0V =
P

j�j=m+1Q�@
���sU�s +

P
j�j=mQ�@

���sV �s =

=
�P

j�j=m+1Q�@
���sU +

P
j�j=mQ�@

���sV
�
�s =: G�s:

�¥¯à¥àë¢­®áâì G ¢ Lp(Rn) á«¥¤ã¥â ¨§ ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à®¢
@���sU; j�j = m+1; ¨ @���sV; j�j = m; ¢ Lp(Rn); ª®â®àë¥ ï¢«ïîâáï ®¯¥-
à â®à ¬¨ á¢¥àâª¨, á®®â¢¥âáâ¢ãîé¨¬¨ ¬ã«ìâ¨¯«¨ª â®à ¬
��j�j�su(�); j�j = m + 1; ¨ ��j�j�s(1 � u(�)); j�j = m; (á â®ç­®áâìî ¤®
áâ¥¯¥­¨ i). �â¨ äã­ªæ¨¨ ï¢«ïîâáï ¯à¥®¡à §®¢ ­¨ï¬¨ �ãàì¥ ¨­â¥£à¨-
àã¥¬ëå äã­ªæ¨©, çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®. 2

�«¥¤áâ¢¨¥ 23.1 �á«¨ 1 � p � 1 ¨ f ¯à¨­ ¤«¥¦¨â Wj(p); â®

C12
jskfkp �

X
j�j=s

k@�fkp � C22
jskfkp (23.6)

¯à¨ æ¥«®¬ s 2 [0; r]:
� ®¡é¥¬ á«ãç ¥ ¤¥©áâ¢¨â¥«ì­®£® s 2 [0; r]

C12
jskfkp � k�sfkp � C22

jskfkp: (23.7)
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�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® á¤¥« âì § ¬¥­ã ¯¥à¥-
¬¥­­ëå ¢ (23.4) ¨ (23.5). 2

� ¬¥â¨¬, çâ® ¯à¨ j 2 N �s ¬®¦­® § ¬¥­¨âì ¢ (23.7) ­  (I ��)s=2.
�á­®, çâ® ¯à¨ 1 � p � 1 k�sfkp � C(s; n)k(I ��)s=2fkp: �®áâ â®ç­®
áà ¢­¨âì ¯à¥®¡à §®¢ ­¨ï �ãàì¥ �sf ¨ (I � �)s=2f: � ¤àã£®© áâ®à®­ë,
k(I ��)s=2fkp � C 0(s; n)k(I + �s)fkp ¯à¨ 1 � p � 1:

�â¢¥à¦¤¥­¨¥ 23.1 �á«¨ �r � s � r; 1 � p � 1 ¨ f 2 Wj(p) ¤«ï j 2 N;
â®

C 0
12
jskfkp � k(I ��)s=2fkp � C 0

22
jskfkp; (23.8)

£¤¥ C 0
2 > C 0

1 > 0 { ª®­áâ ­âë.

�®ª § â¥«ìáâ¢®. � ¤®ª § â¥«ìáâ¢¥ ­ã¦¤ ¥âáï â®«ìª® á«ãç ©
�r � s < 0; â.ª. á«ãç © 0 � s � r à áá¬®âà¥­ ¢ á«¥¤áâ¢¨¥ 23.1. � ¬¥­ 
¯¥à¥¬¥­­®© x 7! 2jx á¢®¤¨â ¤®ª § â¥«ìáâ¢® ª á«¥¤ãîé¨¬ ­¥à ¢¥­áâ¢ ¬

C 0
1kfkp � k(�I ��)s=2fkp � C 0

2kfkp; (23.9)

¤«ï f 2 W0(p) ¨ � := 4�j :
�«ï ¤®ª § â¥«ìáâ¢  ¯à ¢®© ç áâ¨ ¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬

I = U+V (á¬. ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 23.1). �¯¥à â®à (�I��)s=2 à §« -
£ ¥âáï ­  áã¬¬ã (�I��)s=2U ¨ (�I��)s=2V: �â®à®¥ ¢ëà ¦¥­¨¥ { íâ® ®¯¥-
à â®à á¢¥àâª¨, á®®â¢¥âáâ¢ãîé¨© ¬ã«ìâ¨¯«¨ª â®àã
(�+j!j2)s=2(1�u(!)): � ª ª ª u(!) = 1 ¯à¨ j!j � 1=2; á¨­£ã«ïà­®áâ¨ ¯¥à-
¢®£® ¬­®¦¨â¥«ï ¢ ­ã«¥ ã­¨çâ®¦ îâáï §  áç¥â ¢â®à®£®. � ª¨¬ ®¡à §®¬,
®¯¥à â®à (�I ��)s=2V à ¢­®¬¥à­® ®£à ­¨ç¥­ ­  Lp(Rn) ¯à¨ 1 � p �1:

�«ï ¨§ãç¥­¨ï ¤¥©áâ¢¨ï (�I��)s=2U ­ W0(p) ¨á¯®«ì§ã¥¬ ¢®á¯à®¨§¢®-
¤ïé¥¥ ï¤à® Q(x; y) ¯®¤¯à®áâà ­áâ¢  W0: �®£¤  f(x) =

R
Rn Q(x; y)f(y)dy

¤«ï f 2 W0: �¯¥à â®à Q0 ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬ ¨ â®¦¤¥áâ¢®
Q0 =

P
j�j=rQ�@

� ¯à¨¢®¤¨â ª Q0 =
P

j�j=r @
� ~Q�; £¤¥ ~Q� à ¢­®¬¥à­® ®£à -

­¨ç¥­ë ¢ Lp(Rn) ¯à¨ 1 � p �1: � ª¨¬ ®¡à §®¬, ¨¬¥¥¬

(�I ��)s=2Uf =
X
j�j=r

((�I ��)s=2U@�) ~Q�f;

¨ ®¯¥à â®àë (�I ��)s=2U@� : Lp(Rn) ! Lp(Rn) à ¢­®¬¥à­® ®£à ­¨ç¥­ë
¢ Lp(Rn) ¯à¨ j�j = r > jsj ¨ 0 � � � 1; â.ª. á®®â¢¥âáâ¢ãîé¨¥ ¬ã«ìâ¨¯«¨-
ª â®àë à ¢­ë (�+ j!j2)s=2u(!)!� (c â®ç­®áâìî ¤® áâ¥¯¥­¨ i) ¨ á®¢¯ ¤ îâ
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á ¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ ¨­â¥£à¨àã¥¬ëå äã­ªæ¨©. �à ¢ ï ç áâì ­¥à -
¢¥­áâ¢  (23.9) ¤®ª § ­ .

�ãáâì t = �s: �®£¤  f = E0(f) = E0(�I��)t=2(�I��)s=2f: �¯¥à â®àë
E0(�I � �)t=2 à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¢ Lp(Rn) ¯à¨ 1 � p � 1; â.ª.
á®¯àï¦¥­­ë¥ ª ­¨¬ ®¯¥à â®àë à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¢ Lp(Rn) ¢ á¨«ã
â¥®à¥¬ë 20.1. 2

�å à ªâ¥à¨§ã¥¬ ¯à®áâà ­áâ¢  �®¡®«¥¢  W s
2 (R

n) ¢ â¥à¬¨­ å à §«®-
¦¥­¨ï (23.2).

�¥®à¥¬  23.2 �á«¨ Vj ; j 2 N; { r-à¥£ã«ïà­ë© ��� ¢ L2(R
n) ¨

s 2 (�r; r); â® äã­ªæ¨ï f ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã �®¡®«¥¢ 
W s

2 (R
n) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  P0(f) 2 L2(Rn) ¨ kQjfk2 = �j2

�js

¤«ï ¢á¥å j 2 N; £¤¥ f�jg10 2 l2(N): �®«¥¥ â®£®, W s
2 -­®à¬  f íª¢¨¢ «¥­â-

­  áã¬¬¥ L2-­®à¬ë P0(f) ¨ l2(N)-­®à¬ë ¯®á«¥¤®¢ â¥«ì­®áâ¨ �j:

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 20.1 á«¥¤ã¥â, çâ® V0 � W s
2 (R

n): �®íâ®¬ã
¤«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­®áâ¨ ­ã¦­® ¯®ª § âì, çâ® áã¬¬  äã­ªæ¨©
qj 2 Wj á kqjk2 = �j2�js; £¤¥ �j 2 l2(N); ¯à¨­ ¤«¥¦¨â W s

2 (R
n): � ä¨ªá¨-

àã¥¬ ¯®«®¦¨â¥«ì­®¥ �; ¤«ï ª®â®à®£® jsj+2� � r: �à®áâà ­áâ¢® W s
2 ï¢«ï-

¥âáï £¨«ì¡¥àâ®¢ë¬ á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬
h(I��)s=2u; (I��)s=2vi: �¡®§­ ç¨¬ ç¥à¥§ k�ks á®®â¢¥âáâ¢ãîéãî ­®à¬ã ¢
W s

2 : � ¬¥â¨¬, çâ® jh(I � �)s=2u; (I � �)s=2vij =
= h(I � �)s=2+�u; (I � �)s=2��vi � kuks+2�kvks�2�: �®íâ®¬ã
kP1

0 qjk2s � 2
PP

j<kkqjks+2�kqkks�2�+
P
j kqjk2s: �§ ãâ¢¥à¦¤¥­¨ï 23.1 á«¥-

¤ã¥â, çâ® kqjk� � 2j�2�js�j ¤«ï � 2 [�r; r]: �®íâ®¬ã kqjks+2�kqkks�2� �
� C�j�k4�(j�k): �ï¤

PP
j<k�j�k4

��jj�kj áå®¤¨âáï, â.ª. á¢¥àâª  l1-¯®á«¥¤®-
¢ â¥«ì­®áâ¨ f4��jj�kjg á l2-¯®á«¥¤®¢ â¥«ì­®áâìî ï¢«ï¥âáï l2-¯®á«¥¤®¢ -
â¥«ì­®áâìî (¤ «¥¥ ­¥à ¢¥­áâ¢® �®è¨).

�¥®¡å®¤¨¬®áâì ãá«®¢¨© P0(f) 2 L2(Rn) ¨ kQjfk2 � �j2�js ¤«ï ¯à¨-
­ ¤«¥¦­®áâ¨ f ª W s

2 á«¥¤ã¥â ¨§ ¤®áâ â®ç­®áâ¨ ãá«®¢¨© ¤«ï t = �s ¨
á®®¡à ¦¥­¨© ¤¢®©áâ¢¥­­®áâ¨. 2

�«¥¤áâ¢¨¥ 23.2 �á«¨ �r < s < r; f 2 W s
2 (R

n) ¨ g 2 W�r
2 (Rn); â®

hf; gi = hP0f; P0gi +
1X
0

hQjf;Qjgi; (23.10)

¯à¨ç¥¬ àï¤ ¢ ¯à ¢®© ç áâ¨ áå®¤¨âáï  ¡á®«îâ­®.
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�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, kQj(f)k2 � �j2�js ¨ kQjgk2 � �j2js;
¯®íâ®¬ã hQj(f); Qj(g)i � �j�j ¨ àï¤

P1
0 �j�j áå®¤¨âáï  ¡á®«îâ­®.2

24 �à®áâà ­áâ¢  �¥á®¢ 

�á«¨ ¢ ®¯à¥¤¥«¥­¨¨ 2.8 ¯à®áâà ­áâ¢ �¥á®¢  ¯®«®¦¨âì gj := fj+1 � fj; â®

f = f0 +
1X
0

gj ; (24.1)

£¤¥ @�gj � �j2(m�s)j ¯à¨ j�j = m ¨ kgjk � �j2�js: �ç¥¢¨¤­®, çâ® ¢¥à­® ¨
®¡à â­®¥.

�ãáâì Vj; j 2 Z { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn); Pj : L2(Rn) ! Vj {
®àâ®£®­ «ì­ë© ¯à®¥ªâ®à, Qj = Pj+1 � Pj :

�â¢¥à¦¤¥­¨¥ 24.1 �ãáâì 0 < s < r ¨ f 2 Lp(Rn): �ã­ªæ¨ï f ¯à¨-
­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã �¥á®¢  Bs;q

p (Rn) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¯®á«¥¤®¢ â¥«ì­®áâì f2jskQj(f)kpgj2N ¯à¨­ ¤«¥¦¨â lq(N): �®«¥¥ â®£®,
­®à¬  f ¢ Bs;q

p (Rn) íª¢¨¢ «¥­â­  áã¬¬¥ lq-­®à¬ë íâ®© ¯®á«¥¤®¢ â¥«ì-
­®áâ¨ ¨ kP0(f)kp:

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì á«¥¤ã¥â ¨§ â¥®à¥¬ë 20.1.
�¥®¡å®¤¨¬®áâì. �§ (24.1) á«¥¤ã¥â, çâ® Qj(f) = Qj(f0) +

P1
k=0Qj(gk):

�«ï k � j kQj(gk)kp � Ckgkkp; â.ª. ®¯¥à â®àë Qj : Lp ! Lp à ¢­®-
¬¥à­® ®à ­¨ç¥­ë ¯à¨ 1 � p � 1: �«ï k < j ¢ á¨«ã § ¬¥ç ­¨ï 21.2
Qj = 2�jr

P
j�j=r R

(�)
j @�: �®íâ®¬ã kQj(gk)kp � C�k2(r�s)k2�rj : �ª®­ç â¥«ì-

­®,

kQj(f)kp � C2�rj
jX

k=0

�k2
(r�s)k + C

1X
k=j+1

�k2
�js � C 0~�j2�sk ;

£¤¥ ~�j :=
P
k �k2

�(r�s)jj�kj ¯à¨­ ¤«¥¦¨â lq; ª ª á¢¥àâª  lq-¯®á«¥¤®¢ â¥«ì-
­®áâ¨ á l1-¯®á«¥¤®¢ â¥«ì­®áâìî.2

�®  ­ «®£¨¨ á ¯à®áâà ­áâ¢ ¬¨ �®¡®«¥¢  ®¯à¥¤¥«¥­¨¥ ¯à®áâà ­áâ¢
�¥á®¢  ¬®¦­® à á¯à®áâà ­¨âì ­  ­¥¯®«®¦¨â¥«ì­ë¥ s:

�¯à¥¤¥«¥­¨¥ 24.1 �ãáâì s � 0; jsj < r 2 N: �ã¤¥¬ £®¢®à¨âì, çâ®
f 2 Bs;q

p (Rn); ¥á«¨ P0f 2 Lp(Rn) ¨ kQjfkp � �j2�js; £¤¥ f�jg1j=0 2 lq(N):
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�¥£ª® ¢¨¤¥âì, çâ® ¯à¨ s0 = �s; s0 > 0; 1=p + 1=p0 = 1; 1=q + 1=q0 = 1
¤¢®©áâ¢¥­­®áâì ¬¥¦¤ã à á¯à¥¤¥«¥­¨ï¬¨ f 2 Bs;q

p (Rn) ¨ ¯à®¡­ë¬¨ äã­ª-

æ¨ï¬¨ g 2 Bs0;q0

p0 (Rn) ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬

hf; gi = hP0f; P0gi +
1X
0

hQjf;Qjgi:

�á«¨ p > 1 ¨ q > 1, â® Bs;q
p (Rn) { ¤¢®©áâ¢¥­­®¥ ¯à®áâà ­áâ¢® ª Bs0;q0

p0 (Rn)
¨ ¥£® ®¯à¥¤¥«¥­¨¥ ­¥ § ¢¨á¨â ®â ¢ë¡®à  ���. �«ï p = 1 ¨«¨ q = 1
­¥§ ¢¨á¨¬®áâì ®¯à¥¤¥«¥­¨ï ®â ��� ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.

�á¯®«ì§ãï ãâ¢¥à¦¤¥­¨¥ 24.1, ­¥âàã¤­® ¯®ª § âì, çâ®

Cr(Rn) = Br;1
1 (Rn) = (B�r;1

1 )�(Rn): (24.2)

�â¢¥à¦¤¥­¨¥ 24.2 �ãáâì Vj ; j 2 Z { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn);
r > s: �®£¤  f 2 Cs(Rn) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  P0f 2 L1(Rn) ¨
kQjfk1 � C2�js ¤«ï ­¥ª®â®à®© ª®­áâ ­âë C:

25 �à®¥ªâ®àë Pj ¨ ¯á¥¢¤®¤¨ää¥à¥­æ¨ «ì-

­ë¥ ®¯¥à â®àë

�¯à¥¤¥«¥­¨¥ 25.1 �ãáâì á¨¬¢®« �(x; !) ï¢«ï¥âáï äã­ªæ¨¥© ®â
x 2 Rn ¨ ®â ! 2 Rn (¨­®£¤  ¤®¯®«­¨â¥«ì­® âà¥¡ãîâ, çâ®¡ë
! 6= 0). �á¥¢¤®¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à (���) T ®¯à¥¤¥«ï¥âáï ¯®-
áà¥¤áâ¢®¬ ä®à¬ «ì­®£® ¯à ¢¨« 

T (eix�!) = �(x; !)eix�!: (25.1)

�¯à¥¤¥«¥­¨¥ 25.2 �« áá �¥à¬ ­¤¥à  S0
�;� ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬

j@�!@�x�(x; !)j � C(�; �)(1 + j!j)�j�j��j�j; (25.2)

£¤¥ á«ãç © � = � = 1 ¨áª«îç ¥âáï ¨§ à áá¬®âà¥­¨ï.

�à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ S(Rn) à ¢­  f(x) = 1
(2�)n

R
Rn eix�!f̂ (!)d!;

¯®íâ®¬ã ¤«ï «¨­¥©­®£® T ¯®«ãç ¥¬, çâ®

Tf(x) =
1

(2�)n

Z
Rn
eix�!�(x; !)f̂(!)d!: (25.3)

67



�®à¬ã«  (25.3) ¨¬¥¥â á¬ëá« ¤«ï �(x; !) 2 L1(Rn �Rn):
�ãáâì Vj ; j 2 Z; { r-à¥£ã«ïà­ë© ��� ¢ L2(Rn); ' { ®àâ®£®­ «ì­ ï

¬ áèâ ¡¨àãîé ï äã­ªæ¨ï, Pj : L2(Rn) ! Vj { ®àâ®£®­ «ì­ë¥ ¯à®¥ªâ®-
àë.

�â¢¥à¦¤¥­¨¥ 25.1 �¨¬¢®« ¯à®¥ªâ®à  Pj à ¢¥­ �(2jx; 2�j!); £¤¥

�(x; !) :=
X
k2Zn

e2�ik�x b'(! + 2k�) b'(!): (25.4)

�®ª § â¥«ìáâ¢®. �ãáâì �(x; !) á¨¬¢®« P0: �¥£ª® ¢¨¤¥âì, çâ® ¤«ï «î-
¡®£® a 2 Rn �(x � a; !) ï¢«ï¥âáï á¨¬¢®«®¬ ®¯¥à â®à  RaP0R

�1
a ; £¤¥

Raf(x) := f(x � a): � ª ª ª ®¯¥à â®à P0 ª®¬¬ãâ¨àã¥â á® á¤¢¨£ ¬¨
Rk; k 2 Zn; ¥£® á¨¬¢®« �(x; !) ï¢«ï¥âáï Zn-¯¥à¨®¤¨ç¥áª®© äã­ªæ¨¥© ¯®
x: � ¬¥â¨¬, çâ®

P
k2Zn e

2�ik�x b'(! + 2k�) =
P
l2Zn e

�i!�(x+l)'(x+ l) â.ª.R
[0;1]n e

�2�ik�x(
P
l2Zn e�i!�(x+l)'(x+ l))dx =

=
R
Rn e�2�ik�xe�i!�x'(x)dx = b'(! + 2�k):

� ª¨¬ ®¡à §®¬ (25.4) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥

�(x; !) =
�X
l2Zn

e�i!�(x+l)'(x+ l)
�b'(!): (25.5)

�«ï ¤®ª § â¥«ìáâ¢  (25.5) ¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬
P0(eix�!) = �(x; !)eix�!: � ª ª ª E0(x; y) :=

P
k2Z '(x� k)'(y � k); â®

P0(eix�!) =
P
k2Z '(x� k)

R
Rn '(y � k)eiy�!dy =

=
P
k2Z '(x� k)ei(k�x)�! b'(!)eix�! = �(x; !)eix�!:

2

� ª ª ª ¯à®¨§¢®¤­ë¥ ' ¯®àï¤ª  ­¥¢ëè¥ r ¡ëáâà® ã¡ë¢ îâ, â®

j@�!@�x�(x; !)j � C(�); (25.6)

¤«ï «î¡®£® � 2 Nn ¨ «î¡®£® � 2 Nn; j�j � r:
�áá«¥¤ã¥¬ ª ª¨¥ á¢®©áâ¢  á¨¬¢®«  �(x; !) á«¥¤ãîâ ¨§ â¥®à¥¬ë 21.1.

�ëç¨á«¨¬ P0(x�); ¨á¯®«ì§ãï (25.3). �«ï íâ®£® ¯à¨¡«¨§¨¬ x� äã­ª-
æ¨ï¬¨ ¨§ ª« áá  �¢ àæ . � áá¬®âà¨¬ ¤«ï «î¡®£® � > 0 äã­ªæ¨î
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f�(x) = x�e��jxj
2

; ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ª®â®à®© à ¢­® ij�j@�!g�(!); £¤¥
g�(!) := (�=�)n=2e�j!j

2=4�: �®£¤ 

P0f�(x) =
ij�j

(2�)n

Z
eix�!�(x; !)@�!g�(!)d!:

�­â¥£à¨àãï ¯® ç áâï¬, ¨¬¥¥¬

P0f�(x) =
(�i)j�j
(2�)n

Z
@�! (e

ix�!�(x; !))g�(!)d!: (25.7)

� ª ª ª ï¤à® E(x; y) ®¯¥à â®à  P0 ¥áâì O(jx�yj�m) ­  ¡¥áª®­¥ç­®áâ¨ ¤«ï
«î¡®£® m 2 N; ¯® â¥®à¥¬¥ �¥¡¥£  ¯®«ãç ¥¬, çâ®
P0(x�) = lim�#0 P0(f�)(x): �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ (25.7), ¨¬¥¥¬

x� = (�i)j�j@�!(eix�!�(x; !))j!=0: (25.8)

� ¢¥­áâ¢® (25.8) ¢ë¯®«­¥­® ¤«ï «î¡ëå � 2 Nn á j�j � r: �®íâ®¬ã
�(x; 0) = 1 ¨ @�!�(x; !)j!=0 = 0 ¯à¨ 1 � j�j � r:

�ç¨âë¢ ï (25.4), ¨¬¥¥¬ �(x; 0) =
P
k2Zn e

2�ik�x b'(0 + 2k�) b'(0) = 1;
®âªã¤  á«¥¤ã¥â, çâ® b'(2k�) = 0 8k 6= 0: (25.9)

�® ¨­¤ãªæ¨¨ ¯®«ãç¨¬, çâ® (@� b')(2k�) = 0 8k 6= 0; j�j � r:
� ª ª ª '(x) � Cm(1 + jxj)�m ¤«ï «î¡®£® m 2 N; â® àï¤P

k2Zn j b'(! + 2k�)j2 ¨ ¢á¥ ¥£® ¯à®¨§¢®¤­ë¥ à ¢­®¬¥à­® áå®¤ïâáï ­  ª®¬-
¯ ªâ å. �§ â¥®à¥¬ã 9.1 á«¥¤ã¥â

�â¢¥à¦¤¥­¨¥ 25.2

j b'(!)j2 = 1 +O(j!j2r+2) ¯à¨ j!j ! 0: (25.10)

�á¥£¤  ¬®¦­® áª®àà¥ªâ¨à®¢ âì ' â ª¨¬ ®¡à §®¬, çâ®¡ë áª®àà¥ªâ¨-
à®¢ ­­ ï äã­ªæ¨ï ~' ã¤®¢«¥â¢®àï«  ãá«®¢¨ï¬Z

Rn
~'(x)dx = 1 ¨

Z
Rn
x� ~'(x)dx = 0; (25.11)

¯à¨ 1 � j�j � r; á®åà ­ïï ¯à¨ íâ®¬ á¢®©áâ¢® ®àâ®£®­ «ì­®áâ¨
f ~'(� � k)gk2Z ¨ ¡ëáâà®£® ã¡ë¢ ­¨ï ­  ¡¥áª®­¥ç­®áâ¨ ¯à®¨§¢®¤­ëå @� ~'
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¯à¨ j�j � r: �«ï íâ®£® ã¬­®¦¨¬ á­ ç «  b' ­  ª®­áâ ­âã, ¯® ¬®¤ã-
«î à ¢­ãî 1, ¤«ï â®£®, çâ®¡ë b~'(0) = 1: � «¥¥, ¯ãáâì �(!) {  à£ã-
¬¥­â b'(!) ¢ ®ªà¥áâ­®áâ¨ 0; â.¥. b'(!) = j b'(!)jei�(!) ¤«ï j!j < �; £¤¥
�(0) = 0 ¨ �(!) ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï ­  j!j < �:
�ãáâì ¤¥©áâ¢¨â¥«ì­ ï, ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï �(!)
ï¢«ï¥âáï 2�-¯¥à¨®¤¨ç¥áª¨¬ ¯à®¤®«¦¥­¨¥¬ �(!) ­ Rn. �¯à¥¤¥«¨¬ b~'(!)
ª ª e�i�(!) b'(!): �®£¤  b~'(!) = j b'(!)j ¢ ®ªà¥áâ­®áâ¨ 0 ¨ ¢ë¯®«­¥­® (25.11).

�â¢¥à¦¤¥­¨¥ 25.3 �á¯«¥áª¨  1; : : : ;  q; q := 2n � 1; ®¯à¥¤¥«¥­­ë¥ ¢
â¥®à¥¬¥ 19.3 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬Z

Rn
x� l(x)dx = 0; (25.12)

¤«ï j�j � r ¨ 1 � l � q:

�®ª § â¥«ìáâ¢®. �ãáâì b'(!) = m0(!=2) b'(!=2);c l(!) = ml(!=2) b'(!=2); £¤¥ ml { ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ 2�Zn-
¯¥à¨®¤¨ç¥áª¨¥ äã­ªæ¨¨. �­ «®£¨ç­® ®¤­®¬¥à­®¬ã á«ãç î ¤®ª §ë¢ -
¥âáï, çâ® jm0(!)j2 + jm1(!)j2 + � � � + jmq(!)j2 = 1; ®âªã¤  á«¥¤ã¥â, çâ®

j b'(!)j2 + j b 1(!)j2 + � � � + j b q(!)j2 = j b'(!=2)j2: �§ (25.10) á«¥¤ã¥â, çâ®b l(!) = O(j!jr+1); 1 � l � q: � ª ª ª  l ¡ëáâà® ã¡ë¢ îâ ­  ¡¥áª®­¥ç-
­®áâ¨, ¨å ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬®. �­ ç¨â
@� l(!) = 0 ¯à¨ ! = 0 ¨ 1 � l � q; ®âªã¤  á«¥¤ã¥â (25.12).

�à¨¬¥à. �à¨¬¥­¨¬ (25.4) ª ��� �¥©¥à  (á¬. ¯ à £à ä 14). � ª
ª ª supp b'M = [�4�=3; 4�=3], â® ¢ (25.4) ¢á¥£® âà¨ ­¥à ¢­ëå ­ã«î ç«¥­ 

�(t; !) = e�2�it b'(! � 2�) b'(!) + ( b'(!))2 + e2�it b'(! + 2�) b'(!): (25.13)

�ãáâì Sj { ®¯¥à â®à á¢¥àâª¨, á®®â¢¥âáâ¢ãîé¨© ¬ã«ìâ¨¯«¨ª â®àã
( b'(2�j!))2: �¡®§­ ç¨¬ �(!) := b'(!�2�) b'(!) ¨ �(!) := b'(!+2�) b'(!): �á-
­®, çâ® supp � = [2�=3; 4�=3]; �(2��!) = �(!); supp � = [�4�=3;�2�=3];
�(�2� � !) = �(!): �ãáâì �+

j ¨ ��
j { ®¯¥à â®àë á¢¥àâª¨, á®®â¢¥âáâ¢ã-

îé¨¥ ¬ã«ìâ¨¯«¨ª â®à ¬ �(2�j!) ¨ �(2�j!) á®®â¢¥âáâ¢¥­­®. �ãáâì Mj

{ ®¯¥à â®à ¯®â®ç¥ç­®£® ã¬­®¦¥­¨ï ­  e2�i2
jt: �§ (25.13) á«¥¤ã¥â, çâ®

¯à®¥ªâ®àë ��� �¥©¥à  ¨¬¥îâ ¢¨¤

Pj = Sj +Mj�
�
j +M�1

j �+
j : (25.14)
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26 �á¯«¥áª®¢ ï å à ªâ¥à¨§ æ¨ï

¯à®áâà ­áâ¢ �¥«ì¤¥à  Cs; �®¡®«¥¢  W s
2

¨ �¥á®¢  Bs;q
p

�á¯«¥áª®¢ë¥ àï¤ë ®¡« ¤ îâ á«¥¤ãîé¨¬¨ ¯à¥¨¬ãé¥áâ¢ ¬¨:
- ¢á¯«¥áª¨, «®ª «¨§®¢ ­­ë¥ ¢ ®¡« áâ¨ à¥£ã«ïà­®áâ¨ äã­ªæ¨¨, ¨¬¥îâ

¯à¥­¥¡à¥¦¨¬® ¬ «¥­ìª¨¥ ª®íää¨æ¨¥­âë,   ¢á¯«¥áª¨, «®ª «¨§®¢ ­­ë¥
®ª®«® ®á®¡¥­­®áâ¥© äã­ªæ¨¨, ­ ®¡®à®â ¨¬¥îâ ¡®«ìè¨¥ ª®íää¨æ¨¥­âë
(íâ  ®á®¡¥­­®áâì ¢ëà ¦¥­  â¥¬ ïàç¥, ç¥¬ ¡®«ìè¥ ­ã«¥¢ëå ¬®¬¥­â®¢ ã
¢á¯«¥áª );

-¢á¯«¥áª®¢ë¥ ª®íää¨æ¨¥­âë ¯®§¢®«ïîâ ¢ëç¨á«ïâì, á â®ç­®áâìî ¤®
íª¢¨¢ «¥­â­®áâ¨, ­®à¬ã äã­ªæ¨¨ ¢ ¡®«ìè¨­áâ¢¥ äã­ªæ¨®­ «ì­ëå ¯à®-
áâà ­áâ¢.

�ãáâì f lg2n�1
l=0 - äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ¢ �¥®à¥¬¥ 19.3. �­®£®¬¥à-

­ë© ¢á¯«¥áª®¢ë© àï¤ ¨¬¥¥â ¢¨¤

f(x) =
X
�2�
hf;  �i �(x); (26.1)

£¤¥ � := f� = (l; j; k) : 1 � l � 2n � 1; k 2 Zn; j 2 Zg;
 �(x) := 2nj=2 l(2jx� k):

� ¯à®áâà ­áâ¢ å, ®â«¨ç­ëå ®â L2(Rn), ¨á¯®«ì§®¢ ­¨¥ (26.1) ¡ë¢ ¥â
§ âàã¤­¨â¥«ì­ë¬. � ¯à¨¬¥à, ¢ L1(Rn) ¤«ï f � 1 (26.1) ¯à¥¢à é ¥âáï
¢ 1 = 0: �¢®©áâ¢¥­­ë© ¯à¨¬¥à: ¯ãáâì f 2 D(Rn) ¨

R
Rn f(x)dx = 1: � ª

ª ª
R
Rn  l(x)dx = 0, â® àï¤ (26.1) ­¥ áå®¤¨âáï ¢ L1(Rn):

�®íâ®¬ã ¢¬¥áâ® (26.1) ã¤®¡­¥¥ ¯®«ì§®¢ âìáï àï¤®¬ ¯® á¤¢¨£ ¬ ¬ á-
èâ ¡¨àãîé¥© äã­ªæ¨¨ ' ¨ ¢á¯«¥áª ¬, á¦ âë¬ ¢ 2j à § á j � 0 :

f(x) =
X
k2Zn

hf; '0;ki'0;k(x) +
X

�2[j�0�j
hf;  �i �(x); (26.2)

£¤¥ �j := f� = (l; j; k) : 1 � l � 2n � 1; k 2 Zng:
�ï¤ (26.2) å®à®è® ¯à¥¤áâ ¢«ï¥â äã­ªæ¨¨ ¨§ ¯à®áâà ­áâ¢, ª®â®àë¥

å à ªâ¥à¨§ãîâáï ­¥ª®â®àë¬ «®ª «ì­ë¬ ãá«®¢¨¥¬ ¨ ­¥ª®â®àë¬ £«®¡ «ì-
­ë¬ ãá«®¢¨¥¬ à®áâ  ­  ¡¥áª®­¥ç­®áâ¨.

�à®¨««îáâà¨àã¥¬ ¨á¯®«ì§®¢ ­¨¥ (26.1) ¨ (26.2) ­  ¯à¨¬¥à¥ ¯à®áâ-
à ­áâ¢ �®¡®«¥¢  W s

2 (R
n) (�¯à¥¤¥«¥­¨¥ 2.6), �¥«ì¤¥à  Cs(Rn) (�¯à¥¤¥-
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«¥­¨¥ 2.9) ¨ �¥á®¢  Bs;q
p (�¯à¥¤¥«¥­¨¥ 2.8). �ã¤¥¬ à áá¬ âà¨¢ âì ¢á¯«¥-

áª¨, ¯®«ãç¥­­ë¥ ¨§ r-à¥£ã«ïà­®£® ���. �à¨ íâ®¬ ¯®àï¤®ª à á¯à¥¤¥«¥-
­¨ï, ¤«ï ª®â®à®£® ¢ëç¨á«ïîâáï ª®íää¨æ¨¥­âë, ¯à¥¤¯®« £ ¥âáï áâà®£®
¬¥­ìè¨¬ r: � ¢¥­áâ¢® (26.1) ¯®­¨¬ ¥âáï ª ª à ¢¥­áâ¢® ¨­â¥£à «®¢ ®â
®¡¥¨å ç áâ¥© à ¢¥­áâ¢ , ã¬­®¦¥­­ëå ­  äã­ªæ¨î ¨§ Cr(Rn) á ª®¬¯ ªâ-
­ë¬ ­®á¨â¥«¥¬.

�¥®à¥¬  26.1 � á¯à¥¤¥«¥­¨¥ f ¯à¨­ ¤«¥¦¨â W s
2 (R

n) á s 2 (�r; r) â®-
£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢á¯«¥áª®¢ë¥ ª®íää¨æ¨¥­âë �(�) := hf;  �i
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬X

j<0

X
�2�j

j�(�)j2 +X
j�0

X
�2�j

4jsj�(�)j2 <1: (26.3)

�ã­ªæ¨ï f ¯à¨­ ¤«¥¦¨â Cs(Rn) á s 2 (0; r) â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  áãé¥áâ¢ãîâ ¤¢¥ ª®­áâ ­âë C0 ¨ C1; â ª¨¥, çâ® ª®íää¨æ¨¥­âë
�(k) := (f; '0;k); k 2 Zn; ¨ �(�) := (f;  �); � 2 �j; j > 0; ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬ j�(k)j � C0; j�(�)j � C12�nj=22�js:

�®ª § â¥«ìáâ¢®. � á«ãç ¥ ¯à®áâà ­áâ¢ �®¡®«¥¢  â¥®à¥¬  á«¥¤ã¥â
¨§ â¥®à¥¬ë 23.2 ¨ â®£®, çâ® f �g�2�j { ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢ Wj;
¯®íâ®¬ã kQjfk22 =

P
�2�j jhf;  �ij2:

�«ï ¯à®áâà ­áâ¢ �¥«ì¤¥à  à¥§ã«ìâ â á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥­¨ï 24.2 ¨
â®£®, çâ® kfk1 ¨ sup�2�0 jhf;  �ij íª¢¨¢ «¥­â­ë ­  W0: �¥©áâ¢¨â¥«ì­®,
jhf;  �ij � k �k1kfk1 = Ckfk1 ¨ sup�2�0 j �(x)j � C 0 ¢ á¨«ã (19.11),
®âªã¤  jf(x)j � C 0 sup�2�0 jhf;  �ij: 2
� ¬¥ç ­¨¥ 26.1 �à®áâà ­áâ¢® Cs ­¥«ì§ï ®å à ªâ¥à¨§®¢ âì, ¨á¯®«ì-
§ãï â®«ìª® ¬®¤ã«¨ ª®íää¨æ¨¥­â®¢ àï¤  (26.1). �â® á¢ï§ ­® á ­¥¢®§-
¬®¦­®áâìî ®å à ªâ¥à¨§®¢ âì â ª¨¬ á¯®á®¡®¬ L1(Rn). � ¯à¨¬¥à,
¯à¨ x 2 R ¬®¤ã«¨ ª®íää¨æ¨¥­â®¢ ¢á¯«¥áª®¢ �¥©¥à  (á¬.(14.1)) ¤«ï
log jxj ¨ ¤«ï x=jxj  á¨¬¯â®â¨ç¥áª¨ á®¢¯ ¤ îâ. �â® á¢ï§ ­® á â¥¬,
çâ® ¯à¥®¡à §®¢ ­¨¥ �¨«ì¡¥àâ  H ®â®¡à ¦ ¥â x=jxj ¢ log jxj,   ¢á¯«¥-
áª¨ �¥©¥à   Mj;k ¯à¥®¡à §ãîâáï ¢ á®¢¥àè¥­­®  ­ «®£¨ç­ë¥ ¢á¯«¥áª¨ ~ Mj;k,

£¤¥ ~ M(t) := (H M )(t) = 1
2�

R
R sin((t� 1=2)�) sgn(�) sin (�(�)) d�:

� ¬¥ç ­¨¥ 26.2 �à®áâà ­áâ¢® �®¡®«¥¢  W s
2 ¬®¦­® ®å à ªâ¥à¨§®-

¢ âì ¯à¨ ¯®¬®é¨ àï¤  (26.2): f 2 W s
2 ;�r < s < r â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤ 
P
k2Z j�(k)j2 <1 ¨

P
j�0

P
�2�j 4

jsj�(�)j2 <1:
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�¥«® ¢ â®¬, çâ®
P
k2Z j�(k)j2 =

P
j<0

P
�2�j j�(�)j2 < 1; â ª ª ª V0

- ¯àï¬ ï áã¬¬  ¯à®áâà ­áâ¢ Wj; j < 0:

�­ «®£¨ç­® «¥¬¬¥ 20.1 ¤®ª §ë¢ ¥âáï

�â¢¥à¦¤¥­¨¥ 26.1 �ãáâì p 2 [1;1]: �ãé¥áâ¢ãîâ ª®­áâ ­âë
C 0 > C > 0; â ª¨¥, çâ® ¤«ï «î¡®© ª®­¥ç­®© áã¬¬ë
f(x) =

P
�2�j �(�) �(x) 2 Wj

Ckfkp � 2nj(
1

2
� 1

p
)(
X
�2�j

j�(�)jp)1=p � C 0kfkp:

�§ ãâ¢¥à¦¤¥­¨© 24.1 ¨ 26.1 á«¥¤ã¥â

�¥®à¥¬  26.2 �ã­ªæ¨ï

f(x) =
X
k2Zn

�(k)'(x� k) +
X
j�0

X
�2�j

�(�) �(x)

¯à¨­ ¤«¥¦¨â Bs;q
p â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f�(k)gk2Zn 2 lp(Zn) ¨

(
P
�2�j j�(�)jp)1=p = 2�nj(

1

2
� 1

p
)2�jsaj; £¤¥ fajgj2N 2 lq(N):

27 �á¯«¥áª®¢ ï å à ªâ¥à¨§ æ¨ï

¯à®áâà ­áâ¢ H1(Rn) ¨ BMO

�ãáâì f lg2n�1
l=0 - ¢á¯«¥áª¨, ®¯à¥¤¥«¥­­ë¥ ¢ �¥®à¥¬¥ 19.3, r � 1;

� := f� = (l; j; k) : 1 � l � 2n � 1; k 2 Zn; j 2 Zg;
 �(x) := 2nj=2 l(2jx� k):

�¥®à¥¬  27.1 �á¯«¥áª¨ f �g�2� ®¡à §ãîâ ¡¥§ãá«®¢­ë© ¡ §¨á ¢ ¢¥é¥-
áâ¢¥­­®¬ ª« áá¥ � à¤¨ H1(Rn):

�å¥¬  ¤®ª § â¥«ìáâ¢®. �­ ç «  à áá¬®âà¨¬ ¢á¯«¥áª¨ á ª®¬¯ ªâ-
­ë¬ ­®á¨â¥«¥¬. �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ®R
[0;1]n j l(x)j2dx 6= 0; 1 � l < 2n (íâ®£® ¢á¥£¤  ¬®¦­® ¤®¡¨âìáï §  áç¥â
á®®â¢¥âáâ¢ãîé¥£® á¤¢¨£ ). �®£¤  áãé¥áâ¢ãîâ ª®­áâ ­âë c > 0; 
 > 0 ¨
ªã¡ë Al � [0; 1)n; â ª¨¥, çâ® j l(x)j � c; ¥á«¨ x 2 Al; ¨ jAlj � 
:
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�á«¨ � = (l; j; k); 1 � l � 2n � 1; k 2 Zn; j 2 Z; â® ¯® ®¯à¥¤¥«¥­¨î
Q(�) := Q(j; k) := fx 2 Rn : 2jx � k 2 [0; 1)ng ¨
R(�) := fx 2 Rn : 2jx� k 2 Alg:

�ãáâì f(x) =
P
�2� �(�) �(x): �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ â®£®,

çâ® kfkH1(Rn) íª¢¨¢ «¥­â­  á«¥¤ãîé¨¬ ¢¥«¨ç¨­ ¬:

k(X
�2�

j�(�)j2j �(x)j2)1=2kL1(Rn); (27.1)

k(X
�2�

j�(�)j2jQ(�)j�1�R(�)(x))
1=2kL1(Rn); (27.2)

k(X
�2�

j�(�)j2jQ(�)j�1�Q(�)(x))
1=2kL1(Rn): (27.3)

�¤¥áì jej - ¬¥à  �¥¡¥£  ¬­®¦¥áâ¢  e:
� ¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§ã¥âáï  â®¬ à­®¥ ®¯¨á ­¨¥ H1(Rn):

�¯à¥¤¥«¥­¨¥ 27.1 �â®¬®¬ ¢ H1(Rn) ­ §ë¢ îâ äã­ªæ¨î a(x) ¨§
L2(Rn); ¤«ï ª®â®à®© áãé¥áâ¢ã¥â è à B � Rn â ª®©, çâ® ¢ë¯®«­¥-
­ë âà¨ á¢®©áâ¢ 

a(x) = 0; ¥á«¨ x 62 B; (27.4)

kak2 � jBj�1=2; (27.5)Z
B
a(x)dx = 0: (27.6)

�¥®à¥¬  27.2 [CW] �ã­ªæ¨ï f 2 L1(Rn) ¯à¨­ ¤«¥¦¨â H1(Rn) â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì  â®¬®¢ aj(x)
¨ ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥« �j â ª¨¥, çâ®

1X
0

j�j j <1 ¨ f(x) =
1X
0

�jaj(x): (27.7)

�ª §ë¢ ¥âáï ¢®§¬®¦­ë¬ á£àã¯¯¨à®¢ âì ç«¥­ë ¢á¯«¥áª®¢®£® àï¤ 
f(x) =

P
�2� �(�) �(x) â ª, çâ® ç áâ­ë¥ áã¬¬ë

P
�2�(l;m;r)�(�) �(x);

£¤¥ f�(l;m; r)g { ¤¨§êî­ªâ­®¥ à §¡¨¥­¨¥ �; ®¡à §ãîâ  â®¬ à­®¥ ¯à¥¤-
áâ ¢«¥­¨¥ f: �­®¦¥áâ¢  �(l;m; r) ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬.
�ãáâì �l(x) := (

P
Q2
 j�(l;Q)j2jQj�1�R(l;Q)(x))

1=2; £¤¥ 
 - á®¢®ªã¯­®áâì
¢á¥å ¤¢®¨ç­ëå ªã¡®¢, �(l;Q) = �(l; j; k) ¤«ï Q = Q(j; k);
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R(l;Q) := R(l; j; k): �ãáâì E(l;m) := fx : �l(x) > 2mg; m 2 Z: �á­®,
çâ® X

m2Z
2mjE(l;m)j � 2

Z
Rn
�l(x)dx: (27.8)

�¡®§­ ç¨¬ ç¥à¥§ 
(l;m) á®¢®ªã¯­®áâì ¤¢®¨ç­ëå ªã¡®¢ Q, ¤«ï ª®â®àëå
jQ \ E(l;m)j � �jQj; £¤¥ � 2 (0; 
) { ä¨ªá¨à®¢ ­­ ï ¯®áâ®ï­­ ï. �ãáâì
fA(l;m; r)gr { á®¢®ªã¯­®áâì ¢á¥å ¬ ªá¨¬ «ì­ëå ¯® ¢ª«îç¥­¨î ªã¡®¢ ¢

(l;m): �¥£ª® ¢¨¤¥âì, çâ®

j[
r

A(l;m; r)j < 1

�
jE(l;m)j: (27.9)

� ª®­¥æ, �(l;m; r) á®áâ®¨â ¨§ â¥å � = (l; j; k) 2 �; ¤«ï ª®â®àëå
Q(�) 2 
(l;m)n
(l;m+ 1) ¨ Q(�) � A(l;m; r): �¥âàã¤­® ¯®ª § âì, çâ®

X
�2�(l;m;r)

j�(�)j2 � 1


 � �
4m+1jA(l;m; r)j: (27.10)

�ãáâì b(l;m; r) := jA(l;m; r)j1=2(P�2�(l;m;r) j�(�)j2)1=2;
~�(�) := (b(l;m; r))�1�(�) ¤«ï � 2 �(l;m; r) ¨ ~�(�) := 0 ¢ ¯à®â¨¢­®¬ á«ã-
ç ¥. �§ (27.9),(27.10) ¨ (27.8) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® l; 1 � l � 2n � 1;P

m2Z
P
r b(l;m; r) � 2

(
��)1=2
P
m2Z 2

mjSrA(l;m; r)j �
� 2

�(
��)1=2
P
m2Z 2mjE(l;m)j � 4

�(
��)1=2k�lk1:
(27.11)

� ª ª ª ¬ë ¯®ª  à áá¬ âà¨¢ ¥¬ ¢á¯«¥áª¨ á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬,
â® áãé¥áâ¢ã¥â d 2 N â ª®¥, çâ® supp � � dQ(�); £¤¥ dQ ®¡®§­ ç ¥â
ªã¡ á â¥¬ ¦¥ æ¥­âà®¬ ¨ ¢ d-à § ¡®«ìè¥©, ç¥¬ ã Q ¤«¨­®© áâ®à®­ë.
�ã­ªæ¨¨ a(l;m; r; x) := d�n=2

P
�2�(l;m;r) ~�(�) �(x) ï¢«ïîâáï  â®¬ ¬¨ ¢

H1(Rn): �¥©áâ¢¨â¥«ì­®, supp a(l;m; r; x) � dQ(l;m; r) ¨ ka(l;m; r; �)k2 �
� d�n=2(

P
�2�(l;m;r) j~�(�)j2)1=2 � jdQ(l;m; r)j�1=2: �®íâ®¬ã àï¤, ®¯à¥¤¥«ï-

îé¨© a(l;m; r; x); áå®¤¨âáï ¢ L1(Rn) ¨ ¯®ç«¥­­®¥ ¨­â¥£à¨à®¢ ­¨¥ ¤ ¥â
¯®á«¥¤­¥¥ á¢®©áâ¢®  â®¬ 

R
Rn a(l;m; r; x)dx= 0 ¢ á¨«ã (25.12).

� ª¨¬ ®¡à §®¬, ¤®ª § ­®, çâ® ¨§ ª®­¥ç­®áâ¨ (27.2) á«¥¤ã¥â ¢®§¬®¦-
­®áâì  â®¬ à­®£® ¯à¥¤áâ ¢«¥­¨ï äã­ªæ¨¨ f:

�®ª ¦¥¬, çâ® ¨§  â®¬ à­®£® ¯à¥¤áâ ¢«¥­¨ï f á«¥¤ã¥â ¨­â¥£à¨àã¥-
¬®áâì äã­ªæ¨¨ Sf(x) := (

P
�2� jhf;  �ij2j �(x)j2)1=2: �á­®, çâ® ¤«ï íâ®-
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£® ¤®áâ â®ç­® ¯à®¢¥à¨âì ¢ë¯®«­¥­¨¥ íâ®£® á¢®©áâ¢  ¤«ï ¯à®¨§¢®«ì­®-
£®  â®¬  ¢ H1(Rn): �ãáâì f {  â®¬, B { á®®â¢¥âáâ¢ãîé¨© è à á æ¥­-
âà®¬ ¢ x0 ¨ à ¤¨ãá®¬ r > 0: �ãáâì C { ­¥ª®â®à ï ª®­áâ ­â , §­ ç¥-
­¨¥ ª®â®à®© ¡ã¤¥â ®¯à¥¤¥«¥­® ­¨¦¥. � §®¡ì¥¬ Rn ­  æ¥­âà «ì­ë© è à
~B := fx : jx � x0j � Crg ¨ ¤¢®¨ç­ë¥ ®¡®«®çª¨
Rm := fx : 2mCr � jx � x0j < 2m+1Crg; m 2 N: �®£¤ R
Rn Sf(x)dx =

R
~B Sf(x)dx +

P1
0

R
Rm Sf(x)dx: �¥à¢ë© ¨­â¥£à « ®æ¥­¨-

¢ ¥âáï ¯à¨ ¯®¬®é¨ ­¥à ¢¥­áâ¢  �®è¨Z
~B
Sf(x)dx � j ~Bj1=2kSfk2 = Cn=2jBj1=2kfk2 � Cn=2:

�«ï ®æ¥­ª¨ ®áâ «ì­ëå ¨­â¥£à «®¢ § ¬¥â¨¬, çâ® hf;  �i = 0; ¥á«¨ dQ(�)
­¥ ¯¥à¥á¥ª ¥âáï á B: �¡®§­ ç¨¬ ç¥à¥§ �m á®¢®ªã¯­®áâì â¥å �, ¤«ï ª®â®-
àëå dQ(�) ¯¥à¥á¥ª ¥âáï ª ª á B, â ª ¨ á Rm: �á«¨ ª®­áâ ­â  C ¤®áâ -
â®ç­® ¡®«ìè ï, â® áãé¥áâ¢ã¥â c > 0 â ª®¥, çâ® ¨§ � 2 �m á«¥¤ã¥â ­¥à -
¢¥­áâ¢® 2�j � cr2m; £¤¥ 2�j { ¤«¨­  áâ®à®­ë ªã¡  Q(�): �§ à¥£ã«ïà­®áâ¨
¢á¯«¥áª®¢  � ¨ â®£®, çâ®

R
Rn f(x)dx = 0; á«¥¤ã¥â, çâ® jhf;  �ij � C2nj=22jr:

�®íâ®¬ã ¯à¨ x 2 Rm Sf(x) � C 02�m(n+1)r�n ¨
P1

0

R
Rm

Sf(x)dx <1:
�á«¨ ¢á¯«¥áª¨ ­¥ ¨¬¥îâ ª®¬¯ ªâ­®£® ­®á¨â¥«ï, â® ¢¬¥áâ®  â®¬ à­®©

å à ªâ¥à¨§ æ¨¨ H1(Rn) ¨á¯®«ì§ã¥âáï ¬®«¥ªã«ïà­ ï.

�¯à¥¤¥«¥­¨¥ 27.2 �ãáâì s > n: �®«¥ªã«®© á æ¥­âà®¬ ¢ x0 ¨ è¨à¨-
­®© d > 0 ­ §ë¢ îâ äã­ªæ¨î f; ã¤®¢«¥â¢®àïîéãî âà¥¬ ãá«®¢¨ï¬:R
Rn f(x)dx = 0;

R
Rn jf(x)j2(1 + jxj)sdx <1 ¨ Z
Rn
jf(x)j2

 
1 +

jx� x0j
d

!s
dx

!1=2

� d�n=2:

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¢ â¥®à¥¬¥ 27.2  â®¬ë ¬®¦­® § ¬¥­¨âì ­  ¬®-
«¥ªã«ë.

� á«ãç ¥ ¢á¯«¥áª®¢ á ­¥ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬ à ­¥¥ ®¯à¥¤¥«¥­­ë¥
äã­ªæ¨¨ a(l;m; r; x) := d�n=2

P
�2�(l;m;r) ~�(�) �(x), ­¥ ¡ã¤ãç¨  â®¬ ¬¨,

ï¢«ïîâáï ¬®«¥ªã« ¬¨. 2
�à®áâà ­áâ¢® BMO(Rn) ï¢«ï¥âáï á®¯àï¦¥­­ë¬ ª H1(Rn):

�¥®à¥¬  27.3 �á«¨ f(x) ¯à¨­ ¤«¥¦¨â BMO(Rn); â® ¢á¯«¥áª®¢ë¥ ª®-
íää¨æ¨¥­âë �(�) := hf;  �i ã¤®¢«¥â¢®àïîâ ãá«®¢¨î � à«¥á®­ X

Q(�)�Q
j�(�)j2 � CjQj (27.12)
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¤«ï «î¡®£® ¤¢®¨ç­®£® ªã¡  Q:
�¡à â­®, ¥á«¨ ª®íää¨æ¨¥­âë �(�); � 2 �; ã¤®¢«¥â¢®àïîâ (27.12),

â® àï¤
P
�2� �(�) �(x) áå®¤¨âáï ¢ á« ¡®© â®¯®«®£¨¨ �(BMO;H1) ª äã­ª-

æ¨¨ ¨§ BMO:

�®ª § â¥«ìáâ¢®. �«ï ã¯à®é¥­¨ï ¢ëª« ¤®ª ¯à¥¤¯®« £ ¥¬, çâ® ¢á¯«¥-
áª¨  l; 1 � l � 2n � 1; ¨¬¥îâ ª®¬¯ ªâ­ë© ­®á¨â¥«ì. �¡é¨© á«ãç ©
à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®.

�¥®¡å®¤¨¬®áâì. �ãáâì supp � � dQ(�) (®¡®§­ ç¥­¨ï á¬. ­  á. 75).
� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë© ¤¢®¨ç­ë© ªã¡ Q: �à¥¤áâ ¢¨¬ f 2 BMO
¢ ¢¨¤¥ f = f1 + f2 + fdQ; £¤¥ fdQ = 1

jdQj
R
dQ f(x)dx; f1(x) = f(x) � fdQ

¯à¨ x 2 dQ ¨ f1(x) = 0 ¯à¨ x 62 dQ: �á­®, çâ® hf2;  �i = 0; ¥á«¨
Q(�) � Q: �ç¨âë¢ ï (25.12), ¯®«ãç ¥¬, çâ® hf;  �i = hf1;  �i ¯à¨
Q(�) � Q: �®íâ®¬ãX

Q(�)�Q
j�(�)j2 � X

�2�
jhf1;  �ij2 = kf1k22 � dnkfk2BMOjQj:

�®áâ â®ç­®áâì. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (27.12). � áá¬®âà¨¬ è à
B à ¤¨ãá  r á æ¥­âà®¬ ¢ x0. �ë¡¥à¥¬ q 2 Z â ª, çâ®¡ë 2�q � r <
2�q+1: �¥£ª® ¢¨¤¥âì, çâ® ¯à¨ j � q ¨§ â®£®, çâ® dQ(�) \ B 6= ; ¨ ¤«¨­ 
áâ®à®­ë Q(�) à ¢­  2�j ; á«¥¤ã¥â, çâ® Q(�) � MB; £¤¥ ª®­áâ ­â  M
§ ¢¨á¨â â®«ìª® ®â d: �ãáâì �1;1 := f� = (l; j; k) 2 � : j � q; Q(�) �
MBg; �1;2 := f� = (l; j; k) 2 � : j � q; � 62 �1;1g; f1;1 :=

P
�2�1;1 �(�) �,

f1;2 :=
P
�2�1;2 �(�) �: �®£¤  äã­ªæ¨ï f1;2 à ¢­  ­ã«î ­  B;   ¤«ï f1;1

¨¬¥¥¬ ®æ¥­ªã kf1;1k22 �
P
Q(�)�MB j�(�)j2 � CjBj:

� áá¬®âà¨¬ j < q: �«ï ª ¦¤®£® â ª®£® j â®«ìª® Mn ¢á¯«¥áª®¢  �;
á ¤«¨­®© áâ®à®­ë Q(�) à ¢­®© 2�j ; ­¥ à ¢­ë ­ã«î â®¦¤¥áâ¢¥­­® ­  B:
�«ï ª ¦¤®£® â ª®£® ¢á¯«¥áª  ¢ á¨«ã (19.11) ¨¬¥¥¬
j �(x) �  �(x0)j � C2j2nj=2jx � x0j: �§ (27.12) á«¥¤ã¥â, çâ®
j�(�)j � CjQ(�)j1=2 = C2�nj=2: �§ ¢á¥£® áª § ­­®£® ¯®«ãç ¥¬, çâ® ¯à¨
x 2 B

jPf�=(l;j;k)2�:j�qg�(�) �(x)�
P

f�=(l;j;k)2�:j�qg�(�) �(x0)j �
� CMnP

j<q 2
jjx� x0j = CMn2qjx� x0j � 2CMn:

2
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28 �á¯«¥áª®¢ ï å à ªâ¥à¨§ æ¨ï

¯à®áâà ­áâ¢ Lp(Rn) ¨ W s
p (R

n)

�ãáâì  �; � 2 � { ¢á¯«¥áª¨, ¯®áâà®¥­­ë¥ ­  ®á­®¢¥ r-à¥£ã«ïà­®£® ���
¯à¨ ¯®¬®é¨ â¥®à¥¬ë 19.3, r � 1. �á¯®«ì§ã¥¬ë¥ ¢ ¤ «ì­¥©è¥¬ ®¡®§­ -
ç¥­¨ï ®¯à¥¤¥«¥­ë ­  á. 74.

�¥®à¥¬  28.1 �ãáâì 1 < p <1: �á¯«¥áª®¢ë© àï¤
P
�2� �(�) �(x) ¯à¨-

­ ¤«¥¦¨â Lp(Rn) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
k(P�2� j�(�)j2j �(x)j2)1=2kp < 1: �à®¬¥ â®£®, ­®à¬ 
k(P�2� j�(�)j2j �(x)j2)1=2kp íª¢¨¢ «¥­â­  ­®à¬¥
k(P�2� j�(�)j2jQ(�)j�1�Q(�)(x))1=2kp:

�®ª § â¥«ìáâ¢®. �ãáâì � := f�(�) = �1g�2� { ¯à®¨§¢®«ì­ ï à ááâ -
­®¢ª  §­ ª®¢. �¯à¥¤¥«¨¬ «¨­¥©­ë© ®¯¥à â®à T� : L2(Rn) 7! L2(Rn); ¯®-
« £ ï T� � = �(�) �: �¥£ª® ¢¨¤¥âì, çâ® ®¯¥à â®àë T� ï¢«ïîâáï ®¯¥à â®-
à ¬¨ � «ì¤¥à®­ -�¨£¬ã­¤  (®¯à¥¤¥«¥­¨¥ 2.5) á ï¤à ¬¨
K�(x; y) =

P
�2� �(�)�(�) �(x) �(y); ã¤®¢«¥â¢®àïîé¨¬¨ ¢ á¨«ã (19.11)

®æ¥­ª ¬ jK�(x; y)j � Cjx� yj�n ¨�����@K�

@xj

�����+
�����@K�

@yj

����� � Cjx� yj�n�1

à ¢­®¬¥à­® ¯® �: � á¨«ã â¥®à¥¬ë 2.1 ®¯¥à â®àë T� à ¢­®¬¥à­® ®£à ­¨ç¥-
­ë ¢ Lp(Rn): �¥¯¥àì ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢
�¨­ç¨­ .

�â®à®¥ ãâ¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ â®£®, çâ® «¨­¥©­ë© ®¯¥à â®à
U : L2(Rn) 7! L2(Rn), ®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢ ¬¨ U( Hl ) =  l;
1 � l < 2n; £¤¥  Hl { ¬­®£®¬¥à­ë¥ ¢á¯«¥áª¨ �  à , ï¢«ï¥âáï ¨§®¬®à-
ä¨§¬®¬ ¢ Lp(Rn): �¥©áâ¢¨â¥«ì­®, U { ¨§®¬®àä¨§¬ ¤¢®¨ç­®£® H1(Rn) ¨
®¡ëç­®£® H1(Rn) (¤¢®¨ç­®¥ H1(Rn) á®áâ®¨â ¨§ äã­ªæ¨©, ¤®¯ãáª îé¨å
 â®¬ à­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¯®  â®¬ ¬ á ­®á¨â¥«ï¬¨, à ¢­ë¬¨ ¤¢®¨ç­ë¬
ªã¡ ¬, á¬. â¥®à¥¬ã 27.1). �ç¥¢¨¤­®, çâ® U { ¨§®¬¥âà¨ï ¢ L2(Rn): �áâ -
¥âáï ¢®á¯®«ì§®¢ âìáï ¨­â¥à¯®«ïæ¨¥© ¬¥¦¤ã H1 ¨ L2 (á¬. [FS]). 2
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�¥®à¥¬  28.2 �ãáâì 1 < p < 1 ¨ 0 � s < r: �á¯«¥áª®¢ë© àï¤P
�2� �(�) �(x) ¯à¨­ ¤«¥¦¨â W s

p (R
n) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

0@X
�2�

j�(�)j2(1 + 4js)2nj�Q(�)(x)

1A1=2

2 Lp(Rn): (28.1)

�á«¨ �r < s � 0; â® ¢á¯«¥áª®¢ë© àï¤ ¯à¨­ ¤«¥¦¨â W s
p (R

n) â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤ 0@X

�2�
j�(�)j2(1 + 4�js)�12nj�Q(�)(x)

1A1=2

2 Lp(Rn): (28.2)

�å¥¬  ¤®ª § â¥«ìáâ¢ . �­ ç «  à áá¬®âà¨¬ ¢á¯«¥áª¨ �¥©¥à . �«ï
­¨å ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ b l à ¢­® ­ã«î ¢ ®ªà¥áâ­®áâ¨ ­ã«ï ¨ ¨¬¥¥â
ª®¬¯ ªâ­ë© ­®á¨â¥«ì. �®íâ®¬ã ¤«ï «î¡®£® 
 2 R ¬®¦­® ®¯à¥¤¥«¨âì
äã­ªæ¨¨  
l := (��)
=2 l; £¤¥ � = @2

@x2
1

+ @2

@x2
2

+ � � �+ @2

@x2n
: �á­®, çâ® b 
l (�) =

j�j
 b l(�): �¯à¥¤¥«¨¬  
�(x) := 2nj=2 
l (2
jx � k); £¤¥ � = (l; j; k): � áá¬®-

âà¨¬ «¨­¥©­ë¥ ®¯¥à â®àë D
; ®¯à¥¤¥«ï¥¬ë¥ ä®à¬ã« ¬¨ D
( �) =  
�:
�«ï «î¡®£® 
 2 R ®¯¥à â®àë D
 ï¢«ïîâáï ¨§®¬®àä¨§¬ ¬¨ ¢ Lp(Rn):
�¥«® ¢ â®¬, çâ®  
�; � 2 �; ®¡à §ãîâ ¡ §¨á �¨áá  ¢ L2(Rn); ®âªã¤  á«¥-
¤ã¥â, çâ® D
 { ¨§®¬®àä¨§¬ ¢ L2(Rn): �à®¬¥ â®£®, ï¤à® ®¯¥à â®à  D


à ¢­®
P
�2�  



�(x) �(y) ¨ ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨ï¬ ®¯à¥¤¥«¥­¨ï 2.5.

�­ ç¨â ¯® â¥®à¥¬¥ 2.1 D
 { ­¥¯à¥àë¢­ë© ®¯¥à â®à ¢ Lp(Rn): �¡à â­ë©
®¯¥à â®à ¨áá«¥¤ã¥âáï  ­ «®£¨ç­®.

�®à¬  f ¢ ¯à®áâà ­áâ¢¥ W s
p (R

n) íª¢¨¢ «¥­â­  kfkp + k(��)s=2fkp:
�®íâ®¬ã ¤«ï ®æ¥­ª¨ W s

p (R
n)-­®à¬ë àï¤ 

P
�2� �(�) �(x) ­¥®¡å®¤¨¬®

¢ëç¨á«¨âì Lp(Rn)-­®à¬ã (��)s=2
P
�2� �(�) �(x) =

P
�2� �(�)2js s�(x):

�áâ ¥âáï ¨á¯®«ì§®¢ âì ¨§®¬®àä¨§¬ Ds ¢ Lp(Rn) ¨ â¥®à¥¬ã 28.1.
� ®¡é¥¬ á«ãç ¥ r-à¥£ã«ïà­®£® ��� ¤®ª §ë¢ ¥âáï, çâ® äã­ªæ¨¨

(��)�s=2 l; 1 � l < 2n; ¨¬¥îâ ­ã«¥¢®¥ áà¥¤­¥¥ ¨ ¢¬¥áâ¥ á® ¢á¥¬¨ ¯à®-
¨§¢®¤­ë¬¨ ¯®àï¤ª  � r ¨¬¥îâ ¯®àï¤®ª O(jxj�n�r+s) ­  ¡¥áª®­¥ç­®áâ¨.
�­ «®£¨ç­®, äã­ªæ¨¨ (��)s=2 l; 1 � l < 2n; ¯à¨­ ¤«¥¦ â ª« ááã �¥«ì-
¤¥à  Hr�s; ã¡ë¢ îâ ­  ¡¥áª®­¥ç­®áâ¨ ª ª O(jxj�n�r+s) ¨ ¨¬¥îâ ­ã«¥¢®¥
áà¥¤­¥¥. �â¨ á¢®©áâ¢  ¯®§¢®«ïîâ ¯®¢â®à¨âì à ááã¦¤¥­¨ï, ¨á¯®«ì§®¢ ­-
­ë¥ ¤«ï ¢á¯«¥áª®¢ �¥©¥à .

�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¤«ï s < 0 ¯®«ãç ¥âáï ¯® ¤¢®©áâ¢¥­­®áâ¨.2
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�«¥¤áâ¢¨¥ 28.1 �ï¤

f(x) =
X
k2Zn

�(k)'(x� k) +
X

f�=(l;j;k)2�; j�0g
�(�) �(x) (28.3)

¯à¨­ ¤«¥¦¨â W s
p (R

n); 1 < p <1; jsj < r; â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
f�(k)gk2Zn 2 lp(Zn) ¨0@ X

f�=(l;j;k)2�; j�0g
2nj4jsj�(�)j2�Q(�)(x)

1A1=2

2 Lp(Rn): (28.4)

29 �¥à¨®¤¨ç¥áª¨¥ ¢á¯«¥áª¨

�  ®á­®¢¥ ¢á¯«¥áª®¢®£® ¡ §¨á  ­  ¯àï¬®© ¬®¦­® ¯®áâà®¨âì ¢á¯«¥áª®¢ë©
¡ §¨á ­  ®âà¥§ª¥ [0; 1]:

�ãáâì fVjgj2Z | r-à¥£ã«ïà­ë© ��� ¢ L2(R); r � 1; V 1
j { § ¬ëª ­¨¥

Vj ¢ á« ¡®© â®¯®«®£¨¨ �(L1; L1): �ãáâì Tj ¯®¤¯à®áâà ­áâ¢® äã­ªæ¨© ¨§
V 1
j ; ¨¬¥îé¨å ¯¥à¨®¤ 1:

�¥¬¬  29.1 �á«¨ j � 0; â® Tj á®¢¯ ¤ îâ ¨ á®áâ®ïâ â®«ìª® ¨§ ¯®-
áâ®ï­­ëå äã­ªæ¨©. �á«¨ j > 0; â® à §¬¥à­®áâì Tj à ¢­  2j :

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ª®­áâ ­âë ¯à¨­ ¤«¥¦ â ¢á¥¬ Vj ; â ª
ª ª

P
k2Z '(t� k) � 1: �®á«¥¤­¥¥ á«¥¤ã¥â ¨§ (25.9), â ª ª ªZ 1

�1

X
k2Z

'(t� k)e�2�lt dt =
Z
R
'(t)e�2�lt dt = b'(2�l) = �l;0:

� ª ª ª V 1
j � V 1

j+1; â® ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ¡ã¤¥â ¤®ª § ­®, ¥á«¨
«î¡ ï äã­ªæ¨ï f 2 T0 ï¢«ï¥âáï ª®­áâ ­â®©. �¥©áâ¢¨â¥«ì­®, ¥á«¨ f
1-¯¥à¨®¤¨ç­ , â® ¯®á«¥¤®¢ â¥«ì­®áâì ª®íää¨æ¨¥­â®¢
ck :=

R
R f(t)'(t� k) dt ¯®áâ®ï­­ ,   §­ ç¨â ¨ f(t) =

P
k2Z ck'(t � k)

à ¢­  ª®­áâ ­â¥.
�ãáâì j > 0: �®£¤  «î¡ ï äã­ªæ¨ï f 2 Tj ¨¬¥¥â ¢¨¤

f(t) =
P1
k=�1 ck'(2jt � k); £¤¥ ck := 2j

R
R f(t)'(2

jt� k) dt: �§ ¯¥à¨®¤¨ç-
­®áâ¨ f á«¥¤ã¥â, çâ® ck+2j = ck: �ç¥¢¨¤­®, çâ® ¢¥à­® ¨ ®¡à â­®¥. � ª¨¬
®¡à §®¬, à §¬¥à­®áâì Tj à ¢­  2j :2
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�¥¬¬  29.2 �¡ê¥¤¨­¥­¨¥ Tj; j � 0; ¯«®â­® ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥
­¥¯à¥àë¢­ëå ­  ¤¥©áâ¢¨â¥«ì­®© ®á¨ ¯¥à¨®¤¨ç¥áª¨å á ¯¥à¨®¤®¬ 1 äã­ª-
æ¨©.

�®ª § â¥«ìáâ¢®. �àâ®£®­ «ì­ë© ¯à®¥ªâ®à Pj : L2(R) ! Vj ®¯à¥¤¥-
«ï¥âáï ä®à¬ã« ¬¨ Pjf(t) =

R
R Ej(t; s)f(s) ds; £¤¥

Ej(t; s) := 2jE(2jt; 2js) ¨ E(t; s) :=
P1
k=�1 '(t � k)'(s � k): �á«¨ f {

®£à ­¨ç¥­  ¨ à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  R; â® kf � Pj(f)k1 ! 0 ¯à¨
j !1 (á¬. «¥¬¬ã 22.1). �áâ ¥âáï § ¬¥â¨âì, çâ® Pj(f) 2 Tj ¤«ï «î¡®£®
j 2 N, ¥á«¨ f ¯¥à¨®¤¨ç­  á ¯¥à¨®¤®¬ 1.2

�¯à¥¤¥«¥­¨¥ 29.1 �«®¦¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì fTjgj2N; ®¯à¥¤¥-
«¥­­ ï ¢ëè¥, ­ §ë¢ ¥âáï r-à¥£ã«ïà­ë¬ ��� ¢ L2(T); £¤¥ T - ®âà¥§®ª
[0; 1] á ®â®¦¤¥áâ¢«¥­­ë¬¨ ª®­æ ¬¨.

�ãáâì 'perj (t) := 2j=2
P
k2Z '(2j(t� k)):

�¥¬¬  29.3 �«ï «î¡®£® j 2 N äã­ªæ¨¨ 'perj (t � k2�j); 0 � k < 2j;
®¡à §ãîâ ��� ¢ Tj:

�®ª § â¥«ìáâ¢®. � ª ª ª à §¬¥à­®áâì Tj à ¢­  2j ; â® ¤®áâ â®ç­®
¯à®¢¥à¨âì ®àâ®­®à¬¨à®¢ ­­®áâì äã­ªæ¨© 'perj (t � k2�j); 0 � k < 2j ; ¢
L2[0; 1]: �«ï íâ®£® ­¥®¡å®¤¨¬® ¢ëç¨á«¨âì

2j
X
k2Z

X
l2Z

Z 1

0
'(2jt� 2jk �m)'(2jt� 2j l �m0) dt:

�¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­ëå t � k = 2�j t0; £¤¥ 0 � t < 1; k 2 Z: �­ 
¯à¨¢®¤¨â ª ¢ëà ¦¥­¨îX

q2Z

Z 1

�1
'(t0 �m)'(t� 2jq �m0) dt:

�á«¨ 0 � m < 2j; 0 � m0 < 2j ¨ m 6= m0; â® ª ¦¤ë© ¨§ ¨­â¥£à «®¢
à ¢¥­ ­ã«î. �á«¨ m = m0; â® ¥¤¨­áâ¢¥­­ë¬ ­¥à ¢­ë¬ ­ã«î ¨­â¥£à «®¬
ï¢«ï¥âáï ¨­â¥£à « ¯à¨ q = 0; ª®â®àë© à ¢¥­ 1:2

�ãáâì Uj ®¡®§­ ç ¥â ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ Tj ¤® Tj+1 ¨ ¯ãáâì

 j(t) := 2j=2
X
k2Z

 (2j(t� k)):
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�¥¬¬  29.4 �«ï «î¡®£® j 2 N äã­ªæ¨¨  j(t � k2�j); 0 � k < 2j;
®¡à §ãîâ ��� ¢ Uj:

�®ª § â¥«ìáâ¢®. �®ª § â¥«ìáâ¢®  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã «¥¬-
¬ë 29.3. �¥£ª® ¢¨¤¥âì, çâ® äã­ªæ¨¨  j(t � k2�j) ¯à¨­ ¤«¥¦ â Tj+1 ¨
®àâ®£®­ «ì­ë ª Tj: �à®¬¥ â®£®, äã­ªæ¨¨  j(t� k2�j); 0 � k < 2j ; ¯®¯ à-
­® ®àâ®£®­ «ì­ë. �áâ ¥âáï § ¬¥â¨âì, çâ® à §¬¥à­®áâì Uj à ¢­  2j; â ª
ª ª à §¬¥à­®áâì Tj à ¢­  2j ;   à §¬¥à­®áâì Tj+1 à ¢­  2j+1:2

� ª¨¬ ®¡à §®¬,

L2(T) = T0 � U0 � U1 � U2 � � � � ;
®âªã¤  á«¥¤ã¥â, çâ® ¯®áâ®ï­­ ï äã­ªæ¨ï 1 ¢¬¥áâ¥ á ¯®á«¥¤®¢ â¥«ì­®-
áâìî f j(t � k2�j)g0�k<2j ; j2N ®¡à §ãîâ ��� ¢ L2(T): � ­ã¬¥àã¥¬ íâã
¯®á«¥¤®¢ â¥«ì­®áâì «¥ªá¨ª®£à ä¨ç¥áª¨: g0(t) � 1; ¥á«¨ m = 2j + k;
0 � k < 2j ; â® gm(t) :=  j(t� k2�j):

�¥®à¥¬  29.1 �ãáâì fVjgj2Z { r-à¥£ã«ïà­ë© ��� ¢ L2(R); r � 1: �®-
£¤  ¯®á«¥¤®¢ â¥«ì­®áâì fgmgm2N ï¢«ï¥âáï ¡ §¨á®¬ � ã¤¥à  ¢ C(T) ¨
L1(T): �­  â ª¦¥ ï¢«ï¥âáï ¡ §¨á®¬ � ã¤¥à  ¨ ¢ Ck(T) ¯à¨ 0 � k < r:
� ¦¥ ¯®á«¥¤®¢ â¥«ì­®áâì fgmgm2N ï¢«ï¥âáï ¡¥§ãá«®¢­ë¬ ¡ §¨á®¬ ¢
¯à®áâà ­áâ¢¥ �¥«ì¤¥à  C� ¯à¨ 0 < � < 1; ¢ ª« áá¥ �¨£¬ã­¤  �? = C1

¯à¨ r � 2; ¢ ¯à®áâà ­áâ¢ å Lp á 1 < p < 1; ¢ ¯à®áâà ­áâ¢¥ � à¤¨
H1(T) ¨ ¢ ¥£® ¤¢®©áâ¢¥­­®¬ ¯à®áâà ­áâ¢¥ BMO(T):

� ¬¥ç ­¨¥ 29.1 �â¬¥â¨¬, çâ® âà¨£®­®¬¥âà¨ç¥áª ï á¨áâ¥¬  ­¥ ï¢-
«ï¥âáï ¡ §¨á®¬ � ã¤¥à  ¢ C(T) ¨ ¢ L1(T): � ¯à®áâà ­áâ¢ å Lp ¯à¨
1 < p <1 ®­  ®¡à §ã¥â ¡ §¨á � ã¤¥à , ­® ­¥ ¡¥§ãá«®¢­ë©.

�®ª § â¥«ìáâ¢®. � ª ª ª
S
Tj ¯«®â­® ¢ C(T) (á¬. «¥¬¬ã 29.2), â®

¤«ï ¡ §¨á­®áâ¨ fgmgm2N ¢ C(T) ¤®áâ â®ç­® ¤®ª § âì, çâ®
kPl

m=0hf; gmigmk1 � Ckfk1 ¤«ï «î¡®£® l 2 N: �à®¤®«¦¨¬ äã­ªæ¨î
f 2 C(T) ¯® ¯¥à¨®¤¨ç­®áâ¨ ­  ¢áî ¯àï¬ãî R: �®£¤ P2j

m=0hf; gmigm = Pjf; ¯à¨ç¥¬ ®¯¥à â®àë Pj à ¢­®¬¥à­® ®£à ­¨ç¥­ë ­ 
L1(R); â.ª. kPjk1 = kP0k1: �ãáâì 2j � l < 2j+1: � ¬¥â¨¬, çâ®

k
lX

m=2j

hf; gmigmk1 � kfk1
 

sup
2j�m<2j+1

kgmk1
! 







X
2j�m<2j+1

jgmj






1
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�¥£ª® ¢¨¤¥âì, çâ® kgmkL1(T) = 2�j=2k kL1(R) ¯à¨ 2j � m < 2j+1: �à®¬¥
â®£®, 


P2j�m<2j+1 jgmj




1 =



Pk2Z j2j=2 (2j � �k)j




1 =

= 2j=2 kPk2Z j (� � k)jk1 = C2j=2:

�®íâ®¬ã kPl
m=2j hf; gmigmk1 � Ckfk1.

�«ãç © Ck(T) à §¡¨à ¥âáï  ­ «®£¨ç­® á ¨á¯®«ì§®¢ ­¨¥¬
â¥®à¥¬ë 21.2.

� §¨á­®áâì ¢ L1(T) ¯®«ãç ¥âáï ¯® ¤¢®©áâ¢¥­­®áâ¨.
�§ â¥®à¥¬ë 26.1 á«¥¤ã¥â, çâ®

1X
m=0

�mgm 2 Cs(T) , �m = O(m�s�1=2); (29.1)

¨§ ç¥£® á«¥¤ã¥â ¡¥§ãá«®¢­ ï ¡ §¨á­®áâì ¢ Cs(T):
�¥§ã«ìâ â ¤«ï ¯à®áâà ­áâ¢ Lp(T);H1(T); BMO(T) á«¥¤ã¥â ¨§ â¥®-

à¥¬ 28.1, 27.1 ¨ 27.3. 2
�à ¢­¨¬ ¢á¯«¥áª®¢ë¥ àï¤ë ¨ àï¤ë �ãàì¥. �ª §ë¢ ¥âáï, çâ® ¯®«­ë¥

¢á¯«¥áª®¢ë¥ àï¤ë, ¨¬¥îé¨¥ ¬­®£® ¡®«ìè¨å ª®íää¨æ¨¥­â®¢ ¯à¥¤áâ -
¢«ïîâ á®¡®© ¯ â®«®£¨ç¥áª¨¥ äã­ªæ¨¨, â®£¤  ª ª ¢á¯«¥áª®¢ë¥ àï¤ë å®-
à®è¨å äã­ªæ¨© ¨¬¥îâ ¬ «® ¡®«ìè¨å ª®íää¨æ¨¥­â®¢. �â® ¯àï¬® ¯à®â¨-
¢®¯®«®¦­® á¨âã æ¨¨ á ®¡ëç­ë¬¨ àï¤ ¬¨ �ãàì¥: ¤«ï å®à®è¨å äã­ªæ¨©
®­¨ ¯®«­ë¥,   ¤«ï ¯ â®«®£¨ç¥áª¨å { « ªã­ à­ë¥. �â® ®¡êïá­ï¥âáï â¥¬,
çâ® ¢á¯«¥áª®¢ë©  ­ «¨§ ­®á¨â «®ª «ì­ë© å à ªâ¥à. �®«ìè¨¥ ª®íää¨-
æ¨¥­âë ¨¬¥îâ ¢á¯«¥áª¨, «®ª «¨§®¢ ­­ë¥ ¢¡«¨§¨ ®á®¡¥­­®áâ¥©  ­ «¨§¨-
àã¥¬®© äã­ªæ¨¨. �­¥ ®á®¡¥­­®áâ¥©  ­ «¨§¨àã¥¬ ï äã­ªæ¨ï ï¢«ï¥âáï
¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬®© ¨ á®®â¢¥âáâ¢ãîé¨¥ ¢á¯«¥áª®¢ë¥ ª®íä-
ä¨æ¨¥­âë ï¢«ïîâáï ¯à¥­¥¡à¥¦¨¬® ¬ «ë¬¨ §  áç¥â á¢®©áâ¢  (25.12).

� áá¬®âà¨¬ äã­ªæ¨î j sin�tj��, £¤¥ 0 < � < 1: �¥ ª®íää¨æ¨¥­âë �ã-
àì¥ ck; k 2 Z; ¨¬¥îâ á«¥¤ãîéãî  áá¨¬¯â®â¨ªã
ck = 
(�)jkj�1+� + O(k�3+�); £¤¥ 
(�) 6= 0 (á¬.[Z, �« ¢  5].) � ª¨¬ ®¡à -
§®¬, ®á®¡¥­­®áâì ¢ 0 äã­ªæ¨¨ j sin�tj�� ¢«¨ï¥â ­  ¢á¥ ª®íää¨æ¨¥­âë
�ãàì¥. �á¯«¥áª®¢ë¥ ª®íää¨æ¨¥­âë ¯®¤¢¥à£ îâáï ¢«¨ï­¨î ®á®¡¥­­®áâ¨
â®«ìª®, ¥á«¨ ¨­â¥à¢ « Im := [k2�j; (k + 1)2�j ]; m = 2j + k; 0 � k < 2j;
®¯à¥¤¥«ïîé¨© «®ª «¨§ æ¨î ¢á¯«¥áª  gm(t); ­ å®¤¨âáï ¡«¨§ª® ª ®á®-
¡¥­­®áâ¨. �®«¥¥ â®ç­®, ¤«ï ¯¥à¨®¤¨ç¥áª¨å ¢á¯«¥áª®¢, ¯®áâà®¥­­ëå ­ 
®á­®¢¥ ¢á¯«¥áª®¢ �¥©¥à , ¨¬¥¥¬ á«¥¤ãîéãî ®æ¥­ªã: ¥á«¨ 2j � m < 2j+1
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¨ l := min(m�2j; 2j+1�m); â® j�mj � CN2j(��1=2)=(1+ l)N ¤«ï «î¡®£® ­ -
âãà «ì­®£® N: � ª¨¬ ®¡à §®¬, ¡®«ìè¨¬¨ ¡ã¤ãâ â®«ìª® ª®íää¨æ¨¥­âë
á ­®¬¥à ¬¨ ¡«¨§ª¨¬¨ ª 2j; j 2 N:

�¨á.1. �à ä¨ª j sin �tj�1=2:
�¨á.2. �æ¥­ª  ¬®¤ã«¥©
¢á¯«¥áª®¢ëå ª®íää¨æ¨¥­â®¢.

� áá¬®âà¨¬ ¯ â®«®£¨ç¥áª¨¥ äã­ªæ¨¨. �ãáâì q > 1; �1 > 0;
�k+1 > q�k; k 2 N; P1

0 j�kj < 1; ­® �k�k ­¥ áâà¥¬¨âáï ª 0: �§¢¥áâ­®
[Z, �« ¢  2.], çâ® ¯à¨ íâ¨å ¯à¥¤¯®«®¦¥­¨ïå àï¤

P1
0 �k cos�kt ®¯à¥¤¥«ï¥â

­¥¯à¥àë¢­ãî ­¨£¤¥ ­¥ ¤¨ää¥à¥­æ¨àã¥¬ãî äã­ªæ¨î.
�«ï ¢á¯«¥áª®¢ëå àï¤®¢ ¨¬¥¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  29.2 �ãáâì fgmgm2N { ¯¥à¨®¤¨ç¥áª¨¥ ¢á¯«¥áª¨, ¯®«ãç¥­­ë¥
¨§ r-à¥£ã«ïà­®£® ��� á r � 2: �ãáâì f(t) =

P1
0 �mgm(t) { ­¥¯à¥àë¢­ ï

äã­ªæ¨ï, ¤¨ää¥à¥­æ¨àã¥¬ ï ¢ â®çª¥ t0: �®£¤  ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®-
£® q � 1 �m = o(m�3=2) ¯à¨ m áâà¥¬ïé¥¬áï ª ¡¥áª®­¥ç­®áâ¨ ¨ â ª®¬,
çâ® ¨­â¥à¢ «ë qIm á®¤¥à¦ â â®çªã t0: �¤¥áì
Im := [k2�j ; (k + 1)2�j ] ¯à¨ m = 2j + k; 0 � k < 2j;   qIm - ¨­â¥à¢ «
á â¥¬ ¦¥, çâ® ¨ ã Im æ¥­âà®¬ ¨ ¤«¨­®© q=2j :

�®ª § â¥«ìáâ¢®. �¥§ã«ìâ â «¥£ª® á«¥¤ã¥â ¨§ (19.11) ¨ (25.12).2
�§ â¥®à¥¬ 29.1 ¨ 29.2 á«¥¤ã¥â

�«¥¤áâ¢¨¥ 29.1 �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥« �m; m � 1 ã¤®¢«¥-
â¢®àï¥â ­¥à ¢¥­áâ¢ ¬ C1m

�3=2 � j�mj � C2m
�3=2 ¤«ï ¤¢ãå ª®­áâ ­â

2 � C1 > 0: �®£¤  äã­ªæ¨ï f(t) =
P1

0 �mgm(t) ¯à¨­ ¤«¥¦¨â ª« ááã
�¨£¬ã­¤  �? = C1; ­® ­¨£¤¥ ­¥ ¤¨ää¥à¥­æ¨àã¥¬ .

�ã­ªæ¨¨ �¥©¥àèâà áá  ï¢«ïîâáï ç áâ­ë¬ á«ãç ¥¬ á«¥¤áâ¢¨ï 29.1.
�ãáâì  ;M(t) - ¯¥à¨®¤¨ç¥áª¨© ¢á¯«¥áª �¥©¥à . �àï¬ë¥ ¢ëç¨á«¥­¨ï ¯®-
ª §ë¢ îâ, çâ®

P1
�1  M(t � k) = �p2 cos 2�t: �®íâ®¬ã äã­ªæ¨ï f(t) =P

j2N
P2j�1

0 �(j; k) ;Mj (t � k
2j ) á ª®íää¨æ¨¥­â ¬¨ �(j; k) = �(j); ­¥ § -

¢¨áïé¨å ®â k; à ¢­  f(t) = �p2
P1

0 2j=2�(j) cos(2�2jt): � ª¨¬ ®¡à §®¬,
¯®«­ë© ¢á¯«¥áª®¢ë© àï¤ á®¢¯ ¤ ¥â á « ªã­ à­ë¬ àï¤®¬ �ãàì¥.
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